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Abstract

In this paper, we are concerned with oscillation of a second-order nonlinear
neutral delay difference equation of the form

A (anA (xn - pnxn—l)’y) + an(xn—T) = 0.

We consider the two cases when v > 1 and 0 < v < 1. The main oscillation
results will be of Kamenev’s type, Philos’type as well as Hille and Nehari types.
The results will be established by using the oscillation criteria of the corresponding
third order nonlinear difference equation.

AMS Subject Classifications: 34C10, 34K11, 34B05.
Keywords: Neutral difference equation, oscillation, Riccati technique.

1 Introduction

In this paper, we are concerned with oscillation of solutions of the second-order nonlin-
ear neutral delay difference equation

A (anA (T — Prtn_1)") + @uf(xp_r) =0, forn € N,,,, (1.1)
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where A is the forward difference operator defined by Az, = x,.1 —x, and N; = {i +
1,7+ 2,...}. Throughout this paper, we will assume that the real sequences a,,, p,, ¢
are nonnegative, vy is a quotient of odd positive integers, 7 is a nonnegative integer and
f : R — R is a continuous function such that uf(u) > 0 for u # 0. As usual, a
nontrivial solution of (1.1) is called nonoscillatory if it eventually positive or eventually
negative. Otherwise it is called oscillatory.

In recent years, there has been much research activity concerning oscillation of
second-order neutral delay difference equations, we refer the reader to the papers [1,
2,4,5,7,9,12,16,19,22-24] and the references cited therein. Most of the results in the
above references are obtained when p,, < 0. Here, we recall some of the results that
motivate our study.

In [17], Thandapani and Mahalingam studied the oscillatory and asymptotic behav-
ior of the equation

A (Tp 1 — PuTnp1) + @uf (T r) =0, n=1,2,3,... (1.2)
with the condition 0 < p,, < 1, where f satisfies the superlinear condition

> du " du
0< —, / —— < oo, foralln > 0, (1.3)
n S ) o f(u)

and also, when f satisfies the sublinear condition

nod 0 g
0< Y Y <o, foralln > 0. (1.4)

o J(w) Jof(u)

Thandapani and Mohan [18] considered the equation

A2 (xn - pnxn—k) + qnf (xn—r) - 07 n Z no, (15)

with the condition 0 < p,, < 1 and f satisfies the conditions (1.3) and (1.4). Thandapani
et al. [15] considered the generalized equation

A (apA (g — Pun—i)”) + @uf (Tp—r) =0, (1.6)

under the conditions

Q=

ZOO 1
ngn <p<17 ‘f(z>|2k‘2|a and (—> = OQ.
an
n=ng

Thandapani et al. [14] considered the equation

A (anA (xn - p$n—k)a) - an (xa(n)) = 07 (17)
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where p is a real number and o(n) is a sequence of integers such that o(n) — oo as

n — 0o, and
o0

Z (czn)%1 = 00.

n=ng

Thandapani et al. [21] also considered the equation
A (anA (wn - pxz—k)) + an (*TnJrlfl) = 07 n Z no 2 O:

where p is a real number and a,, is a positive sequence with

1
> Lo

a,
n=ng
Recently Thandapani et al. [20] considered the generalized equation (1.6) when o = 1,
and

— 1
0<p,<p<land Z—<oo.

a
n=ng "

In this paper in Section 2, we will consider the case when 0 < p, < p < 1 and
establish some sufficient conditions for oscillation. The main results will be proved
by employing a different technique which depends on an application of an invariant
substitution that transforms the second nonlinear neutral difference equation to a third
nonlinear difference equation. The results will be of Kamenev’s type, Philos’ type and
Hille and Nehari types.

2 Main Results

In this section we state and prove the main results and is organized as follows. First, we
use the invariant substitution to obtain the corresponding third order difference equation.
Next, we present some basic lemmas will be used in the proof of the main results and
then state and prove the main results by considering two different cases when v > 1 and
when 0 < v < 1. Now we apply an invariant substitution which transforms the neutral
equation to a non-neutral third order difference equations. This substitution is given by
(see [3])

n

1 n
Yn+1 = Tn H ;, where Hpi =0 (n), (2.1)
i=1 1" i=1

This gives us that

n—rt

Tn = Yn+1 lea Tn—1 = Yn H ?;11pi7 and Tn—7r = Yn—1+1 H Di- (22)

i=1 i=1



134 Pinelas, Saker and Arahet

From (2.2), we have

Tp — Pnn_1 = Ay, Hpi. (2.3)
i=1

Substituting (2.3) into (1.1), we obtain
n Y n—r7
i=1 i=1

Setting d,, = H pi» (2.4) becomes

=1
A (anA (dnAyn)'Y) + an(dn—Tyn—T+1) = 0. (25)

Throughout the paper, we will assume that

(H1) ) ai = o0,
n=1 "

(Hz) there exists a constant & > 0 such that | f (u)| > k |u|”, for all u # 0,

H3) p, is areal sequence with 0 < p,, < p < 1forall n € Nyacr1.71,
q {17}

(Hy) Z di = oo (see [3, Lemma 2]),
=1 "

(Hs) Y Qn =00,

1=ng
. n—1 1 s—1 1 t—1 %
w i [E 1) -~
s=no =ng 1="no

Now, are ready to state some fundamental lemmas for third order difference equations
that will be used in the proofs of the main results. By using the condition (Hs), (2.5)
becomes

A (anA (dnAyn)V) + Qnyg—T-I—l S 07 fOI‘ n Z No, (26)
where Q,, = kq,d]__. The following lemmas are adapted from [10].

Lemma 2.1. Let vy, be an eventually positive solution of (2.6) and suppose that Case
(1) of Lemma 2.2 hold. Then there exists ny > ng such that

(Aynri1)" > anﬁA (duly)”, 0>y, 2.7)

n—1

where p(n) = Z (1/a;) .

i=ng
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Lemma 2.2. Assume that (H,)—(Hg) hold. Suppose that vy, is an eventually positive
solution of (2.6). Then there is n; > nyq sufficiently large such that for n > n; we have
only the following two cases:

(i) yn >0, Ay, >0, A (d,Ay,)" >0,

(1) yn > 0, Ay, <0, A(d,Ay,)" > 0.

Using the Case (i7) in Lemma 2.2, we can prove that (see [8, Lemma 2.1]) lim y,, =
n—oo

0. Using this we can prove the following lemma which can be considered as an extension
of the proof of [3, Lemma 4].

Lemma 2.3. Assume that (Hy) — (Hg) hold. If y,, be a nonoscillatory solution of (2.6)
which satisfies Case (ii) of Lemma 2.2, then lim y,, = 0 and hence

n—o0

lim 2% = 0. 2.8)

n—oo n
Now, we are ready to state and prove the sufficient conditions which ensure that each

solution of equation (1.1) is oscillatory or satisfies (2.8)). We begin with the first case
when v > 1.

Theorem 2.4. Assume that (H,)—(Hg) hold and let x,, be solution of (1.1). Further-
more, assume that there exists a positive sequence p,, such that

" , gl 2
lim > | piQs - (ir ) (Bp) ) (2.9)

23770 _rp1

i=ng
Then x,, oscillates or satisfies (2.8).

Proof. Let x,, be a nonoscillatory solution of (1.1). Without loss of generality we may
assume that x,, > 0 and x,,_; > 0 for n > n; sufficiently large. From (2.1), we see that
Yn 18 a positive solution of (2.6) and there are only the following two cases for n > n;:

Case (i) yn > 0, Ay, >0, A (d,Ay,)" >0,

Case (i) y, > 0, Ay, <0, A (d,Ay,)” > 0.

We consider the Case (7). Defining the sequence w,, by the Riccati substitution

anA (d,Ay,)"

o forn > n;. (2.10)
yn77'+1

Wn = Pn

This implies w,, > 0 and

Aa,A (d,Ay,)”

o
yn—T+1

AWn = a'n-i-lA (dn—i—lAyn—i—l)'y A |: fypn :| + Pn

n—7+1
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Hence

Aw, = 1A (dpi1AYnir)”

Apn (Yn—ri1) = Pn (A?JZ—TH)]

Y +1y7 +2
Aa, A (d,Ay,)”

Y
yn—T—H

+pn

From this, (2.6) and (2.10), we see that

ant1A (dn+1Ayn+1)7 PnAyZ_TH

Y Y
yn—T—i—? yn—'r-‘,—l

Ap,
Pn+1

Aw, <

Wn+1 — |:

From Lemma 2.2, since Ay,, > 0, we have that y,,_,.2 > ¥,_,+1. Then from (2.11),
we obtain

Ap, 1A (1 AYna1)” prAy,)
A < —pnQu+ D,y — St B i BYne) By (g g
pn—l—l yn—7'+2
Using the inequality
27—y > 2177 (x —y)?, forall z >y > 0 where y > 1, (2.13)
we have
Ayprir = Wnereo = Ynrs1) 227 Wnor2 = Yorn))’ (214
21—7(Ayn_7_+1)’?'
Substituting (2.14) into (2.12), we obtain
A n n A dn A n K A n—r 7
A < —pnQu+ 2%y — py2r Tt S e Q) (BT g 45
Pr+1 Yn—r+2
Apy A1 (i1 AYns1)” (AYn_ri1)?
Awng_PnQn‘i‘—pwnH—pn?—V +1A (dp 11 2y7+1) (AYp—rt1) '
Pn+1 yn—T+2
From Lemma 2.1, substituting (2.7) into (2.15),
Ap,
Awn S _ann+ P Wn41
Prn+1

an—i—lA (dn—HAyn—H)7 Qpn—T—HanA (dnAynyy

27
(dn—T—f—l)’Y ?JZLH

n

From (2.6), since A (a,A (d,, (Ay,))") < 0, we have

an—i—lA (dn-i-lAyn—i-l)’y S anA (dnAyn)’y ’ (216)
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Ap,,
Awp < —puQn+ =iy (2.17)
Pn+1

2
—21_7[) (ant1A (dn+1Ayn+1)7) Prn—r+1
(dn—f+l)’y y72117'+2

From (2.10) and (2.17), we have

A n ny¥n—1
AWn S _ann + _pwn—i-l - 21_7 2 Al = ¥ (wn+1)2 . (218)
Pn+1 Pn+1 (dn—r+1)

The rest of the proof of this case is similar to the proof of [10, Theorem 6.4.1]. The
proof of the case when Case (i¢) holds is similar to the proof of [11, Lemma 2.4]. The
proof is complete. O

From Theorem 2.4, we can obtain different condition for oscillation of all solutions
of (1.1) by different choices of p,,. For example, if we take p,, = n*, n > ngand A > 1
is a constant, then we have the following result.

Corollary 2.5. Assume that all the assumptions of Theorem 2.4 hold, except that (2.9)
is replaced by

2

n d5_717<5+1A—3’\>
lim Z Q; — ( ) ) = 0.
n—00 s=n0 23_7‘@8—74-1

Then x,, oscillates or satisfies (2.8).

The following theorem gives new oscillation criteria for (1.1) of Philos-type. The
proof is based on the technique investigated in [11] by using the Riccati inequality
(2.18).

Theorem 2.6. Assume that (H,)—(Hg) hold and x,, be solution of (1.1). Let p, be a
positive sequence. Furthermore, we assume that there exists a double sequence {H,, , :
m >n > 0} such that

(i) Hpm = 0form > 0.

(i7) Hpmp >0, form >n > 0.
(13) AoHpmn = Hpns1r — Hpn < 0form >n > 0.
If

m—1

. 1 (Pz’+1)2 2 | _
Jm Z Hm,ipiQi—TpiAm,i = o0, (2.19)
1=n0
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where
— . 1— ypngon T+1 L Apn /
Pn . =2 71 N\ Am,n T (hmm - Hmm, )
(dn ‘r+1)ﬁ/ Pn+1
B _ _AQHm,n

\ Hm,n ’
then x.,, oscillates or satisfies (2.8).

By choosing the sequence H,,,, = (m — n)’\ in appropriate manners, we can derive
an oscillation criteria for (1.1) of Kamenev’s type. The technique of proof based on the
results investigated in [25].

Theorem 2.7. Assume that all the assumptions of Theorem 2.6 hold. Furthermore,

assume that there exists a positive sequence p,, such that for every positive number
A>1,

= 00, (2.20)

(pis1)’
JL%%Z — ) [p’QZ i Dt

i=ng n

where

gt Pty (B Am—n—1))
(dn—r11)"’ Pn+1 (m —n)*

Then x,, oscillates or satisfies (2.8).

In the following, we establish new oscillation criteria for (1.1) of Hille and Nehari
types. Now, from the proof of Theorem 2.4, we see, by choosing p, = 1, that the
corresponding Riccati inequality when Case (z) of Lemma 2.2 hold is given by,

n < —Qn— —wl,,, for n>n, 2.21)

n

where r, = 277" (dy_r41)" /Pn_rt1. Using this inequality and proceeding as in the
proof of [10, Theorem 6.4.5], we obtain the following theorem.

Theorem 2.8. Assume that (H,)—(Hg) hold and x,, be solution of (1.1). Furthermore
assume that Ar,, > 0. If

lim mf— Z Qs > - (2.22)

n—00
T'n s=n+1
or
n e}
lim inf — E Qs—l—hmmf— E Qs>4
n— oo ’]"n n
s=n+1 s=n+1

then x,, oscillates or satisfies (2.8).

Next, in the following we consider the second case when 0 < v < 1.
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Theorem 2.9. Assume that all the assumptions of Theorem 2.4 hold, except that (2.19)
is replaced by

n—1
lim sup > (Huithi — ¢mai) = 0, (2.23)
n—o0 mmo
where
41 q L\ 1y
”(/}n - anm Qbm,n — = ,yanrl — . (1% mn hm,nHﬁﬁjﬂ) '
(]_ + /y) pnén—Tdn—T+1Hmrn pn—H

Then x.,, oscillates or satisfies (2.8).

Proof. Let x,, be a nonoscillatory solution of (1.1). Without loss of generality we may
assume that x,, > 0 and x,,_; > 0 for n > n; sufficiently large. From (2.1), we see that
Yn, 18 a positive solution of (2.6) and there are only the following two cases for n > n;:

Case (i) yn > 0, Ay, >0, A (d,Ay,)" >0,

Case (i1) y, > 0, Ay, <0, A(d,Ay,)" > 0.

We consider the Case (¢). Defining the sequence w, by the Riccati substitution
(2.10) and proceeding as in the proof Theorem 2.4 (2.12) to get

Ap, 1A (s 1 AYns1)” prAy)
Aw, < —pnOn + P W1 — +1A (dp 11 2%+1) PrnY +1 (2.24)
Pr+1 Yn—r+42
By using the inequality [6, p. 39], we get
27—y >y (x —y), forallz £y >0and 0 < y < 1. (2.25)
We may write
Ay i = W rio = Vi e1) = VU192 DAYn i1 (2.26)
Substituting (2.26) into (2.25), we obtain
Ap, 1 A (A 1 AYns1)” PnYA (Y—r
Ay < —pyQy 1 DPn, | Gn (dnt1 y;ll) PutA (Yn—r+1) 2.27)
n+1 Yn—r+2
From Lemma 2.1, and (2.27), we find
Ap,
Awp < —paQn+ (2.28)
pn—i—l
1
1 A (A 1AYni1)” 0 1
— Py (ij +1) T (A (dnAyn)7)
Yn—r42 n—7+1

Since Aa, A (d, (Ay,))” <0, it follows that
an-i-lA (dn+1 (Ayn—i-l))’y < anA (dnAyn)’Y
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140
and thus ) )
(an1A (dn+1Ayn+1)7); < (a,A (dnAyn)v); . (2.29)
Substituting (2.29) into (2.28) as
Awn S _ann + nwn+1
Pn+1
1
1A (dn1AYn 1) 00—, 1
—pPn = ;wfll +1) d ::11 (@1 (dp1Dynyr)’) 7,
n—7+2 n—r
Aw, < —puQn+ = W1
Pn+1
" <ULn+1A (dns1AYn+1) ) i
—PnY ~ .
dn*T+1 Yn—r12
This yields that
Ap,
Aw, < —pnQn+ —Wni1
Pn+1
1 2
Cnri1 Pn ( 1A (A 1AYny1) ) 7
V5 y+1 n+1 o] )
dn T+1 Yn—7+42
pn+
1
A n 'rZ—T n 1+7
PrQn < —Aw, + —pwn+1 - 790 1 P ST Wt - (2.30)
Pn+1 dnf‘r+1 (pn+1) v

Multiplying (2.30) by H,, ,, and summation, we obtain

n—1
Z Hm,i wz S Z Hm ZAWZ + Z Hmz ] WH—I

i=n1 i=n1 1=n1
1+
- Z Hm ZCD T 1ty le?
=n1 (,Oerl v
1
where ®,, = vypn,¢,_,.1/dy_r41, Which yields after summing by parts on the term
n—
Z Hm,iAwi,
i=n1
n—1
Z Hm,zwz S Hm,nlwnl Z AQ mzwerl + Z Hmz ] werl
i=nq i=ny i=ny Pit

Hy, ;P; 142
- Z T 1ty z+1 :
(

i=m \(pis1) 7
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Z Hm 1w2 < Hm n1Wny + Z ( AQH ) Wit1 (231)
i=n1 1=n1
Z ( Hm zq) ) w1+%
B Tty i+l -
i=m \(pit1) 7

Using the inequality

L1 BB BB—H
Bu — Au't> < 2.32
u (1+ B)B+1 AB (2.32)
for 7o A
A= %7 B = Hm,n Pn - AQHm,na
(pn-i-l) v Pn+1
(2.31) become
n—1 nyp—1
Z (Hm,iwz Qbm n) = mng (qu + Z wz) < 0.
i=ng 1=ng
Then ,
lim sup Z (HmitVi — ) < 00
n—00 mmo =
i=ng

which contradicts with (2.23). The proof of the case when Case (i) holds is similar to
the proof of Lemma 2.4 [11]. The proof is complete. 0

The following result is an immediate consequence of Theorem 2.9.

Corollary 2.10. Let x,, be a solution of (1.1) and assume that all the assumptions of
Theorem 2.9 hold, except that (2.23) is replaced by

lim SUp 7 Z H,, i = oo and lim SUp 7
n—oo n—o0

§j¢mn
mno. mno

i=ng 1=ng
Then x,, oscillates or satisfies (2.8).
The following is an oscillation result for (1.1) of Kamenev’s type.

Theorem 2.11. Let ©,, be a solution of (1.1) and assume that all the assumptions of
Theorem 2.9 hold, except that (2.23) is replaced by

1+~
ot (G = Am—i)")
lim sup — Z (m — i) | o — Han — | = oo.
nree m i=ng (1 + 7) K p%(sn Tdn’yT—l—l (m - Z) K

Then x,, oscillates or satisfies (2.8).
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