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Abstract

We compute the direction of the Neimark—Sacker bifurcation for the difference
Ln

C’x%_l + Dz, + F
and the initial conditions x_; and x( are nonnegative numbers. Moreover, we give
the asymptotic approximation of the invariant curve. We give the necessary and
sufficient conditions for global asymptotic stability of the zero equilibrium as well
as sufficient conditions for global asymptotic stability of the positive equilibrium.

equation T,41 = , where C, D and F' are positive numbers

AMS Subject Classifications: Difference equation, invariant curve, Neimark—Sacker
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1 Introduction and Preliminaries

In this paper, we consider the difference equation
Tn
X —_=
" 02+ Dan+ F

n=01,..., (1.1)
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where the parameters C', D and F' are positive numbers and the initial conditions z_
and x are positive numbers.
Equation (1.1) can be considered as a nonlinear perturbation of the Beverton—Holt
difference equation
xn

ntl = =, =0,1,..., 1.2
= ey B 12)

which is a major mathematical model in population dynamics see [1, 13]. Furthermore,
it is similar in appearance to the linear fractional equation of the form

Ln
Ci[}n,1 -+ D]}n + F7

—0,1,..., (1.3)

Tnt1 =

which was considered in [5]. Both equations (1.2) and (1.3) exhibit a global asymptotic
stability of either zero or positive equilibrium solutions and exchange of stability bifur-
cation. As we will see in this paper the introduction of quadratic term will substantially
change dynamics and will introduce the existence of a locally stable periodic solution
and possibly chaos. We will show that local asymptotic stability of the zero equilibrium
will also implies its global asymptotic stability. In the case of the positive equilibrium
solution, we will show that such statement is true in some subspace of the parametric
region of local asymptotic stability and we pose the conjecture that the same property
holds in the complete region of local asymptotic stability. Our tool in proving global
asymptotic stability of the positive equilibrium solution consists of embedding consid-
ered equation into higher order equation and using global attractivity results for maps
with invariant boxes, see [3,5,7]. Related rational difference equations which exhibit
similar behavior were considered in [4, 8].

Now, for the sake of completeness, we give the basic facts about the Neimark—Sacker
bifurcation.

The Hopf bifurcation is a well-known phenomenon for a system of ordinary differ-
ential equations in two or more dimension, whereby, when some parameter is varied,
a pair of complex conjugate eigenvalues of the Jacobian matrix at a fixed point crosses
the imaginary axis, so that the fixed point changes its behavior from stable to unstable
and a limit cycle is generated.

In the discrete setting, the Neimark—Sacker bifurcation is the discrete analogue of
the Hopf bifurcation. The Neimark—Sacker bifurcation occurs for a discrete system in
the plane depending on a parameter, A say, with a fixed point whose Jacobian matrix
has a pair of complex conjugate eigenvalues (), fi(\) which crosses the unit circle
transversally at A = )q. In this case the periodic solution, which is in general, of
unknown period appears and is locally stable. In this paper, we use Murakami computa-
tional approach, see [12] to find an asymptotic formula for an invariant locally attracting
curve in the phase plane, which represents a periodic solution.

The following result is referred as the Neimark—Sacker bifurcation theorem, see
[2,6,9,11,15].
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Theorem 1.1 (Neimark—Sacker bifurcation). Let
F:RxR*—=R* (\z)—FO\x)
be a C* map depending on real parameter ) satisfying the following conditions:
(i) F(X\,0) = 0 for A near some fixed \o,

(ii) DF(),0) has two nonreal eigenvalues j1(\) and i(\) for X near Ao with |1(\o)| =
1;

d
a|u()\)| = d(N\o) # 0.at A = X (transversality condition);

(iv) u*(No) # 1 for k = 1,2,3,4 (nonresonance condition).

(iii)

Then there is a smooth \-dependent change of coordinate bringing F into the form
F(Ax) = F(\x) +O(|| x [I°)

and there are smooth functions a()\), b(\), and w(\) so that in polar coordinates the
Sfunction F (A, x) is given by

(T [N)]r + a(X)r?
7 (9) — (9 +w(A) +b(A)r?) 14
If a(X\o) < 0O, then there is a neighborhood U of the origin and a § > 0 such that for
A — Xo| < dand xy € U, then w-limit set of g is the origin if \ < A\ and belongs to a
closed invariant C* curve T'(\) encircling the origin if \ > \g. Furthermore, I'(\g) = 0.
If a(X\o) > 0, then there is a neighborhood U of the origin and a § > 0 such that for

A — Xo| < d and z¢ € U, then a-limit set of xy is the origin if A\ > Ao and belongs to a
closed invariant C* curve T'(\) encircling the origin if A < \o. Furthermore, T'(\g) = 0.

Consider a general map F (), x) that has a fixed point at the origin with complex
eigenvalues 11(A\o) = a(Ag) + iB(Ao) and ji(Ng) = a(Ng) — i8(N) satisfying a(Ng)? +
B(Xo)? = 1 and B(N\g) # 0. Assume that

F (Ao, x) = A(X)x + G(Ao, X), (1.5)

where A is the Jacobian matrix of F evaluated at the fixed point (0, 0), and

G\, x) i= <91(A0’x1’$2)) .

92()\()’ Zy, $2)

Here we denote 1i(Ag) = 1, A(Ng) = A and G(\g, z) = G(x). We let p and q be the
eigenvectors of A associated with y satisfying

Aq=puq, pA=upup, pq=1
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and ® = (q, q). Assume that

1
G <(I) (z)) = §(g2022 + 2g1122 -+ gOQZQ) —+ O<|Z’3)

and
Ky = (MQI - A)flgzo
Kyn=U—-4)"'g, . (1.6)
Koo = (0*1 — A) " 'goo

Let

z

1
G (@ (Z) + §(K2022 + 2K112§ + K0222>>

1 _ _
= 5(82022 +2g1122Z + g02z2)

1
+ g(ggozg + 3g21322 + 3g12222 + g0353) + O(|Z|4)7 (L.7)

then

1
a(Xo) = B Re(pgaifi).

The next result of Murakami [12] gives an approximate formula for the periodic solu-
tion.

Corollary 1.2. Assume a()g) # 0 and A = Ao + 1, where 1 is a sufficient small param-
eter. If X is a fixed point of F, then the invariant curve I'(\) from Theorem 1.1 can be
approximated by

<2> ~ X+ 2py Re (qeie) + pg (Re (K20€2i0> + KH) ,

[ d
y  Po = -, 0 €R.
A=Xo a

Here “Re” represents the real parts of those complex numbers.

where

d
d= —/\ul\
dnlu( )’

2 Local and Global Stability

The equilibrium solutions of (1.1) is the positive solution of the equation Cz* + DZ +
F —1=0,thatis

D2+4C(1—-F)—-D
f:\/ + 2(0 ) , O<F<l1
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and the origin z, = 0. The linearized equation associated with (1.1) about the equilib-
rium point Z is
Zn+1 = PZn + qZn—1,

where
p= fu(Z,Z) and ¢ = f,(z, 7).
Now the following results hold.

Lemma 2.1. For the equilibrium point T the following holds:
(i) If ' > 1 the equilibrium point X is locally asymptotically stable.
(ii) If F' < 1 the equilibrium point X is a saddle point.
(ii) If ' = 1 the equilibrium point x is nonhyperbolic.
(iv) If F' > 1 the equilibrium point X is globally asymptotically stable.

The proof of part (iv) follows from the fact that every solution {z,, } of (1.1) satisfies

Xz
xn—i—l — 2 = S L,y
Ci2_ + Dz, + F

n=20,1,...

which shows that {z,} is nonincreasing sequence and so convergent. Consequently
lim x,, = 0. The proofs of parts (i) — (¢i7) are immediate.
n—oo

Lemma 2.2. The positive equilibrium T satisfies the following:

1 2D? 1
(i) If FF < 3 and C < m or 5 < F < 1, the equilibrium point ¥ is locally

asymptotically stable.

2

2
m, the equilibrium point ¥ is a repeller.

1
(ii) If F < §andC >
2D?

m, the equilibrium point x is nonhyperbolic.

1
(iii) If F' < §andC’:

Proof. One can see that

. —D\/JAC(1—F)+ D?+2C + D?
p=fuaa) = AL D ,

and

(D — ViC(I—F) + D2>2
q:fv(j7j):_ 20 <0,
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3D <\/4c<1 “F)+D?— D) +AC(F — 2)

—p—1=
q—p 5C <0,
D (¢40(1 —F)+D?— D) FAC(F — 1)
—1=
q+p 50 <0,
D\/4C(1—F)+ D? +2CF — C — D?
q+1= :
C
The rest of the proof follows from [6, Theorem 2.13]. O

Now we give a global asymptotic stability result for the positive equilibrium solu-
tion. We will show that local asymptotic stability of the positive equilibrium will also
imply its global asymptotic stability in substantial subregion of the parametric space.

Theorem 2.3. Assume that F' < 1 and

3D?
C< m 2.1

Then the positive equilibrium of (1.1) is globally asymptotically stable.

Proof. Clearly we can consider solutions of (1.1) which are positive, that is for which

xo > 0. The substitution y,, = — transforms (1.1) into the equation
X

n

Yni1 = 1+ <F+ ) Yn = f(xn,xn1), n=0,1,.... 2.2)

D2y2

n—1

D
One can easily show that (2.2) has a unique equilibrium y = —. We will show that 3 is
z
3D?
41— F)
asymptotic stability result in [5], more precisely [5, Theorem 1.4.5]. Now we will check
the assumptions of this theorem.

globally asymptotically stable when F'<1 and C' < . Our major tool is global

1. Clearly f(z,y) is nondecreasing in  and nonincreasing in y.

1
2. There exists an interval I such that f : [ x I — I. Indeed I = [ﬁ’ U},
D? -
here U > I 1, th
where 2 A= F)(D2-C—F)) x,y € en
£( )—1+<F+ >>1+F St
By = D22 )" = eI F T
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D2
On the other hand, for any U > A= F) D2 —C(1=F))’ we have
flu ! <U
"1-F) "

Therefore f(x,y) € I, which shows that [ is an invariant interval for f.

Next, consider the system of equations
C
e

=
D2M2)m’

{f(M,m) - M M :1+<F+
f(m, M) =m m :1+(F+

which is equivalent to :
{Mm2(1 —F)D*—CM =m2D?
mM?*(1 — F)D* —Cm = M*D?
and show that M/ = m. Subtracting the second equation from the first we get:
(1= F)D*(m — M)Mm + C(m — M) = D*(m — M)(m + M).
If M # m, then we have

D?>m —C
(m(1—F)—1)D?

Mm(1— F)D?*+C = D*(M +m) & M =

which implies
D?*m —C 1

(m(l—F)—l)D2_1_<F+%>’

Thus m satisfies the quadratic equation

D*((1 — F)C — D*)m? + CD*m — C* = 0,

3D?
with discriminant A = C?D?*(4C(1 — F) — 3D?). Clearly for C' < ———— there are

41— F)
3 2
no real solutions and for C' = m there is the unique solution m = D—C2 =y.

Consequently, all conditions of [5, Theorem 1.4.5] are satisfied and every solution
of (2.2) which enters the interval [ must converge to the unique equilibrium .

To show that 7 is globally asymptotically stable, it is sufficient to show that every
solution of (2.2) must enter /. Observe that by (2.2)

C
yn+121+(F+D2—U2)yn, nzO,l,...
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and so by the result on difference inequalities, see [10]

1 C
yan—g, A:F—{_DQ—[]Q’ e > 0.

1
Ia for all

Since U can be chosen to be large, there exists N > 0 such that y,, > 1
D2
(1-F)(D>*?-C(1-F))
as we wish, we can conclude that every solution of (2.2) must enter and remain in /.

Thus we conclude that the unique positive equilibrium Z of (1.1) is globally asymp-
3D?
41— F)

n > N. Furthermore, as we can choose U >

to be as large

totically stable for C' <
O

Based on our simulation, we state the following.

Conjecture 2.4. The equilibrium point  of equation (1.1) is globally asymptotically
stable if it is locally asymptotically stable.

3 Reduction to Normal Form

In this section, we bring the system that corresponds to (1.1) to the normal form which
can be used for computation of relevant coefficients of Neimark—Sacker bifurcation.

1
Assume that 0 < F' < 7 If we make a change of variable vy, = x,, — ¥, then the
transformed equation is given by
T+ Yn
T4 Yn1)2+D(T+yn) + F

yn—i-l:C( _f, n:(),l,.... (31)
Set
Up = Yp_1 and v, =y, forn =0,1,...

and write (1.1) in the equivalent form

Upy1 = Up (32)

T+ vy _

Un+1 - O(_f'_‘_un)Q_{_D(j_{_vn)_{_F_x

Let F be the corresponding map defined by:

v
F(Z) = T+ e (3.3)
C@+u)?+D(@xT+v)+F
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Then F has the unique fixed point (0, 0) and the Jacobian matrix of F' at (0,0) is given
by
0 1
Jacy(0,0) = 207 Ci* + F
(Cz2 4+ Dz + F)* (Cz®+ Dz + F)°

A straightforward calculation shows that

0 1
F <Z> = 207> 2+ F <Z> +F, (Z) ., (34
(Cz2 4+ DI+ F)* (Cz®+ Dz + F)°

where
A= (F+z(D+Cz))?
and
0
F, (u) = v+ T +97;(2Cui‘—A1)—v(C’:i'2+F)
v
Cu+z)’+F+D((v+7) A

The eigenvalues of Jacg (0, 0) are 4(C) and p(C'), where

V2VA +2C + D? — D\/AC(1 — F) + D?

wC) = e ,

where

A =2C*@8F —7) —2CD*(F +2) + D* + (6CD — D*)\/AC(1 — F) + D2

2D?
One can prove that for C' = Cj = a—a2re we obtain |p(Cp)| = 1 and
1
wCo) = ; <2F Y 1+i/(3 - 2F)(2F + 5))
1
12(Co) = 3 (AF? +4F - 7) + —z\/ —2F)(2F +5)(2F + 1),
1
1*(Cy) = 1—6 (8F® + 12F? — 18F — 11)
z\/ 3—2F)(2F +5) (4F? +4F - 3),
F4 552
4 3
C TR
p(Co) = - 1
1 TF 17
+ 351 (3—2F)(2F +5) (8F* + 12F* — 10F — 7) — T T
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One can see that /*(Cyy) # 1 for k = 1,2,3,4 and

—D+\/4C(1 — F) + D2 — 2CF + 2C + D?
. :

() =

Furthermore, we get

p D\/—D\/4C(1—F)+D2—QCF+2(J+D2

ac M= 2C\/A0(1 —CF) YD
and
du(O)|  __@F-1
dC |op,  4D?(2F —3)
The eigenvectors corresponding to ;(C) and ;(C) are q(C') and q(C), where
q=q(Co) = (i (QF—Z\/3—2F)(2F+5 >

Substituting C' = Cj into (3.4), we get

f(") = (") ve (") a3

where
0 1
A = Jax:]_:(O,O)lczc0 =1 F+%
and
(2F — 1) (2u(Du — 2F + 1) + (4F* — 1) v)
Ay =
2(4F?2(Dv+1) —4F(D(u+v) + 1) + DQ2u(Du+1) +v) +1)

and

0
u
G(v) = Ag—(F—i-%)v—i-u

Hence, for C' = (), (3.2) is equivalent to

)@l e
Un+1 Un Un

Define the basis of R? by ® = (q, q). Let

() -+() e

_ (;l (2Fz+iA3(z —2) +2Fz+ 2 + z))

zZ+z
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Let

As = /(3 —2F)(2F +5).

By using this, one can see that

2 0
o0 = %G (q) <'z)> = | D(2F (=2F — 3iA; +2) +iAs + 11) |,
‘ 2=0 8F —4
0? z 0
o= 5526 (2 (D)) o (o) D
0? z 0
g = 55C (@ (z)> = | D(2F (=2F + 3iAs +2) — iA; + 11)
: 2=0 8F —4

and

Koo = (1’1 — A)"'ga
8 (—4iDF? 4+ 6DFA3 — DAz +4iDF + 11iD)
(2F — 1) (4F2 — 9) (—4iF2 + 2A3F + Ay — 4iF + Ti)
(Ag — 2iF —4)* (=4iDF? + 6DF A3 — DAg + 4iDF + 11iD) |’

22F — 1) (4F2% — 9) (—4iF? + 2F A3 + Ay — 4iF + Ti) (3.8)
2D
Ki=(I-A)"gn= 3 EZ%F )
3—2F

Koo = (2*] — A)'go2 = Koy.
By using Ky, K;; and K, we have that

=P (@ (7)) 4+ kot 4 Kz 4 LK
821 = 9207 z 5 20 11 o 02 i
0 (3.9)
= | 4D? (2F (6F +iA3 — 16) + 3iA3 + 1)

(1—2F)2 (4F2 = 9)

Next we have that pA = up and pq = 1, where

(2 (3—2F)(2F +5) — i(2F + 1)A,
p_(A_g’_ 2 (AF? + AF — 15) >

One can see that

AD? )
1—2F)2(2F — 3)

a(Cy) = %Re(pggl,u) = ( 0.
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7 L 1.60 1L
0.16 017 o018 0180

Figure 3.1: Bifurcation diagrams in (C,z) plane for D = 0.11, F = 0.31 and C =
0.168.

1
Theorem 3.1. Let 0 < F' < 3 and

VD> +4C(A1—F)-D
2C ‘

7=
Then there is a neighborhood U of the equilibrium point & and a p > 0 such that for

2D?

‘C‘m

<p

and xg,x_1 € U, the w-limit set of solution of (1.1), with initial condition xy,x_ is
equilibrium point x if
2D?

U< 0oy

and belongs to a closed invariant C* curve T'(C) encircling the equilibrium point T if

2D?

C > AESTaEk

Furthermore, I'(Cy) = 0 and invariant curve I'(C') can be approximated by

X2

(31:1) ~ (;) + 2po Re (qew) + ph (Re (Kgoem) + K11) )

where

(1-2F)%2,/C(1 —2F)? —2D?
4D? '

Po =

Proof. The proof follows from above discussion and Theorem 1.1 and Corollary 1.2.
See Figure 3.2 for a graphical illustration. [
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Figure 3.2: (a) Trajectory for D = 0.11, F' = 0.31 and C = 0.166, where Cy = 0.16759
b) Trajectory for D = 0.11, F' = 0.31 and C' = Cjy = 0.16759. (c)-(d) Trajectories and
invariant curve (red) for D = 0.11, F' = 0.31 and C' = 0.168.
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