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Abstract

In this paper, improved oscillation conditions are established for the oscillation
of all solutions of first-order difference equations with nonmonotone deviating ar-
guments and nonnegative coefficients. They lead to a procedure that checks for
oscillations by iteratively computing lim sup on terms recursively defined on the
equation’s coefficients and deviating argument. This procedure significantly im-
proves all known oscillation criteria. The results and the improvement achieved
over the other known conditions are illustrated by examples, numerically solved in
MATLAB.
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1 Introduction

Consider the difference equation with a variable retarded argument of the form

Az(n)+pn)x(r(n)) =0, neNy (E)
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and the (dual) difference equation with a variable advanced argument of the form
Va(n) —q(n)z(o(n)) =0, neN, (E")

where Ny and N are the sets of nonnegative integers and positive integers, respectively.

Equations (E) and (E') are studied under the following assumptions: everywhere
(p(n))n>0 and (g(n)),>1 are sequences of nonnegative real numbers, (7(n)),>o is a
sequence of integers such that

T(n)<n—-1, YneNy and lim 7(n) =00 (1.1)

n—0o0

and (o(n)),>1 is a sequence of integers such that
on)>n+1, VYneN (1.2)

Here, A denotes the forward difference operator Az(n) = z(n + 1) — z(n) and V
corresponds to the backward difference operator Va(n) = z(n) — z(n — 1).
Setw = — m>1(r)1 7(n) and note that w is a finite positive integer, if (1.1) holds.

By a solution of (E), we mean a sequence of real numbers (z(n)),>_,, which satis-
fies (E) for all n > 0. It is clear that, for each choice of real numbers c_,,, c_41, ...,
c_1, Co, there exists a unique solution (z(n)),>_,, of (E) which satisfies the initial con-
ditions x(—w) = ¢_y, x(—w + 1) = c_yi1,..., (—1) = c_1, ©(0) = ¢o. When the
initial data is given, we can obtain a unique solution to (E) by using the method of steps.

By a solution of (E"), we mean a sequence of real numbers (z(n)), -, which satisfies
(E") forall n > 1. -

A solution (z(n)),>—w (or (z(n)),~,) of (E) (or (E") is called oscillatory, if the
terms z(n) of the sequence are neither eventually positive nor eventually negative. Oth-
erwise, the solution is said to be nonoscillatory. An equation is oscillatory if all its
solutions oscillate.

In the last few decades, the oscillatory behavior and the existence of positive solu-
tions of difference equations with deviating arguments have been extensively studied,
see, for example, papers [1-21] and references cited therein. Most of these papers con-
cern the special case where the arguments are nondecreasing, while a small number of
these papers are dealing with the general case where the arguments are not necessarily
monotone. See, for example, [1-4,8,9, 17] and the references cited therein.

The motivation for considering nonmonotone arguments is not of purely mathemat-
ical interest. Several phenomena require the use of nonmonotone arguments since there
are always natural disturbances, e.g. noise in communication systems, that affect all
the parameters of an equation. Therefore, the monotone arguments, adequate from a
mathematical point of view, become nonmonotone almost always. In view of this, an
interesting question arising in the case when the arguments 7(n) and o(n) are nonmono-
tone, is whether we can establish oscillation criteria that substantially improve on all the
known results in the literature.
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In the present paper, we achieve this goal by establishing criteria which, up to our
knowledge, essentially improve all other known results in the literature.
Throughout this paper, we are going to use the following notation:

A(i)=0 and HA(Z) =1,
i=k i=k
n—1
a:=liminf Y p(j),
j=7(n)
o(n)
B = liminf Z q(9),
n—o00 Pt
0, ifw > 1/e,
D(w) =
1—w—vVI—2w—a?
d 5 Y ifwel0,1/¢],

M D := lim sup Z p(j), where 7(n) is nondecreasing,
" j=rn)
and
p(n)
MA := limsup Z q(j), where o(n) is nondecreasing.

n—oo
Jj=n

1.1 Retarded Difference Equations (Chronological Review)
In 2008, Chatzarakis, Koplatadze and Stavroulakis [5, 6] proved that if

MD > 1, (1.3)
or
1
o> —, (1.4)
e

then all solutions of (E) oscillate.
It is obvious that there is a gap between the conditions (1.3) and (1.4) when the limit

n—1
lim Z(:)p(‘?)
j=1(n

does not exist. How to fill this gap is an interesting problem which has been investigated
by several authors. For example, in 2009, Chatzarakis, Philos and Stavroulakis [7]
proved that if

MD >1- D(«), (1.5)
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then all solutions of (E) oscillate.
Now let us come to the case considered in the present work, 1.e., that the argument
7(n) is not necessarily monotone. Set

h(n) = max 7(s). (1.6)

0<s<n

Clearly, the sequence h(n) is nondecreasing with 7(n) < h(n) <n — 1 forall n > 0.
In 2011, Braverman and Karpuz [3] proved that if

n h(n)—l
1
lim su — > 1, 1.7
Jj=h(n) i=7(j)
then all solutions of (E) oscillate, while, in 2014, Stavroulakis [17] improved (1.7) to
n h(n)—1
lim su ] —>1— D(a). 1.8
m sup _Z p(j) _H 0 (a) (1.8)
j=h(n) i=7(j)
In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if for some » € N
limsup Y p(j)a, " (h(n), 7(5)) > 1, (1.9)
or .
limsup > p(j)a,* (h(n),7(j)) > 1= D(a), (1.10)
where
n—1
ar(n, k) = 1] [1 = p()]
i=k
n—1 ’
ara(n, k) = || [1 = p(@)a; " (i, 7(9))]

then all solutions of (E) oscillate.

Remark 1.1. Observe that conditions (1.7) and (1.8) are special cases of (1.9) and (1.10),
respectively, when r» = 1.

In 2017, Asteris and Chatzarakis [1], and Chatzarakis and Shaikhet [9] proved that
if for some ¢ € N

limsup » p(i) [[ ——=>1 (1.11)
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limsup > p(i) [[ ——= >1-D(o), (1.12)
n—oo .= T 1- p@(])
i=h(n)  j=r(i)
where po(n) = p(n) and
pe(n) =pn) |1+ p(z —_—,

then all solutions of (E) oscillate.
Recently, Chatzarakis, Purnaras and Stavroulakis [8] proved that if for some ¢ € N

h(n)—1

= 1
limsup Y p(i) [[ —5—~ > L (1.13)
T i=h(n) j=7(i) «(7)
limsup > p(i) [ TTEG 1 — D(w), (1.14)
M ish(m) () ‘
or
limsup > p(i) [ _ > , (1.15)
oo S 0(4) (@)
where Py(n) = p(n) and
n—1 n—1 j—1 1
Py(n) =p(n) |1+ Z p(i) exp Z p(d) H T=Pm) ||
i=7(n) j=r(i) m=7(j) -

then all solutions of (E) are oscillatory.
Lately, Chatzarakis and Jadlovska [4] improved (1.13), (1.14) and (1.15) to

n h(n)—l j—l
. . . 1
lim sup Z p(i) exp Z p(j) H PR > 1, (1.16)
T izh(n) =) = L~ Pe(m)
n h(n)—1 7—1 1
lim sup Z p(i) exp Z p(J) H ——— | >1—-D(w), (1.17)
" i=h(n) = ey L M)

and

limsupAZ p(i) exp Z p(j) H ) _%(m) > D(la) -1, (1.18)



190 G. E. Chatzarakis and 1. Jadlovskd

respectively, where

n—1 n—1 j—1
p . . 1
Py(n) =p(n) |1+ E p(i) exp E p(5) H =
i=T(n) j=7(i) mer(yy L — Pe1(m)

with Py(n) = Aop(n) and X is the smaller root of the transcendental equation A = ¢®*.

1.2 Advanced Difference Equations (Chronological Review)
In 2012, Chatzarakis and Stavroulakis [10] proved that if
MA>1, (1.19)

N MA>1- (1—\/@)2, (1.20)

then all solutions of (E) oscillate.
Now we come to the case that the argument o (n) is not necessarily monotone. Set

p(n) = mino(s). (1.21)

s>n

Clearly, the sequence p(n) is nondecreasing with o(n) > p(n) > n+ 1 foralln > 1.
In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if for some r € N

p(n)
limsup Y " q(j)b; " (p(n), o(4)) > 1, (1.22)
n—oo j=n
or
p(n)
limsup » ~q(j)b; *(p(n), 0 (j)) > 1= D(B), (1.23)
j=n
where

by (n, k) = ‘H [1 - q(i)]
bri(n.k) = J[ [1-qi)b (i, 0(i))]

i=n+1

(1.24)

then all solutions of (E) oscillate.
In 2017, Asteris and Chatzarakis [1], and Chatzarakis and Shaikhet [9] proved that

if for some ¢ € N
o(3)

p(n)
1
limsup Y q(i) [ —=>1 (1.25)

n—oo 1 -
- j=om1 - I )
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or
o (i)

p(n)
limsup Y “q(i) ] % >1-D(f), (1.26)

n—o0 1—
— i=p(n)+1 qe(7)
where ¢o(n) = ¢(n) and

o(i)

p(n)
MOETTON IR SN | (—

i=n+1 j=p(n)+1 )

then all solutions of (E) oscillate.
Lately, Chatzarakis and Jadlovska [4] proved that if for some ¢ € N

p(n) o (i) a(j)

limsuqu(i)eXp Z q(j) H _ > 1, (1.27)

e jmplmt1  m=g+1 1T Qe(m)
or
p(n) o(i) a(4) 1
lim supz q(i) exp Z q(j) H ——— | >1-D(p), (1.28)
" i jeptmat  m=jr1 1~ Qe(m)
or
p(n) (i) o(4) 1 1
hg:sogp;q(z) exp ;q(j)m];[ﬂ o) 50 1, (1.29)
where

(i) a(5)

o(n)
~ _ ' 1
Qe(n) =qn) |1+ > qlexp | Y i) [ —=——
i=n+1 j=n+1 m=j+1 1 —Qp1(m)
with Qg (n) = Aog(n) and ), is the smaller root of the transcendental equation A = e”*,
then all solutions of (E') are oscillatory.

2 Main Results

2.1 Retarded Difference Equations

We further study (E) and derive new sufficient oscillation condition, involving lim sup,
which essentially improve all the previous results.
The following simple result is cited to explain why we can consider only the case

1

142 S )

i=7(n)

, Vn > 0, (2.1)

p(n) <



192 G. E. Chatzarakis and 1. Jadlovskd

where \g > 1 is the smaller root of the transcendental equation \ = e with 0 < o <
1/e.

Theorem 2.1. Assume that there exists a subsequence 0(n), n € N of positive integers

such that ]
p(0(n)) > P ; Vn e N. (2.2)

T+Xo 2 p(0())
i=r(O(n))

Then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (z(n)), -, is a nonoscillatory solu-
tion of (E). Then it is either eventually positive or eventually negative. As (—z(n)), - .
is also a solution of (E), we may restrict ourselves only to the case where x(n) > 0 for
all large n. Let n; > —w be an integer such that z(n) > 0 for all n > n;. Then, there
exists ny > ny such that z(7(n)) > 0, ¥n > ny. In view of this, (E) becomes

Az(n) = —p(n)z(t(n)) <0, Vn > ny,

which means that the sequence (x(n)) is eventually nonincreasing.
Taking into account the fact that (2.2) holds, equation (E) gives

z((n) +1) = x(e(n))—110(9(71))96(7(9(”)))

< s ——(6m) — p(O(0)a(r(0(n)))
T+ 3 pl6(0)
i=7(6(n))
< e (6() — 2(6(n))p(0(r)
T+ 3 pl6(0)
i=7(6(n))
1
— (o) e - o) | <o,
T+ 5 p(60))
i=7(0(n))

for all #(n) > ny, where #(n) — oo as n — oo. This contradicts to the assumption that
x(n) > 0 for all n > ns. O

The proofs of our main results are essentially based on the following lemmas.

Lemma 2.2 (See [9]). Assume that (1.1) holds and h(n) is defined by (1.6). If « > 0
then

n—1 n—1

hgr_l}})rolf Z p(j) = hrrlrig.}f Z p(j) = (2.3)

j=h(n) j=7(n)
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Lemma 2.3 (See [7]). Assume that(1.1) holds, h(n) is defined by (1.6), 0 < a < 1/e
and x(n) is an eventually positive solution of (E). Then

> D(a). (2.4)

Lemma 2.4 (See [4]). Assume that (1.1) holds, h(n) is defined by (1.6), 0 < o < 1/e
and x(n) is an eventually positive solution of (E). Then

lim inf J;(h—(n))

n—oo  x(n)

= Ao, (2.5

where \o is the smaller root of the transcendental equation \ = e,

Theorem 2.5. Assume that (1.1) and (2.1) hold, and h(n) is defined by (1.6). If for

some { € N
n h(n)—1 j—1 1
timsup > pyexp | > p0) [ t=fmg | >0 (2:6)
i=h(n) J=7(1) m=(j)
where
n—1 n—1 j—1 1
Rin)=p(n) [1+ > p@)exp | Y p() [ +—5—= 2.7)
4 — 1L 1 — Ry q(m)
i=7(n) Jj=7(%) m=r(j)
n—1
with Ro(n) = p(n) |14+ Ao Z p(2) | and \g is the smaller root of the transcendental
i=7(n)

equation \ = e, then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (z(n)), - is a nonoscillatory solu-
tion of (E). Then it is either eventually positive or eventually negative. As (—z(n)), - .
is also a solution of (E), we may restrict ourselves only to the case where x(n) > 0 for
all large n. Let n; > —w be an integer such that z(n) > 0 for all n > n;. Then, there
exists ny > ny such that z(7(n)) > 0, ¥n > ny. In view of this, (E) becomes

Az(n) = —p(n)xz(r(n)) <0, Vn > n,

which means that the sequence (z(n)) is eventually nonincreasing.
Taking this into account along the fact that 7(n) < h(n), (E) implies

Az(n) +pn)x(h(n)) <0, n > ns. (2.8)
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Observe that (2.5) implies that for each ¢ > 0 there exists n(¢) such that

o)
x(n) >0 =6

Summing up (E) from 7(n) to n — 1, we have

forall n > n(e) > ns. (2.9

which, in view of 7(i) < h(i), gives

n—1
z(n) —x(r(n)) + Y pli)z (h(i)) < 0. (2.10)
i=7(n)
Combining the inequalities (2.9) and (2.10) we obtain
n—1
z(n) —x(r(n)) + (Ao — €) Z p(i
or
n—1
xz(n) —z(7(n)) + (Ao — €) x(n) p(i) <0. (2.11)
i=71(n)
Multiplying the last inequality by p(n), we get
n—1
p(n)z(n) — p(n)z(r(n)) + (Ao — €) p(n)z(n) p(i) <0
i=7(n
which, in view of (E), becomes
n—1

Az(n) + p(n)z(n) + (ho — €) p(n)z(n) | p(i) <0,

or
Az(n) + p(n) [1+(/\0—€) p(l)] z(n) <0
i=7(n)
Thus
Az(n) + Ry(n,e)xz(n) <0, (2.12)
where
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Applying the discrete Gronwall inequality in (2.12), we obtain

n—1 1

z(k) > x(n) H = R0 for all n > n(e).

i=k

Dividing (E) by z(n) and summing up from & to n — 1, we take

G+ .
= 2 ]
N i) )
- LT T
or
N Ar() ()
220 2w
Combining (2.14) and (2.15), we obtain
N 2T L ()
207Gy 2 ey
or
a(k) o~ al(r()
") = 2P G)
Since 7(j) < 7, (2.13) implies
Jj—1 1

w(7(5) > 2() 1] ——=

i=7(j)

195

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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In view of (2.17), (2.16) gives

=k =)
or
n—1 j—1 1
=k i=r()) o
Summing up (E) from 7(n) to n — 1, we have
n—1
z(n) — x(r(n)) + Y p(i)z (7(i)) = 0. (2.19)
i=7(n)
Setting k = 7 () in (2.18) implies
n—1 j—1
1
o(r@) > e | > 20) 11 g5 (220)
j=r(@)  m=r()) o

so, combining (2.19) and (2.20), we find

o) — alr() + 2ln) Y pli)es (Z p) 11 #(m)) <0
= ) )

i=T1(n j=T(1) m=r(j)

Multiplying the last inequality by p(n), we get

p(n)z(n) — p(n)x(r(n))

which, in view of (E), becomes

Az(n) + p(n)x(n)
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Therefore,
Az(n) + Ri(n, €)z(n) <0, (2.21)
where
n—1 n—1 .j_]- 1
Ri(n,e) =p(n) |1+ Z p(i) exp Z p(j) H 1= Ro(m, )
i=7(n) Jj=T7(%) m=r(j) ’

Repeating the above argument leads to a new estimate

Az(n) + Rs(n,e)x(n) <0,

where
n—1 n—1 Jj—1 1
Rofm.e) =pn) |1+ 3 pexp | 30 p0) [1 T=fmg
i=7(n) Jj=T(%) m=r(j) ’

Continuing by induction, we get, for sufficiently large n,

Az(n) + Ry(n,e)x(n) <0, (2.22)
where
n—1 n—1 j—1 1
i=(n) j=r@)  m=r(j) SRR
and
h(n)—1 j—1 ]
z(7(i)) > x(h(n)) exp Z p(j) H T Rm.o | (2.23)
j=(i) m=r(j) ’

Summing up (E) from h(n) to n, we have

n

z(n+1) —z(h(n)) + > p(i)z(r(i) = 0. (2.24)

i=h(n)
Combining (2.23) and (2.24), we have, for all sufficiently large n,

z(n+1) — z(h(n))

n h(n)—-1 j—1

+ 2(h(n)) Z p(i) exp Z p(j) H #{me)

i=h(n) j=7(2) m=r(j)

(2.25)
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The inequality is valid if we omit z(n + 1) > 0 in the left-hand side:

n h(n)—1 j—1

. ‘ 1
—a(h(n)) +a(h(n)) > pexp | Y p() ] 75— <0
. . . . 1— Rf(ma 6)
i=h(n) Jj=(%) m=t(j)
Thus, as z(h(n)) > 0, for all sufficiently large n, it holds
n h(n)—1 7—1 1
) ) — | <1
Z p(i) exp Z p(5) H TR
i=h(n) Jj=(%) m=r(j)

for all sufficiently large n, from which, by letting n — oo, we have

h(n)—1 j—1

limsup Y p(i)exp | Y p() ] % <1

OO i h(n) j=7(i) m=7(j)

Since € may be taken arbitrarily small, this inequality contradicts (2.6).
The proof of the theorem is complete. [

Theorem 2.6. Assume that (1.1) and (2.1) hold, h(n) is defined by (1.6) and 0 < o <
1/e. If for some ¢ € N

h(n)—1 j—1

: ~ . 1
lim sup Z p(i) exp Z 46) H 1= Ru(m) >1— D(a), (2.26)
" i) =) m=rg)

where Ry(n) is defined by (2.7), then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (x(n)),>_, is an eventually positive
solution of (E). Then, as in the proof of Theorem 2.1, for sufficiently large n, (2.25) is
satisfied, 1.e.,

z(n+1) — 2(h(n))

n h(n)—1 Jj—1
alh) 3 e | 30 00) [T 1=pes | <0
i=h(n) J=T7(3) m=t(j) e
Therefore
oo M 1 z(n+1)
> pGyexp | Y p0) ] 1= Re(m. o) 2(h(n)’
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which gives

n h(n)—1 i-1
' . 1 .. .x(n+1)
tmsup 3 pliesp | D o) [ gy | <1 lminf Tams
i=h(n) j=7(i) m=r(j) ’

By Lemma 2.3, inequality (2.4) holds. So the last inequality leads to

h(n)—1 j—1

lim sup Z i) exp Z p(j) H #@%6) <1-D(a).

"I i—h(n) j=7(i) m=r(j)

Since ¢ may be taken arbitrarily small, this inequality contradicts (2.26).
The proof of the theorem is complete. [

Remark 2.7. It is clear that the left-hand sides of both conditions (2.6) and (2.26) are
identical, also the right-hand side of condition (2.26) reduces to (2.6) in case that o = 0.
So it seems that Theorem 2.6 is the same as Theorem 2.5 when o« = 0. However, one

may notice that condition 0 < « < 1/e is required in Theorem 2.6 but not in Theorem
2.5.

Theorem 2.8. Assume that (1.1) and (2.1) hold, h(n) is defined by (1.6) and 0 < o <
1/e. If for some ¢ € N

n 7j—1

. 1 1
lim sup Z i) exp Z p(d) H ] —}Nje(m) > D(a) -1, (2.27)

T i—h(n) j=7(i) m=r(j)

where Ry(n) is defined by (2.7), then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (z(n)),>_,, is an eventually solution
of (E). Then, as in the proof of Theorem 2.1, for sufficiently large n, (2.23) is satisfied.
Therefore

n J—1 1
z(7(i)) > x(n + 1) exp Z p(j) H = Ru(m. o) (2.28)
7=7(%) m=T(j) ’

Summing up (E) from h(n) to n, we have
z(n—+1) — z(h(n)) + .Z p(i)z(7(i)) =0,

which, in view of (2.28), gives

z(n+1) —z(h(n))
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or

z(n+1) — 2(h(n))

n—l— 1 n = 1
§ S o) [ ———— | <o
2 eXP ‘ ()p(j) r 1 — R@(m,G)
j=7(i m=r(j

Thus, for all sufficiently large n it holds

n , B = 1 z(h(n
> plyexp | Y pG) ] = R(m. ) <ﬁ—1~

i=h(n) j=7(%) m=r(j)

Letting n — oo, we take

n 1
lim su ' T ) i 200
p Y pli)exp Z p() 1 im sup :

oo i=h(n) m=7(5) 1— Re(?ﬂ, 6) n—o0 Jf(ﬂ + ].)

which, in view of (2.4), gives

limsup > p(i)exp | Y p(j) l:[ - —Ri(m e D(la) ~1.
| ,

O i—h(n j=r(i) m=(5)

Since € may be taken arbitrarily small, this inequality contradicts (2.27).
The proof of the theorem is complete. ]

Remark 2.9. If Ry(n,e) > 1 then (2.22) guarantees that all solutions of (E) are oscilla-
tory. In fact, (2.22) gives

Az(n) +z(n) <0

which means that z(n + 1) < 0. This contradicts z(n) > 0 for all n > n;. Thus, in
Theorems 2.5, 2.6 and 2.8 we consider only the case R;(n) < 1. Another conclusion,
that can be draw from the above, is that if at some point through the iterative process,
we get a value of ¢, for which R,(n) > 1, then the process terminates, since in any case,
all solutions of (E) will be oscillatory. The value of /, that is the number of iterations,
obviously, depends on the coefficient p(n) and the form of the nonmonotone argument

T(n).

2.2 Advanced Difference Equations

Similar oscillation theorems for the (dual) advanced difference equation (E') can be
derived easily. The proof of these theorems are omitted, since they are quite similar to
the proofs for a retarded equation.
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The following simple result is cited to explain why we can consider only the case

1
q(n) < s , Vn e N (2.29)

I+ X > q(9)

i=n+1

where \g > 1 is the smaller root of the transcendental equation A = e with 0 < b <
1/e.

Theorem 2.10. Assume that there exists a subsequence 0(n), n € N of positive integers

such that 1
q(f(n)) > T ; Vn e N. (2.30)

L+ >0 q(00)

i=6(n)+1

Then all solutions of (E') are oscillatory.

Theorem 2.11. Assume that (1.2) and (2.29) hold, and p(n) is defined by (1.21). If for
some [ € N

p(n) o (i) a(4)
. . . 1
hmsuqu(z) exp Z q(j) H — | >1, (2.31)
n—oo . = 1 - Sg(TTL)
i=n j=p(n)+1 m=j+1
where
[ o) o(i) a(j) )
Sen) =q(n) |1+ Y qexp | Y a() [ ——— (2.32)
. . X ]. - Sg_l(m)
L i=n+1 Jj=n+1 m=j+1
[ o(n)
with So(n) = q(n) |14+ Ao Z q(i) | and Xo is the smaller root of the transcendental
i=n+1

equation A = e, then all solutions of (E') are oscillatory.

Theorem 2.12. Assume that (1.2) and (2.29) hold, p(n) is defined by (1.21) and 0 <
B < 1/e. If for some ¢ € N

p(n) a() a(4)

. . . 1

llfln_}Solip E Q(Z) exp | E( » CI(]) 1;[’—1 Tg(?ﬂ) >1—-D (5) , (2.33)
=n J=pn m=

where Sy(n) is defined by (2.32), then all solutions of (E) are oscillatory.

Remark 2.13. It is clear that the left-hand sides of both conditions (2.31) and (2.33)
are identical, also the right hand side of condition (2.33) reduces to (2.31) in case that
8 = 0. So it seems that Theorem 2.12 is the same as Theorem 2.11 when § = 0.
However, one may notice that condition 0 < § < 1/e is required in Theorem 2.12 but
not in Theorem 2.11.
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Theorem 2.14. Assume that (1.2) and (2.29) hold, p(n) is defined by (1.21) and 0 <
B < 1/e. If for some ¢ € N

p(n) a(i) o(4)
. . . 1 1
lim sup Z Q(l) €exXp Z CI(]) H T(’rn) > M - 1, (234)
"0 i=n j=n m=j+1 ¢

where Sy(n) is defined by (2.32), then all solutions of (E') are oscillatory.

Remark 2.15. Similar comments as those in Remark 2.9, can be made for Theorems
2.11, 2.12 and 2.14, concerning equation (E').

2.3 Difference Inequalities

A slight modification in the proofs of Theorems 2.5-2.8 and 2.11-2.14 leads to the
following results about deviating difference inequalities.

Theorem 2.16. Assume that all conditions of Theorem 2.5 [2.11] or 2.6 [2.12] or 2.8
[2.14] hold. Then
(i) the retarded [advanced] difference inequality

Az(n) 4+ pn)x(r(n)) <0, n € Ny [Vz(n) — q(n)z(c(n)) >0, n € NJ,

has no eventually positive solutions;
(ii) the retarded [advanced] difference inequality

Azx(n) +pn)x(r(n)) >0, n € Ny [Vz(n) —q¢(n)z(c(n)) <0, n € NJ,

has no eventually negative solutions.

3 Examples and Comments

In this section, examples illustrate cases when the results of the present paper imply
oscillation while previously known results fail. The examples not only illustrate the
significance of main results, but also serve to indicate the high degree of improvement,
compared to the previous oscillation criteria in the literature. All the calculations were
made in Matlab.

Example 3.1. Consider the retarded difference equation

Ax(n) + %x (1(n)) =0, mn €Ny, (3.1)
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with (see Fig. 1, (a))
n—2, ifn=>5u
n—1, ifn=5u+1
T(n) =49 n—>5, ifn=>5u+2
n—2, ifn=>5u-+3
n—4, ifn=>5u-+4

where 11 € Ny and Ny is the set of nonnegative integers.

A /
7(n) K A h(n)
8 // 8|
7 // 7
6 i ° 6 d
5 e e 5 e
4 // | [ 4 // |
, | Lo p |
3 ’ L 2 Lol 3 4 ®
) e 1o |1 5 e Lo
1 . (I B I | 7 e e Lol
O VN B " . Lol
-1 3 %5 6 7 8 910 ® ]
-1 | -1
~20 : -20
e (a) - (b)
Figure 3.1: The graphs of 7(n) and h(n)
By (1.6), we see (Fig. 3.1, (b)) that
n—2, ifn=>5u
n—1, ifn=>5u+1
hin)=49 n—2, ifn=5pu+2 .
n—2, ifn=>5u+3
n—3, ifn=>5u+4
It is easy to see that
n—1 Ly 31
a = h}gg;f Z p(j) = hﬁgg}f 2950 = 0.124
j=T(n) J=5u
and therefore, the smaller root of e’*2** = \is A\ = 1.15381.
Clearly,
. 1 1
min = ~ 0.583

n>0 Su+1

T 14+ N nf pe)  1+X > p(i)

i=7(n) 1=5p—3

4
[
[
[
[
[
[

L 4
by
by
by
by
by
by
by
by
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n
153456789]0
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and therefore, (2.1) is satisfied for all n > 0.
Observe that the function £} : Ny — R, defined as

n h(n)—1 j—1
. . 1
F(n)= Y p)esp | Y p() [] = ’y(m)
i=h(n) =) m=r(j) ‘

attains its maximum at n = 5u + 4, u € Ny, for every £ € N. Specifically,

5u+4 54 j—1

. . 1
FGp+4) =Y pep | > p() [] TR |
i=5p+1 j=(i) m=r(j) !
where
m—1 m—1 u—1 1
Ri(m)=p(m) |1+ > pk)exp | > p) [] = (o)
k=1(m) u=r(k) v=r(u) 0
with

v—1

Ro(v) =p(v) [1+ X0 Y ple)

p=T(v)

By using an algorithm on MATLAB software, we obtain
Fi(5p +4) ~ 1.006

and therefore
lim sup Fy(n) ~ 1.006 > 1.

n—oo

That is, condition (2.6) of Theorem 2.5 is satisfied for / = 1. Therefore, all solutions of
equation (3.1) are oscillatory.
Observe, however, that

5u+4

31
MD =limsup »  p(j) =4-—— = 0496 < 1,
B0 =5t 250
1
a=0124 < -,
e

0.496 < 1 — D(a) ~ 0.9911,
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n—reo j=h(n) 1=7(5) p
5u+4 5u
31 1
- 1 20
msw D o5 11 7=
Jj=5u+1 1=T7(J) 250
4 5u
H 1 — ﬂ + H
_ 23?10 ) limsup i= 7'(5,u+1) 250 i= 75u+2)
HU—00
T H T3t T H
L i= 7'(5,u+3) 250 i= 7'(5,u+4)
( Su 5L
1 1
H 1 - 3L + H 1 - 3L
31 i= 5u 250 i=hHu— 3 250
= 50 lim sup
HU—00
™ H Tt T H
i= 5u+1 250 = 5“ 250

31 1 1 4 1
~ 250 ~ 250 250

0.6177 < 1 — D(a) ~ 0.9911,
h(n) 1

1 —pi(J)

0.7259 < 1 — D(a) ~ 0.9911,

h(n)—1

1
lim su —— ~ (.8569,
p Z H 1—Pi(j)

oo i=h(n) j=7(1)

0.8569 < 1 — D(a)) ~ 0.9911,

s Al Do)
h(n)—1 j—1 ]

lim sup Z i) exp Z p(J) H Ao

e =) m=rp 1 Fa(m)

0.9219 < 1 — D(a) ~ 0.9911,

1
lim sup g —— ~0.7259,
j=7

250

250

1 1
lim su —— ~ 27809 < —— ~ 112.7906.
p Z H) 1- P(j)

~ 0.9219

205
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n n J—1

. . ) 1
limsup > p(i)exp | Y p(i) [] TP
" i—h(n) Jj=7(i) m=7(j) = 1<m)
1
~ 3.3963 < — 1 ~111.7906.
D(a)

That is, none of conditions (1.3), (1.4), (1.5), (1.7)=(1.9) (for r = 1), (1.8)=(1.10) (for
r=1),(1.11) (for ¢ = 1), (1.12) (for ¢ = 1), (1.13) (for £ = 1), (1.14) (for £ = 1), (1.15)
(for ¢ = 1), (1.16) (for £ = 1), (1.17) (for £ = 1) and (1.18) (for £ = 1) is satisfied.

Notation. It is worth noting that the improvement of condition (2.6) to the cor-
responding condition (1.3) is significant, approximately 102.82%, if we compare the
values on the left-side of these conditions. Also, the improvement compared to condi-
tions (1.7)—(1.9) (forr = 1), (1.11) (for £ = 1), (1.13) (for ¢ = 1) and (1.16) (for ¢ = 1)
is very satisfactory, around 62.86%, 38.59%, 17.4% and 9.12%, respectively.

Finally, observe that the conditions (1.9)—(1.10), (1.11)—(1.12), (1.13)—(1.15) and
(1.16)—(1.18) do not lead to oscillation for the first iteration. On the contrary, condition
(2.6) is satisfied from the first iteration. This means that our condition is better and
much faster than (1.9)—(1.10), (1.11)—(1.12), (1.13)—(1.15) and (1.16)—(1.18).

Example 3.2. Consider the advanced difference equation

123

Vz(n) 1000m(0(n))—0, neN, (3.2)
with (see Fig. 2, (a))
n+1 ifn=>5u+1
n+6 ifn=>5u+2
on)=¢ n+2 ifn=>5u+3 ,
n+3 ifn=5u+4
n+1 ifn=>5u+5

where 1 € Ny and N is the set of nonnegative integers.
By (1.21), we see (Fig. 3.2, (b)) that

n+1, ifn=5u+1
n+3, ifn=>5u+2
pn)=¢ n+2, ifn=>5u+3 .
n+2, ifn=>5u+4
n+1, fn=>5u+5

It is easy to see that

— . o , 123
B = hr{gg;lf Z q(j) = lllfgglf Z q(j) = 1000 — 0.123
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o Yo
13 ¢ ’ 13
12 : ® /// 12 ///
1 : : I/’ 1 [ 3K
10 10 [N ¢
: Ry : T
8 ® I A ! 8 LY
] Lo L7
7 | ? 'I'//l ! 7 ?//l [
IR AR ; RLAREN
5 [ O R 5 L O O
4 O R 4 (I I S T I R R T
; P B I \ [ 10T T R R T
[ O I I (% T R T I B R
o e VUL of e Uy
[ S T R I | | | | e R E A R B T
L 1 O T e e O B A T n L I O e T O T B T "
S N N | | - | S N N N (N [N SO T -
1 2 3 4 5 6 7 8 9 10 11 12 13 = 1 2 3 4 5 6 7 8 9 10 11 12 13 =
(a) )
Figure 3.2: The graphs of o(n) and p(n)
and the smaller root of e*!%* = X\ is \g = 1.15226.
Clearly,
i L = L ~ (0.5404
ey o(n) - s O
1+X > q@) 14X X q()
i=n+1 i=5pu+3
that is, (2.29) is satisfied for all n > 1.
Observe that the function £} : Ny — R, defined as
p(n) o (i) o(4) 1
Fyn)=> q@exp| > a0) [[ —<—]|-
: . L 1 —S(m)
i=n j=p(n)+1 m=j+1
attains its maximum at n = 5u + 2, u € Ny, for every ¢ € N. Specifically,
5445 o(i) o(4) 1
Fiou+2)= > qi)exp| > q() [ —=—].
. . . 1 —»Slﬁn)
1=5u+2 j=5u+6 m=j+1
where
o(m) o(k) o(u) 1
Si(m) =q(m) [1+ Y qk)exp [ > q(w) [] 1= 500
k=m-+1 u=m-+1 v=u+1 0
with
a(v)

So(v) = q(v) |14+ X0 D q()

p=v+1

207
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By using an algorithm on MATLAB software, we obtain
Fy(5p+2) ~ 1.004

and therefore
limsup Fi(n) ~ 1.004 > 1.

n—oo
That is, condition (2.31) of Theorem 2.11 is satisfied for ¢ = 1. Therefore, all solutions
of equation (3.2) are oscillatory.
Observe, however, that

p(n) Su+5
MA = hmsupz = lim sup Z q(j) =0.492 < 1,

n—00 U—>00

p(n) 5u+5

hrnsuqu ,0(j)) = limsup Z q()by (5 +5,0(5))

n—00 U—>00

_oA b (5p+5,0(5p+2)) + b7 (5 + 5, 0(5u + 3))
1000 P | b 5+ 5,05+ 4)) + by (5 + 5, 0 (5 + 5))
_o13 byt (5 + 5,50+ 8) + by ' (5u + 5,51 + 5)
1000 et | b (5p + 5,50+ 7) + by (5 + 5, 5y + 6)
- [ ! + ! + ! + ! ] 0.6904 < 1
= ' 1 123 3 2| =Y ’
0001 (1-55%) =m0 (1-55) (1= 160)
0.6904 < 1 — D(B) ~ 0.9913,
o(7) 1
1 —— ~(0.704 1
iii‘ipz I =gy =omowe <t
j=p(n)+1
0.7045 < 1 — D(B) ~ 0.9913.
o(i) a(4) 1
llmsupz i) exp Z q(7) —— | ~0.9165 < 1,
n— 00 j=p(n)+1 m=j+1 1-— Ql(m)
0.9165 < 1 — D (8) ~ 0.9913,
e (Satn 11 12
lim sup i) exp q(j) —_—
n—o00 j=n m=j+1 1-— Q1<m>

1
~ 3.3513 < —— — 1~ 113.7846,
D(p)
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That is, none of conditions (1.19), (1.20), (1.22) (for r = 1), (1.23) (for r = 1), (1.25)
(for ¢ = 1), (1.26) (for ¢ = 1), (1.27) (for £ = 1), (1.28) (for ¢ = 1) and (1.29) (for
¢ = 1) is satisfied.

Notation. It is worth noting that the improvement of condition (2.31) to the cor-
responding condition (1.19) is significant, approximately 104.07%, if we compare the
values on the left-side of these conditions. Also, the improvement compared to condi-
tions (1.22) (for r = 1), (1.25) (for ¢ = 1) and (1.27) (for ¢ = 1) is very satisfactory,
around 45.42%, 42.51% and 9.58%, respectively.

Finally, observe that the conditions (1.22)—(1.23), (1.25)—-(1.26) and (1.27)—(1.29)
do not lead to oscillation for the first iteration. On the contrary, condition (2.31) is
satisfied from the first iteration. This means that our condition is better and much faster
than (1.22)—(1.23), (1.25)—(1.26) and (1.27)—(1.29).

Remark 3.3. Similarly, one can construct examples, illustrating the other main results,
in the paper.
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