
International Journal of Difference Equations
ISSN 0973-6069, Volume 12, Number 1, pp. 55–106 (2017)
http://campus.mst.edu/ijde

The Systems Complexity Problem for Nonlinear
Polynomial Discrete Systems with Many Delays and two

Components. An Algebraic Approach.

Stelios Kotsios
National and Kapodistrian University of Athens

Department of Economics
Division of Mathematics and Computer Science

1 Sofokleous Str. 10559, Athens, Greece
skotsios@econ.uoa.gr

Dionyssios Lappas
National and Kapodistrian University of Athens

Department of Mathematics
Division of Algebra and Geometry

Ilissia Campus 15784, Athens, Greece
dlappas@math.uoa.gr

Abstract

By the means of special operators and operations, the so-called D-operators
and the star-product, a special algebraic description for nonlinear polynomial dis-
crete systems in two dimensions is developed. By using this description, we can
check if these nonlinear systems are “similar”or “equivalent” with linear systems,
in the sense that the evolution of both systems, under the same initial conditions,
are related among each other. Different kind of solutions of the problem, seem to
determine different degrees of complexity for the original nonlinear systems. The
whole approach has algebraic and algorithmic nature and no analytical tools are
used.

AMS Subject Classifications: 39A99, 39A70,93B11,93B25,93B40,14Q99.
Keywords: Nonlinear, discrete systems, systems equivalence, model complexity, alge-
braic methods.

Received September 9, 2016; Accepted October 29, 2016
Communicated by Martin Bohner



56 S. Kotsios and D. Lappas

1 Introduction
Difference equations or discrete systems, which are in use for the creation of models in
a variety of domains are in principle nonlinear. On the other hand, most of the existing
results refer upon linear systems and various linearization processes are in practice, not
always successfully. The reason is that the initial systems possess complexities and
due to this fact, basic characteristics do not inherit into linearization. It is therefore a
necessity to rethink about linearization processes, their tools and degrees of acceptance
for the obtained results.

Mathematical control theory provides a unifying framework for posing and studying
such problems [5]. In this respect, we treat in this manuscript with systems known as
nonlinear discrete systems of polynomial type with two components, which have the
general form:

x(n) =
∑∑

aijx(n− i1) · · · x(n− iτ )y(n− j1) · · · y(n− jξ)
y(n) =

∑∑
bi′j′x(n− i′1) · · ·x(n− i′τ ′)y(n− j′1) · · · y(n− j′ξ′)

}
. (1.1)

The coefficients aij, bi′j′ are real numbers and the quantities x(n), y(n) real sequences.
These systems, transform a pair of sequences to another pair of sequences in a nonlin-
ear polynomial way, involving a certain number of products among different delays of
those sequences. We usually refer to these products as “cross products”. These systems
appear in many branches of dynamical systems theory, see for instance [2, 14], as well
as, in control theory and signal process Analysis, where one of the two sequences is
considered as the input. See [4].

The aim of this paper is to deal with the above nonlinearities by using mainly alge-
braic tools based upon the so called star product. The star product corresponds to the
composition of polynomial functions, in other words to the substitution of one polyno-
mial into another. This star product allows to describe the evolution of the system along
naturally defined operations, the D-operator. This operation is compatible with the cas-
cade connection of one system with another. The problems of evolution and stability
of those systems have been studied in a series of papers. See [10–12]. Particularly, in
these works, we realized (1.1) as ~x(n) = A~x(n − 1), where ~x(n) = [x(n), y(n)]T the
state vector and A a proper D-operator. Then we proved that the dynamic evolution of
a such system is given by ~x(k) = Ak~x(n−k), where the power Ak has been calculated
with respect to the star product. Both results are analogous to those we have from the
classical theory of linear systems. Based on this framework stability theorems were also
established.

In the present paper, inspired by similar problems in control theory, see for instance
[5, 13], we set down the problem of equivalence of two such systems, and we look for
conditions in order to transform one system into a (sometimes given) equivalent one,
with the same future evolution. In the linear case the problem is well understood and
completely solved. Indeed, if ~x(n) = A~x(n − 1) is a linear system, A the coefficient
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matrix, ~x(n) the state vector, then it is known that we can transform this system to
another linear one ~z(n) = L~z(n − 1), by using the transformation ~x(n) = T~z(n)
where T is a matrix satisfying the relation: AT = TL. To extend this idea in our
case we use the aforementioned D-operators description and the star product. By their
means, we reduce the equivalence problem to the solution of the equation F∗T = T∗G
of D-operators with respect to T, when F and G are given. For a specific system
F and when the given system G is a linear one, the equivalence problem is of prime
interest. To face it, a recursive procedure is introduced, constructing first the linear part
of T, then the quadratic, the cubic and so on. To achieve that, we solve the systems of
equations arising, by the application of the star product. The whole approach is algebraic
in nature [1, 3] and certain theorems provide us with criteria about the structure of T, if
it is a polynomial series (an infinite sum of polynomials) or a series of series (an infinite
sum of series).

It turns out that in this case a notion of complexity could be introduced, which real-
izes the intrinsic nonlinearity of the system. See [6]. As we said, the solution T may be
a polynomial operator, a series of operators, a series of series, to be invertible or not and
to converge or not. Each one of these situations determines a type of nonlinearity com-
plexity for the underlying model. A corresponding classification of different degrees of
complexity is presented. This is a little bit arbitrary and reflects the authors first attempt
to categorize the different issues of the model complexity problem.

To summarize, the advantages of this work are:

1. It is algebraic in nature and no analytical tools are used.

2. The operations can be carried out by using suitable software.

3. It can provide us with a computational tool proper to make nonlinear systems
equivalent to linear ones.

4. It can be used as a “measure” of the system complexity.

Here are the contents of this work. In the beginning, we give the preliminary notion
of a D-operator and develop the algebraic tools which allow the transformation of the
given equation in an algebraic like object. After that, we deal with the main object of
study, the Nonlinear Discrete Polynomial Systems. Initially, we define an equivalence
relation among D-operations, which turns out to be the appropriate one to characterize
the evolution of the underlying systems. This relation is used to define the notion the T-
similarity, between two pairs of sequences and reduce this algebraically to a correspond-
ing D-operators. The determination of the operator T in the equation F ∗T = T ∗G,
requires a lot of machinery in order to solve the occurring linear like systems. This is
achieved in an algorithmic manner. A main theorem ensures that under middle restric-
tion, for a given nonlinear discrete polynomial system the linear T -similarity problem
accepts a series solution. Along same considerations, a table for the levels of model
complexity is established. All the above situations are illustrated through some indica-
tive arithmetic examples, which conclude this presentation.
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2 The Algebraic Framework
In this section, we shall describe the algebraic tools, which shall be used later for the
description of nonlinear polynomial discrete systems with two components. The cor-
nerstone of our approach is the so called D-operator. It has been introduced in [9, 11],
and transforms a pair of sequences to a pair of sequences. For the sake of completeness
of the manuscript, we shall present the basic definitions here, adding some new results.
We shall follow a constructive method, starting from simpler operators and proceeding
step by step, but let us first recall some basic notions from the indices.

2.1 The Indices
Let

∞⋃
n=1

(N)n,

be the set of all the n-tuples with positive integers as elements. Any subset of it consist-
ing from n-tuples of finite length, is called a set of multiindices. We denote it by I. In
other words,

I = {i = (i1, i2, . . . , in), n ∈ N, ik ∈ N}.
Usually, the elements of a multiindex i are ordered in an increasing way, that is,

i1 ≤ i2 ≤ · · · ≤ in.

By d(i), we denote the minimum element of i, that is i1 and by dim(i) the number n,
called the dimension or the length of i. By e = (), we denote the empty index, that is,
the index with no elements. Apparently, dim(e) = 0.

Let I be a set of multi-indices. We equip it with the following operations:

• Vector Addition. Let i = (i1, i2, . . . , in) and j = (j1, j2, . . . , jn) be two multi-
indices, with dim(i) = dim(j) = n. Their vector addition is a new multiindex,
denoted by i + j and defined as

i + j = (i1 + j1, i2 + j2, . . . , in + jn).

• Scalar Multiplication. Let i = (i1, i2, . . . , in) be a multiindex and ρ an integer.
The multiplication of i by ρ is a new multiindex, defined as

ρ · i = (ρ · i1, ρ · i2, . . . , ρ · in).

• Cross Addition. Let i = (i1, i2, . . . , in) and j = (j1, j2, . . . , jm) be two multi-
indices. Their cross addition is a new multiindex, denoted by i⊕ j. This is done,
by putting together all the elements of i and j in an increasing order. Explicitly:

i⊕ j = (i1, j1, i2, i3, j2, . . . , in, jm),
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where
i1 ≤ j1 ≤ i2 ≤ i3 ≤ j2 ≤ · · · ≤ in ≤ jm.

• Pointwise Addition. Let j = (j1, j2, . . . , jm) be a multiindex and i an integer.
The pointwise sum is a new multiindex, denoted by j+̇i, and is defined as

j+̇i = (j1 + i, j2 + i, . . . , jm + i).

• Star product. Let i = (i1, i2, . . . , in) and j = (j1, j2, . . . , jn) be two multiindices.
The star product, is a new multiindex, denoted by i ∗ j, and is defined as

i ∗ j = (j+̇i1)⊕ (j+̇i2)⊕ · · · ⊕ (j+̇in).

• The Multistar Product. We introduce the multiindex k=(k1, k2, . . . , kθ), and the
set of multiindices I = {i1, i2, . . . , iθ}. Each of these multiindices has different
dimension. The multistar product is a new multiindex, denoted by k ∗ I, and is
defined as

k ∗ I = k ∗ {i1, i2, . . . , iθ} = (i1+̇k1)⊕ (i2+̇k2)⊕ · · · ⊕ (iθ+̇kθ).

• The General Star product. Let K = {k1,k2, . . . ,kf}, be the set of multiindices
and J be a collection of multiindices, that is, J = {I1, I2, . . . If}, where It =
(it,1, it,2, . . . , it,st), t = 1, 2, . . . , f . The general star product is a new multiindex,
denoted by K ∗ J , and is defined as

K ∗ J = (k1 ∗ I1)⊕ (k2 ∗ I2)⊕ · · · ⊕ (kf ∗ If ).

• Order. Let I be a set of multiindices. It may be ordered in a lexicographical
way as follows: The multi-index i = (i1, i2, . . . , in) is “less” than the multi-index
j = (j1, j2, . . ., jm), and we write

i ≺ j,

if
n < m or n = m,

and the right-most nonzero entry of the vector j− i, is positive.

Example 2.1. To clarify how the above operations work in practise, let us take the
indices

i = (−1, 0, 2) and j = (−1, 1, 3).

Then

i + j = (−2, 1, 5), 5i = (−5, 0, 10), i⊕ j = (−1,−1, 0, 1, 2, 3), j+̇2 = (1, 3, 5),
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and
i ∗ j = (j+̇(−1))⊕ (j+̇0)⊕ (j+̇2)

= (−2, 0, 2)⊕ (−1, 1, 3)⊕ (1, 3, 5) = (−2,−1, 0, 1, 1, 2, 3, 3, 5).

Furthermore, if
I = {(2, 3), (1, 1, 2)} and k = (0, 2, 3),

then
k ∗ I = (k ∗ (2, 3))⊕ (k ∗ (1, 1, 2)).

However,
k ∗ (2, 3) = (2, 4, 5)⊕ (3, 5, 6) = (2, 3, 4, 5, 5, 6)

and
k ∗ (1, 1, 2) = (1, 3, 4)⊕ (1, 3, 4)⊕ (2, 4, 5) = (1, 1, 2, 3, 3, 4, 4, 5).

Thus,
k ∗ I = (1, 1, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5, 5, 6).

Finally, if
K = {(0), (0, 3)} and J = {I1, I2},

where
I1 = {(1, 1), (−1, 1, 2)} and I2 = {(0), (−1,−1), (0, 1, 1)},

then

K ∗ J = ((0) ∗ I1 ⊕ ((0, 3) ∗ I2))

= [(1, 1)+̇0]⊕ [(−1, 1, 2)+̇0]⊕ [(−1,−1)+̇0]⊕ [(0, 1, 1)+̇3]

= (−1,−1,−1, 1, 1, 1, 2, 3, 4, 4).

Proposition 2.2. The next relations are valid.

(A)
e⊕ j = e, e+̇i = e, i ∗ e = e.

(B)
i⊕ j = j⊕ i.

(C)
(j⊕ k)+̇r = (j+̇r)⊕ (k+̇r).

(D)
i ∗ j = j ∗ i.

(E)
i ∗ (j ∗ h) = (i ∗ j) ∗ h.
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(G)
i ∗ (j⊕ k) = (i ∗ j)⊕ (i ∗ k).

(H)
K ∗ J = (i1,1+̇k11)⊕ (i1,2+̇k12)⊕ · · · ⊕ (i1,s1+̇k1s1)⊕ (i2,1+̇k21)

⊕(i2,2+̇k22)⊕ · · · ⊕ (i2,s2+̇k2s2)⊕ · · · ⊕ (it,1+̇kt1)⊕ (it,2+̇kt2)

⊕ · · · ⊕ (it,st+̇ktst)⊕ (if,1+̇kf1)⊕ (if,2+̇kf2)⊕ · · · ⊕ (if,sf +̇kfsf ).

Proof. Relations in (A) are a straightforward result of the emptiness of the index e.
Since, i⊕ j is an index consisting from all the elements of i and j, in an increasing
order, it is uniquely determined. Whence, we immediately conclude that i ⊕ j = j ⊕ i.
Relation (B) has been proved. For the relation (C), in view of the assumption,

j1 ≤ k1 ≤ · · · ≤ kn ≤ jn,

we have
(j⊕ k)+̇r = (j1 + r, k1 + r, . . . , kn + r, jn + r).

Since, ja ≤ kb implies that ja + r ≤ kb + r, we easily conclude that

(j1 + r, k1 + r, . . . , kn + r, jn + r) = (j+̇r)⊕ (k+̇r),

which proves (C). For proving relation (D), let us consider two indices

i = (i1, i2, . . . , in) and j = (j1, j2, . . . , jm).

Successively, we have

i ∗ j = (j+̇i1)⊕ (j+̇i2)⊕ · · · ⊕ (j+̇in) = (jαφ + iβφ)φ=1,...,nm,

where
jα1 + iβ1 ≤ jα2 + iβ2 ≤ · · · ≤ jαφ + iβφ .

Similarly,

j ∗ i = (i+̇j1)⊕ (i+̇j2)⊕ · · · ⊕ (i+̇jn) = (iβφ + jαφ)φ=1,...,nm,

where
iβ1 + jα1 ≤ iβ2 + jα2 ≤ · · · ≤ iβφ + jαφ .

In view of the commutative property of the common addition, the proof of (D) follows.
For the proof of (G), we have successively

i ∗ (j⊕ k) = [(j⊕ k)+̇i1]⊕ [(j⊕ k)+̇i2]⊕ · · · ⊕ [(j⊕ k)+̇in],
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which, in view of (C), becomes

(j+̇i1)⊕ (k+̇i1)⊕ (j+̇i2)⊕ (k+̇i2)⊕ · · · ⊕ (j+̇in)⊕ (k + in).

Using property (B), we may rewrite the last expression as

(j+̇i1)⊕ (j+̇i2)⊕ · · · ⊕ (j+̇in)⊕ (k+̇i1)⊕ (k+̇i2)⊕ · · · ⊕ (k+̇in),

which is equal with,
(i ∗ j)⊕ (i ∗ k).

This proves (G). Next, we prove (E). Suppose that a third index h = (h1, h2, . . . , hν) is
available. Using (G), we get

(i ∗ j) ∗ h = (hρφ + jαφ + iβφ), φ = 1, 2, . . . , nmν,

where
hρ1 + jα1 + iβ1 ≤ hρ2 + jα2 + iβ2 ≤ · · · ≤ hρφ + jαφ + iβφ .

Analogously, we have

(j ∗ h) = (hρφ + jαφ), φ = 1, . . . ,mν.

Thus,
i ∗ (j ∗ h) = (hρφ + jαφ + iβφ), φ = 1, 2, . . . , nmν,

from which the proof of (E) follows. Finally, we establish (H). We have

K ∗ J = (k1 ∗ I1)⊕ (k2 ∗ I2)⊕ · · · ⊕ (kf ∗ If )

= (k1 ∗ {i1,1, i1,2, . . . , i1,s1})⊕ (k2 ∗ {i2,1, i2,2, . . . , i2,s2})

⊕ · · · ⊕ (kt ∗ {it,1, it,2, . . . , it,st})⊕ (kf ∗ {if,1, if,2, . . . , if,sf})

= (i1,1+̇k11)⊕(i1,2+̇k12)⊕· · ·⊕(i1,s1+̇k1s1)⊕(i2,1+̇k21)⊕(i2,2+̇k22)⊕· · ·⊕(i2,s2+̇k2s2)

⊕ · · · ⊕ (it,1+̇kt1)⊕ (it,2+̇kt2)

⊕ · · · ⊕ (it,st+̇ktst)⊕ (if,1+̇kf1)⊕ (if,2+̇kf2)⊕ · · · ⊕ (if,sf +̇kfsf ).

The proof is complete.

Proposition 2.3. Let us suppose that the next indices and sets are as in the afore-
mentioned definitions. Then the following relations hold:

(i)
dim(i + j) = dim(i) = dim(j).

(ii)
dim(ρ · i) = dim(i).
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(iii)
dim(i⊕ j) = dim(i) + dim(j).

(iv)
dim(j+̇i) = dim(j).

(v)
dim(i ∗ j) = dim(i) · dim(j).

(vi)

dim(k ∗ I) =

(
θ∑

µ=1

dim(iµ)

)
.

(vii)

dim(K ∗ J ) =

f∑
ρ=1

[
sρ∑
µ=1

dim(iρµ)

]
,

where f is the amount of the sets Iρ, contained into the collection J , which is
equal to the amount of multiindices contained into the set K. Also, sρ is the
amount of multiindices, contained into the sets Iρ.

Proof. The proof in each case, follows easily by using the definitions.

2.2 The δ-Operator and the δ-Polynomials
In this section, we correspond to each index i an operator δi which acts, as we shall see
in the next section, on sequences. We define the set of symbols

∆ =

{
δi, i ∈

∞⋃
n=1

(N)n
}
.

The members of this set are called δ-operators. We correspond to the empty set I = {},
the operator δe. If I = N, the operators δi, i ∈ I are called linear. A special case is the
identity operator δ0.

Among the δ-operators, we define two internal operations: The dot product and the
star product. The dot product is defined as

δi · δj = δi⊕j

and the star product as
δi ∗ δj = δi∗j.

Proposition 2.4. The following properties are valid:
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(i)
δi · δj = δj · δi.

(ii)
δe ∗ δi = δe.

(iii)
δi ∗ (δj · δk) = (δi ∗ δj) · (δi ∗ δk).

Proof. The proofs are straightforward applications of the relations A, B and E of the
Proposition 2.2.

Expressions of the form

A =
w∑
n=0

∑
i ∈ In

aiδi =
∑

i ∈
⋃
n In

aiδi, ai ∈ R,

are called δ-polynomials, where by In, we denote the set of multiindices with dimension
n. By convention,

I0 = {e}.
For each polynomial A, we define d(A) as

d(A) = min{d(i), ai 6= 0}.

We define as degree of A, and we denote it by deg(A), the maximum dim(i) with δi
appeared in A. The maximum term of a nonlinear polynomial A, denoted by max(A),
is the quantity aiδi , where i is the largest index according to the lexicographical order
defined in the previous section. An expression of the form

∑
i∈Z

aiδi is called a linear

polynomial.

Definition 2.5. Two δ-polynomials,

A =
∑

i ∈
⋃
n In

aiδi and B =
∑

j ∈
⋃
m Jm

bjδj,

are equal, if
In = Jm, n,m = 0, 1, . . . , ν and ai = bj.

Definition 2.6. Let

A =
∑

i ∈
⋃
n In

aiδi and B =
∑

j∈
⋃
m Jm

bjδj,

be two δ-polynomials. Their dot product is defined as

A ·B =
∑

i ∈
⋃
n In

∑
j ∈

⋃
m Jm

aibjδi⊕j.
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Definition 2.7. Let us suppose that we have the δ-polynomials

A =
∑

i ∈
⋃
n In

aiδi and B =
∑

j ∈
⋃
m Jm

bjδj.

Their star product is defined by the relation

A ∗B =
∑

i ∈
⋃
n In

∑
J=(j1,j2,...,jn) ∈ (

⋃
m Jm)n

aibj1bj2 · · · bjnδi∗J .

Many times, for the calculation of simple star-products, we use the properties pre-
sented in the next proposition.

Proposition 2.8. Let A and B be δ-polynomials, defined as before. Then the following
are valid:

(1)
δi ∗B =

∑
j ∈

⋃
m Jm

bjδj+̇i, i ∈ Z.

(2)
δi ∗B = (δi1 ∗B) · (δi2 ∗B) · · · (δin ∗B), i = (i1, i2, . . . , in).

(3)
δi ∗ (A ·B) = (δi ∗ A) · (δi ∗B).

Proof. (1) In this case, the polynomial A has the trivial form A = δi, that is I1 = {i}
and ai = 1. Applying the formula of Definition 2.7, we get

δi ∗B =
∑
i∈I1

∑
J∈(∈(∪mJm)1

aibj1bj2 · · · bjnδi∗J .

Using the previous data this expression becomes∑
j∈(∪mJm)

bjδi∗j.

In view of,
i ∗ j = j+̇i,

the result follows.
(2) For the sake of presentation, we shall prove the relation for n = 2, that is, we

shall prove
δi ∗B = (δi1 ∗B) · (δi2 ∗B), i = (i1, i2).
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The generalization for arbitrary n, comes straightforward. By applying the formula of
Definition 2.7, with A =

∑
i∈I2

δi, I2 = {(i1, i2)}, and ai = 1, we get

δi ∗B =
∑

J=(j1,j2)∈(∪mJm)2

bj1bj2δi∗J.

But,
i ∗ J = (i ∗ j1)⊕ (i ∗ j2)

and
i ∗ j1 = (j1+̇i1)⊕ (j1+̇i2), i ∗ j2 = (j2+̇i1)⊕ (j2+̇i2),

and so,
δi ∗B =

∑
J=(j1,j2)∈(∪mJm)2

bj1bj2δ(j1+̇i1)⊕(j1+̇i2)⊕(j2+̇i1)⊕(j2+̇i2).

In view of the fact that

δ(j1+̇i1)⊕(j1+̇i2)⊕(j2+̇i1)⊕(j2+̇i2) = δ(j1+̇i1)⊕(j2+̇i1)⊕(j1+̇i2)⊕(j2+̇i2),

the relations

δi1 ∗B =
∑

j∈∪mJm

bjδj+̇i1 , δi2 ∗B =
∑

j∈∪mJm

bjδj+̇i2 ,

and the formula of Definition 2.6, we may easily see that

δi ∗B = (δi1 ∗B) · (δi2 ∗B).

(3) First, we show that

δρ ∗ (A ·B) = (δρ ∗ A) · (δρ ∗B), ρ ∈ Z.

Indeed,

δρ ∗ (A ·B) = δρ ∗

( ∑
i∈∪nIn

∑
j∈∪mJm

aibjδi⊕j

)
=

∑
i∈∪nIn

∑
j∈∪mJm

aibjδ(i⊕j)+̇ρ.

Using Proposition 2.2 (C), the latter becomes

∑
i∈∪nIn

∑
j∈∪mJm

aibjδ(i+̇ρ)⊕(j+̇ρ) =

( ∑
i∈∪nIn

aiδi+̇ρ

)
·

( ∑
j∈∪mJm

bjδj+̇ρ

)
= (δρ ∗ A) · (δρ ∗B).
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By using Part (2) of Proposition 2.8 twice, we get

δi ∗ (A ·B) = [δi1 ∗ (A ·B)] · [δi2 ∗ (A ·B)] · · · [δin ∗ (A ·B)]

= (δi1 ∗ A) · (δi1 ∗B) · (δi2 ∗ A) · (δi2 ∗B) · · · (δin ∗ A) · (δin ∗B)

= (δi1 ∗ A) · (δi2 ∗ A) · · · (δin ∗ A) · (δi1 ∗B) · (δi2 ∗B) · · · (δin ∗B)

= (δi ∗ A) · (δi ∗B).

The proof is complete.

The following proposition is stated without a proof. For the proof, see [7, 8, 11].

Proposition 2.9. The following statements hold.

(1)
A ·B = B · A.

(2)
A ∗B 6= B ∗ A.

(3)
(A ∗B) ∗ Γ = A ∗ (B ∗ Γ).

(4)
d(A ∗B) = d(A) + d(B)

(5)
deg(A ∗B) = deg(A) · deg(B).

(6)
(A ·B) ∗ C = (A ∗ C) · (B ∗ C).

Example 2.10. Let
A = δi = δ1δ

2
2 = δ(1,2,2)

and
B = 2δ1 + 3δ2δ3 = 2δ1 + 3δ(2,3).

Then

A ∗B = δ(1,2,2) ∗B = (δ1 ∗B) · (δ2 ∗B) · (δ2 ∗B)

= (2δ2 + 3δ(3,4)) · (2δ3 + 3δ(4,5)) · (2δ3 + 3δ(4,5))

= 12δ(3,3)δ(3,4) + 24δ(2,3,4,5) + 36δ(3,3,4,4,5) + 18δ(2,4,4,5,5) + 27δ(3,4,4,4,5,5) + 8δ(2,3,3)

= 12δ33δ4 + 24δ2δ3δ4δ5 + 36δ23δ
2
4δ5 + 18δ2δ

2
4δ

2
5 + 27δ3δ

3
4δ

2
5 + 8δ2δ

2
3.

From this and

B ∗ A = (2δ1 + 3δ(2,3)) ∗ δ(1,2,2) = 2δ1 ∗ δ(1,2,2) + 3δ(2,3) ∗ δ(1,2,2)
= 2δ2δ

2
3 + 3δ3δ

3
4δ

2
5,

we see that A ∗B 6= B ∗ A.
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2.3 The δε-Operators and the δε-Polynomials
The δ-operator will be used later in order to cope with the delays of one sequence
and hence with one dimension dynamical systems. Nevertheless, when we focus our
attention to two dimensional dynamical systems or to input-output control systems, see
[11], we have to work with two sequences. Therefore, we need one operator devoted to
the first sequence and another one, devoted to the second sequence. To achieve that, we
extend the above introduced notion in a direct way, by considering the set

∆×∆.

A member of the set D = ∆×∆, is called δε-operator and it is denoted by

δi × δj.

Sometimes, for the sake of appearance, it is more convenient to use the following nota-
tion:

δi × δj = δiεj.

Therefore, the ε-operator is just a second operator with properties identical similar to
the properties of δ-operator. Obviously,

δi × δe = δi and δe × δj = εj.

A δε-operator,
δiεj,

with the property that
d(i) = d(j) = 0,

is called a zero δε-operator. A special case of a zero δε-operator is the operator

δ0ε0.

If
i = (i1, i2, . . . , ia) and j = (j1, j2, . . . , jb),

the number a+ b is called degree of δiεj and it is denoted by deg(δiεj). The pair

(a, b) = (dim(i), dim(j)),

is called multidegree of δiεj and it is denoted by degm(δiεj). We say that

δiεj � δi′εj′ ,

if
either i < i′ or (i = i′ and j < j′),

with respect to the lexicographical order, defined previously, among multiindices. Now
we are ready to extend the two operations defined previously, in the case of δε-operators.
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Definition 2.11. Let
δi × δj = δiεj and δi′ × δj′ = δi′εj′

be two δε-operators. As their dot product, denoted by δiεj · δi′εj′ , we define the operator

δiεj · δi′εj′ = δi⊕i′εj⊕j′ .

The star product cannot be determined between two δε-operators, but between a δε-
operator and a pair of δε-operators. The reason for that will be clear later, when we
study the action of these operators to a pair of sequences.

Definition 2.12. The star product of the operator δiεj and the pair of operators [δi1εj1 ,δi2
εj2 ] is defined as

δiεj ∗ [δi1εj1 , δi2εj2 ] = δi∗{i1,i2}εj∗{j1,j2}.

By using the null operators δe, εe, we can include the star product among simple
δ-operators and δε-operators into the above definition. For instance,

δi ∗ δi1εj1 = δiεe ∗ [δi1εj1 , δeεe] = δi∗i1εi∗j1 .

Definition 2.13. Let In, Jm be sets of multiindices with dimensions n and m respec-
tively. An expression of the form

A =
ν∑

n=0

µ∑
m=0

∑
(i,j)∈In×Jm

cijδiεj,

where cij are real numbers. By convention, I0 = J0 = {e}, is called a δε-polynomial.

Sometimes, for the sake of abbreviation, we write

A =
∑

(i,j)∈I×J

cijδiεj,

where I and J are sets containing multiindices of any dimension, not of a constant one.
Actually, they contain multiindices of dimensions from 0 up to ν and µ, respectively.

As in the case of δ-polynomials, we can extend this notion to δε-series, in a natural
manner. Indeed, if both ν and µ tend to infinity or if In,Jn are infinite sets of multi-
indices, or if both are true, then we have a δε-series. Specifically,

A =
∞∑
n=0

∞∑
m=0

∑
(i,j)∈In×Jm

cijδiεj.

By means of the null index e, we can decompose a δε-polynomial into its pure δ-part,
ε-part and δε-part. Indeed,

A = Aδ + Aε + Aδε,
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where

Aδ =
ν∑

n=0

∑
(i,j)∈In×J0

cijδiεj =
ν∑

n=0

∑
i∈In

cieδiεe =
ν∑

n=0

∑
i∈In

ciδi

is the pure δ-part of A,

Aε =

µ∑
m=0

∑
(i,j)∈I0×Jm

cijδiεj =

µ∑
m=0

∑
j∈Jm

cejδeεj =

µ∑
m=0

∑
j∈Jm

cjεj

is the pure ε-part, and Aδε is the pure δε-part. Expressions of the form∑
(i,j)∈(I1×J0)∪(I0×J1)

cijδiεj =
∑
i∈I1

ciδi +
∑
j∈J1

cjεj (2.1)

∑
(i,j)∈(I1×J0)

cieδiεe =
∑
i∈I1

ciδi,

and ∑
(i,j)∈(I0×J1)

cejδeεj =
∑
j∈J1

cjεj

are called linear δε, δ, and ε-polynomials, respectively. The term, which according to the
order defined previously, is ordered highly among the terms ofA, is called the maximum
term of A. By d(A), we denote the minimum delay of A. In other words,

d(A) = min(min(i),min(j)), (i, j) ∈ In × Jm, n = 0, . . . , ν, m = 0, . . . , µ.

The highest degree of the terms of A is called degree of A, denoted by deg(A). If all the
terms of a δε-polynomial or a δε-series A have the same multidegree (a, b), then we call
it homogeneous, and we usually write A(a,b). Obviously A(1,0) is a δ-polynomial of lin-
ear δ-terms only andA(0,1) is an ε-polynomial of linear ε-terms only. Any δε-polynomial
or δε-series can be considered as sum of homogeneous δε-polynomials (series) of an in-
creasing degree. That is,

A = A(1,0) + A(0,1)︸ ︷︷ ︸
linear−part

+A(2,0) + A(1,1) + A(0,2)︸ ︷︷ ︸
quadratic−part

+A(3,0) + A(2,1) + A(1,2) + A(0,3)︸ ︷︷ ︸
cubic−part

+ · · · =
∞∑
n=1

∑
a+b=n

A(a,b).

The equality of two δε-polynomials is defined in the same manner as it is defined for
the δ-polynomials. Now, working analogously with the case of δ-polynomials, we are
going to define the two internal operations, the dot product and the star product for
δε-polynomials.
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Definition 2.14. Let

A =
∑

(i,j)∈I×J

aijδiεj and B =
∑

(s,r)∈S×R

bsrδsεr,

be two δε-polynomials, where I,J,S,R are sets of multiindices of various dimensions.
Their dot product is a new δε-polynomial, denoted by A ·B, and defined as

A ·B =
∑

(i,j)∈I×J

∑
(s,r)∈S×R

aijbsrδi⊕sεj⊕s.

This dot product corresponds to the usual product among polynomials of many vari-
ables.

Definition 2.15. We introduce the δε-polynomials

A =
∑

(i,j)∈I×J

aijδiεj, B =
∑

(s,r)∈S×R

bsrδsεr,

and
C =

∑
(h,w)∈H×W

chwδhεw,

where I,J,S,R,H,W are sets of multiindices of various dimensions. The star product
operation A ∗ [B,C] produces a δε-polynomial, which is defined as

A ∗ [B,C]

=
∑

K=(i,j)∈I×J
i=(i1,i2,...,in)
j=(j1,j2,...,jm)

∑
S=(s1,s2,...,sn)∈Sn
R=(r1,r2,...,rm)∈Rn

∑
H=(h1,h2,...,hm)∈Hm
W=(w1,w2,...,wm)∈Wm

aijbs1r1bs2r2 · · · bsnrnch1w1ch2w2 · · · chmwmδK∗{S,H}εK∗{R,W},

where by K ∗ {S,H}, we mean the general star product among the set of multiindices
K = {i, j} and the collection {S,H}.

The next propositions are devoted to how the multidegree is handled through the
star product. Their proofs arise easily from the definitions of the star product and the
multidegree.

Proposition 2.16. We introduce the following homogeneous δε-polynomials T,G1, G2

with multidegrees

degm(T ) = (κ, λ), degm(G1) = (ν, µ), degm(G2) = (ϕ, ω).

Then the following relation holds:

degm(T ∗ [G1, G2]) = (κ, λ)

(
ν µ
ϕ ω

)
.
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Proof. We suppose that the polynomials G1, G2 and T have the next construction:

T =
∑

(i,j)∈Iκ×Jλ

tijδiεj, G1 =
∑

(s,r)∈Sν×Rµ

bsrδsεr,

and
G2 =

∑
(h,w)∈Hϕ×Wω

chwδhεw.

Using Definition 2.15, we get

T ∗ [G1, G2] =
∑

k=(i,j)∈Iκ×Jλ
i=(i1,i2,...,iκ)
j=(j1,j2,...,jλ)

∑
S=(s1,s2,...,sκ)∈Sκν
R=(r1,r2,...,rκ)∈Rκµ

∑
H=(h1,h2,...,hλ)∈H

λ
ϕ

W=(w1,w2,...,wλ)∈W
λ
ω

bs1r1 · · · bsκrκch1w1 · · · chλwλδK∗{S,H}εK∗{R,W}.
Clearly, all terms of T ∗ [G1, G2] have the same multidegree (a, b). We know that in this
case

(a, b) = (dim(K ∗ {S,H}, dim(K ∗ {R,W})).
Let us calculate the first dimension. Using Proposition 2.3 successively, we get

dim(K ∗ {S,H}) = dim(i ∗ S ⊕ j ∗H) = dim(i ∗ S) + dim(j ∗H)

=
κ∑
µ=1

dim(sµ) +
λ∑
µ=1

dim(hµ).

But we know from the homogeneity of the series that

dim(sµ) = ν and dim(hµ) = ϕ,

for all values of µ, and so,

dim(K ∗ {S,H}) = κν + λϕ.

Similarly, we prove the corresponding relation for the second dimension. Using matrix
formation, we can rewrite the above equalities in the requested expression. The proof is
complete.

Proposition 2.17. We introduce the δε-series T,G1, G2. Also, letW be the star product,
that is

W = T ∗ [G1, G2].

Note that, W (a,b), which is the homogeneous part of W, of multidegree (a, b), satisfies
the relation

W (a,b) =
∞∑
κ=0
λ=0

∑
(ν,µ,ϕ,ω)∈S

T (κ,λ) ∗ [G
(ν,µ)
1 , G

(ϕ,ω)
2 ],
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where S is the solution set of the equations

κν + λϕ = a, κµ+ λω = b, ν, µ, ϕ, ω ∈ N ∪ {0},

and
T (κ,λ), G

(ν,µ)
1 , G

(ϕ,ω)
2 ,

are the homogeneous parts of the δε-series T,G1, G2 of multidegrees (κ, λ),(ν, µ), and
(ϕ, ω) respectively.

Proof. It comes straightforward from Proposition 2.16 together with the fact that the
homogeneous part W (a,b) of W is consisting from all the parts of T (κ,λ) ∗ [G

(ν,µ)
1 , G

(ϕ,ω)
2 ]

with multidegree (a, b). The proof is complete.

Example 2.18. Let us give now a more complicated example, describing the general
case. Let

A = 2δ1δ2ε
3
4, B = δ22ε1 + δ21ε2, and C = 4δ1ε

2
2 + δ3ε

2
3.

We want to calculate the product A ∗ [B,C]. We shall work by using the formula of the
Definition 2.15. First we have to determine the indices sets of the above polynomials.
We see that

I = {(1, 2)}, J = {(4, 4, 4)}, S = {(2, 2), (1, 1)},
R = {(1), (2)}, H = {(1), (3)}, and W = {(2, 2), (3, 3)}.

For the coefficients, we have

a(1,2),(4,4,4) = 2, b(2,2),(1) = 1, b(1,1),(2) = 1,

c(1),(2,2) = 4, and c(3),(3,3) = 1.

Proceeding with the formula, first we calculate the quantity

I× J = I× J = {((1, 2), (4, 4, 4))}.

This set contains only one element, a pair with first element the index i = (1, 2) and
second element the index j = (4, 4, 4). Thus n = 2 and m = 3. Then,

S2 = S× S = {((2, 2), (2, 2)), ((2, 2), (1, 1)), ((1, 1), (2, 2)), ((1, 1), (1, 1))},

H3 = H×H×H = {((1), (1), (1)), ((1), (1), (3)), ((1), (3), (1)), ((1), (3), (3)),

((3), (1), (1)), ((3), (1), (3)), ((3), (3), (1)), ((3), (3), (3))},
R2 = {(1), (2)} × {(1), (2)} = {((1), (1)), . . .},

and

W3 = {(2, 2), (3, 3)} × {(2, 2), (3, 3)} × {(2, 2), (3, 3)}
= {((2, 2), (2, 2), (2, 2)), ((2, 2), (2, 2), (3, 3)), . . .}.
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We shall calculate the first term of the star-product. It has a δ part and an ε one. For the
δ part, we have

S = ((2, 2), (2, 2)) and H = ((1), (1), (1)).

Let K = ((1, 2), (4, 4, 4)). Then,

K ∗ {S,H} = (i ∗ S)⊕ (j ∗H) = (1, 2) ∗ ((2, 2), (2, 2))⊕ (4, 4, 4) ∗ ((1), (1), (1))

= ((2, 2)+̇1)⊕ ((2, 2)+̇2)⊕ ((1)+̇4)⊕ ((1)+̇4)⊕ ((1)+̇4) = (3, 3, 4, 4, 5, 5, 5),

corresponds to the part δ23δ
2
4δ

3
5. Moreover,

K ∗ {R,W} = K ∗ {((1), (1)), ((2, 2), (2, 2), (2, 2))}

= (1)+̇1⊕ (1)+̇2⊕ (2, 2)+̇4⊕ (2, 2)+̇4⊕ (2, 2)+̇4

= (2, 3, 6, 6, 6, 6, 6, 6).

This corresponds to the ε part ε2ε3ε66. Let us see now the coefficient

a(1,2),(4,4,4) · b(2,2),(1) · c(1),(2,2) · c(1),(2,2) · c(1),(2,2) = 2 · 1 · 4 · 4 · 4 = 128.

Thus, the first term is 128δ23δ
2
4δ

3
5ε2ε3ε

6
6. Similarly, we calculate the next terms, and

finally, we get

A ∗ [B,C] = 128δ23δ
2
4δ

3
5ε2ε3ε

6
6 + 128δ22δ

2
4δ

3
5ε

2
3ε

+
6 128δ43δ

3
5ε2ε4ε

6
6 + · · ·

= 2(δ23ε2 + δ22ε3)(δ
2
4ε3 + δ23ε4)(4δ5ε

2
6 + δ7ε

2
7)

3.

2.4 The D-Operators
The scope of this section is to extend the previous notions in the case of two δε-
polynomials. Actually, as we showed in the last section, a δε-polynomial can act, by
means of the star product, on a pair of δε-polynomials, producing one δε-polynomial.
Now, we want to act on a pair of δε-polynomials, getting a pair of δε-polynomials. We
present now the D-operators. This is achieved by the so called D-operator This is the
main tool we shall use later in order to describe nonlinear transformations of pair of
sequences. The D-operator is nothing else, than a pair of δε-polynomials. In other
words:

D =

[
A
B

]
=


∑

(i,j)∈Ia×Ja

aijδiεj∑
(i,j)∈Ib×Jb

bijδiεj

 .
If the above δε-polynomials are linear, then we speak about a linear D-operator. It has
the form

L =


k1∑
i=0

(a1iδi + b1iεi)

k2∑
i=0

(a2iδi + b2iεi)

 ,
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where some of the coefficients asi, bsi, s = 1, 2, may be equal to zero. If instead of the
δε-polynomials A and B we have the δε-series A and B, then the D-operator is called a
D-series. The notion of D-operators has been studied exhaustively in the past, see [11],
where a matrix like description has been used. We repeat here the main terminology.

Two D-operators are equal if and only if, their corresponding components are equal
as δε-polynomials. In other words, they have the same sets of multiindices and the same
coefficients.

We introduce two D-operators

D1 =

[
A1

B1

]
and D2 =

[
A2

B2

]
.

Their dot product and star product are defined as

D1 ·D2 =

[
A1 · A2

B1 ·B2

]
and D1 ∗D2 =

[
A1 ∗ [A2, B2]
B1 ∗ [A2, B2]

]
.

We can extend all of the above to the case of δε-series, in a similar way.

2.5 Operators and Sequences
As we mentioned in the introduction, the D-operators are used for the description of
polynomial discrete systems in a compact way. Before we present that explicitly, we
show how the δ and δε-operators and the δ and δε-polynomials act on sequences produc-
ing new sequences. We shall proceed gradually, starting from δ-operators and arriving
at the D-operators.

Consider the set of sequences

F = {x(t) : N→ R, where x(t) = 0, for t < 0} ⊂ RN,

a set arising from the sampling of continuous functions. Let us further consider a δi
operator, i = (i1, i2, . . . , in) be a given multiindex. This operator defines a function
Φ : F → F as

Φ(x(t)) = δix(t) = x(t− i1)x(t− i2) · · ·x(t− in).

Many times, we shall use for this function the same symbol, as the one we used for the
operator, that is δi. If i = i, is just a positive integer, then δix(t) = x(t−i), which means
that δi coincides with the well-known shift operator. A special case is the operator δ0,
which leaves a sequence unchanged, that is, δ0x(t) = x(t). It is called the identity
operator. For the sake of completeness, we define by convention that, δex(t) = 1.
Using this type of action of the δ-operators upon sequences, we can define an external
operation among δ-operators, namely addition, as

(δi + δj)x(t) = δix(t) + δjx(t).

The next proposition, which we state without a proof, will be useful in the sequel.
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Proposition 2.19. The following are true:

a)
(δi + δj) · δk = δi · δk + δj · δk.

b)
(δi + δj) ∗ δk = δi ∗ δk + δj ∗ δk.

c)
δk ∗ (δi + δj) 6= δk ∗ δi + δk ∗ δi.

The latter relation indicates that the set (∆,+, ∗) of the δ-operators, equipped with
the operations of addition and the star-product, is not a ring. The next theorem is a
crucial one, since it reveals the role of the star product. Actually, it makes clear that it
corresponds to the operation of composition among sequences.

Theorem 2.20. Let δi and δj be δ-operators and i = (i1, . . . , in) and j = (j1, . . . , jm)
multi-indices. Consider the functions

Φ1 : F → F, Φ1(x(t)) = δix(t),

Φ2 : F → F, Φ2(x(t)) = δjx(t),

and
Φ3 : F → F, Φ3(x(t)) = δi ∗ δjx(t).

Then, Φ3 = Φ1 ◦ Φ2.

Proof. Let
i = (i1, i2, . . . , in) and j = (j1, j2, . . . , jm).

Set
w(t) = Φ2(x(t)) = δjx(t) = x(t− j1)x(t− j2) · · ·x(t− jm).

Then,
Φ1 ◦ Φ2(x(t)) = Φ1(w(t)) = w(t− i1)w(t− i2) · · ·w(t− in).

Substituting w(t) by its equal, we take

Φ1(w(t)) = x(t− j1− i1)x(t− j2− i1) · · ·x(t− jm− i1) · · · x(t− j1− i1)x(t− j2− in)

· · ·x(t− jm − in) = δj+̇i1x(t)δj+̇i2x(t) · · · δj+̇inx(t). (2.2)

Taking into account that some of the delays may be equal, we finally get that (2.2)
becomes

δ(j+̇i1)⊕(j+̇i2)⊕···⊕(j+̇in)x(t) = δi∗jx(t).

The proof is complete.
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The δ-polynomials work also as functions transforming sequences to sequences as
follows. Let

A =
w∑
n=0

∑
i∈In

aiδi,

be a δ-polynomial and x(t) a sequence. Then

Ax(t) =
w∑
n=0

∑
i=(i1,...,in)∈In

aix(t− i1)x(t− i2) · · ·x(t− in).

The star product corresponds to the composition as before. In other words, to the substi-
tution of one polynomial into another. Indeed, if A,B are two δ-polynomials, defining
the maps

A : F → F, with w(t)→ Aw(t)

and
B : F → F, with y(t)→ By(t).

Then, the polynomial which corresponds to the map A ◦ B : F → F , A ◦ By(t) =
A(B(y(t)) is the A ∗ B. An addition of δ-polynomials is defined as (A + B)x(t) =
Ax(t) +Bx(t).

Proposition 2.21. The following hold.

(1)
[A+B] ∗ C = A ∗ C +B ∗ C.

(2)
C ∗ [A+B] 6= C ∗ A+ C ∗B.

Remark 2.22. The latter property means that the set of δ-polynomials equipped with the
operation of the addition, is not a ring.

All the above are applied straightforward in the case of δ-series, too. We can extend
the methodology so that to act not to a single sequence but to a pair of sequences.
We can achieve that by means of the δε-operator. Indeed, let δiεj be a δε-operator,
i = (i1, i2, . . . , in), j = (j1, j2, . . . , jm) two multi-indices. This operator defines a
function Φ : F × F → F as

Φ[x(t), y(t)] = δiεj[x(t), y(t)] = x(t− i1) · · ·x(t− in)y(t− j1) · · · y(t− jm).

Therefore, the δ-part of the δε-operator acts exclusively on the first sequence and the
ε-part on the second. If

either j = {e} or i = {e},
then

δiεe[x(t), y(t)] = δix(t) and δeεj[x(t), y(t)] = εjx(t).
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We can define the addition as

(δiεj + δi′εj′)[x(t), y(t)] = δiεj[x(t), y(t)] + δi′εj′ [x(t), y(t)].

As in the case of simple δ-operators, we can prove here as well, that the distributive
property does not hold. That is,

δkεh ∗ (δiεj + δi′εj′) 6= δkεh ∗ δiεj + δkεh ∗ δi′εj′ .

Let A =
ν∑

n=0

µ∑
m=0

∑
(i,j)∈In×Jm

cijδiεj be a δε-polynomial. This polynomial acts on a pair

of sequences as

A[x(t), y(t)] =
ν∑

n=0

µ∑
m=0

∑
(i,j)∈In×Jm

cijx(t− i1) · · ·x(t− in)y(t− j1) · · · y(t− jm).

If A is a δε-series, then A[x(t), y(t)] is a Volterra series, containing products among
delays of x(t) and y(t). In the case of linear polynomials (or linear series) A[x(t), y(t)]
is a linear polynomial (or a linear series) of delays of x(t) and y(t). The star product
among δε-operators (or δε-polynomials or δε-series) corresponds to the composition
among maps. Indeed, let B,C,A be δε-polynomials. We define the maps

B : F × F → F, [w(t), v(t)]→ y(t) = B[w(t), v(t)],

C : F × F → F, [w(t), v(t)]→ u(t) = C[w(t), v(t)],

A : F × F → F, [y(t), u(t)]→ z(t) = A[y(t), u(t)].

The δε-polynomial, which corresponds to the composition

A ◦ [B,C] : F × F → F, [w(t), v(t)]→ z(t),

is called the star product of the polynomials A,B,C and it is denoted by A ∗ [B,C].
Now, let

D =

[
A
B

]
,

be a D-operator and A,B, δε-polynomials. This operator defines a function

Z : F × F → F × F,

acting on a pair of sequences and producing pair of sequences as

Z[x(t), y(t)] = [A[x(t), y(t)], B[x(t), y(t)].
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The star-product, between two D-operators corresponds, as before, to the composi-
tion of maps. Indeed, let us have two D-operators, D1, D2. We define the maps

Z1 : F × F → F × F, [w(t), r(t)]→ [x(t), y(t)], with [x(t), y(t)] = D1[w(t), r(t)]

and

Z2 : F × F → F × F, [u(t), v(t)]→ [w(t), r(t)],with [w(t), r(t)] = D2[w(t), r(t)].

Then, the D-operator which corresponds to the map

Z1 ◦ Z2 : F × F → F × F, [u(t), v(t)]→ [x(t), y(t)],

is theD1∗D2. The proof of this fact is a direct result of the definition of the star product.

Example 2.23. We introduce the discrete polynomial relations

x(t) = u2(t− 1) + v(t− 1)u(t− 2), y(t) = u(t− 2) + 2v2(t− 1),

and
w(t) = x(t− 1)− 5x(t− 1)y(t− 2).

Using the δε-polynomials notation, we rewrite them as

x(t) = A[u, v], where A = δ21 + δ2ε1,

y(t) = B[u, v], where B = δ2 + 2ε21,

and
w(t) = C[x, y], where C = δ1 − 5δ1ε2.

Then,

w(t) = C ∗ [A,B][u, v] = [δ1 ∗ A− 5(δ1 ∗ A)(ε2 ∗B)][u, v]

= [δ22 + δ3ε2 − 5(δ22 + δ3ε2)(δ4 + 2ε23)][u, v]

= (δ22 + δ3ε2 − 5δ22δ4 − 10δ22ε
2
3 − 5δ3δ4ε2 − 10δ3ε2ε

2
3)[u, v]

= u2(t− 2) + u(t− 3)v(t− 2)− 5u2(t− 2)u(t− 4)− 10u2(t− 2)v2(t− 3)

−5u(t− 3)u(t− 4)v(t− 2)− 10u(t− 3)v(t− 2)v2(t− 3).

3 Nonlinear Discrete Polynomial Systems
In this section, we present how we can use the operators, developed previously, in order
to describe nonlinear polynomial discrete systems. Let us start with polynomial discrete
systems involving only one sequence. They have the form

x(n) =
θ∑

k=1

∑
i∈Ik

i=(i1,i2,...,ik)

cix(n− 1− i1)x(n− 1− i2) · · ·x(n− 1− ik), (3.1)
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with ci ∈ R and Ik, a finite set of multiindices of dimension k. To this system, we
assign a set of initial conditions, C = {γ0, γ1, . . . , γs−1} ⊂ R, if and only if,

x(0) = γ0, x(1) = γ1, . . . , x(s− 1) = γs−1,

where s is the maximum delay appeared in (3.1). Starting from these initial conditions
and by using (3.1), we can calculate all the future evolution of the system, that is the
quantities

x(s), x(s+ 1), x(s+ 2), . . . .

Now, by using the δ-polynomial

A =
θ∑

k=1

∑
i∈Ik

i=(i1,i2,...,ik)

ciδi,

we can rewrite the above system, shortly as x(n) = Ax(n − 1). By means of this
notation the evolution of the system is described through the star product. Indeed, it can
be proved, as the next theorem states. For the proof see [11].

Theorem 3.1. The quantity x(t+ n) , n ≥ t, is given by the relation

x(t+ n) = A ∗ A ∗ · · · ∗ A︸ ︷︷ ︸
n−times

x(t− 1) = Anx(t− 1)

or equivalently x(t) = A ∗ A ∗ · · · ∗ A︸ ︷︷ ︸
n−times

x(t− n).

Note that the same set of initial conditions C, has been used.
To this end, let us come to polynomial discrete systems with two components, that

is, systems transforming a pair of sequences to a pair of sequences in a nonlinear poly-
nomial way. We introduce the sequences x1(n), x2(n) and the system

x1(n) =

α′∑
α=1

β′∑
β=1

∑
(i,j)∈Iα×Jβ
i=(i1,...,ir)
j=(j1,...,jξ)

c
(1)
ij x1(n− i1) · · ·x1(n− iτ )x2(n− j1) · · ·x2(n− jξ)

x2(n) =

α′′∑
α=1

β′′∑
β=1

∑
(i′,j′)∈I′α×J′β
i′=(i′1,...,i

′
r)

j′=(j′1,...,j
′
ξ
)

c
(2)
i′j′x1(n− i′1) · · ·x1(n− i′τ ′)x2(n− j′1) · · ·x2(n− j′ξ′)


(3.2)

where Ia, Iβ,J
′
a,J

′
β sets of multiindices of dimensions α and β respectively. To this

system, we assign the following sets of initial values

C1 = {a0, a1, . . . , aρ−1} and C2 = {b0, b1, . . . , bσ−1}.
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In fact, we have

x1(0) = a0, x1(1) = a1, . . . , x1(ρ− 1) = aρ−1

and
x2(0) = b0, x2(1) = b1, . . . , x2(σ − 1) = bσ−1,

where ρ and σ are the maximum delays of {x1(n)} and {x2(n)}, respectively. If
the quantities α′, β′, α′′, β′′ are not concrete numbers but equal to infinity or the sets
Iα, Jβ, I

′
α, J

′
β have an infinite number of elements, then (3.2) becomes a Volterra series.

By means of the D-operators, we can rewrite (3.2) as

x(n) = Gx(n− 1), x(n) =

[
x1(n)
x2(n)

]
, G =

[
G1

G2

]
where G1, G2 are proper δε-polynomials and G the corresponding D-operator.

The next theorem, which lies in the same path with Theorem 3.1, describes the
dynamic evolution of the afore mentioned polynomial systems.

Theorem 3.2. The output, x(n), of a system x(n) = Gx(n − 1), at any time instant
t+ n, n ≥ t, is given by the relation

x(t+ n) = G ∗G ∗ · · · ∗G︸ ︷︷ ︸
n−times

x(t− 1) = Gnx(t− 1)

Proof. Straightforward from the definitions.

The issue of the same dynamic behavior must be now under consideration. We have
two nonlinear discrete systems

x(n) = Gx(n− 1) and z(n) = Fz(n− 1),

where G,F are D-operators,

x(n) = (x1(n), x2(n)), z(n) = (z1(n), z2(n)),

and
Ig,1 = {a0, a1, . . . , aρ−1}, Ig,2 = {b0, b1, . . . , bσ−1},

two sets of initial conditions. Let

m(G) = max{m(G1),m(G2)},m(F) = max{m(F1),m(F2)},

and
ξ = min{m(G),m(F)}.

We say that the two systems operate under identical initial conditions if

x1(i) = y1(i) = ai, x2(i) = y2(i) = bi, i = 0, . . . , ξ,
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provided that ξ appears in the first system (correspondingly to the second one). We use
this system to produce the quantities

x(j), j = ξ + 1, . . . ,max{m(G),m(F)}.

We set z(j) = x(j) and then we use these values as initial conditions for the second
system (correspondingly for the first one).

Definition 3.3. We say that two systems x(n) = Gx(n − 1) and z(n) = Fz(n − 1),
F,G, D-operators, are equivalent, if x(n) = z(n), n = 1, 2, . . ., whenever they operate
under identical initial conditions.

In this case, we write G ∼ F. It is trivial to be seen that this notion is an equivalence
relation. The next theorem combines equivalence of dynamical systems with equality
of D-operators.

Theorem 3.4. We introduce the systems x(n) = Gx(n − 1) and y(n) = Fy(n − 1).
These systems are equivalent if and only if G = F.

Proof. If G = F, then the systems are equivalent in a trivial way. The converse now.
Let us suppose that the systems are equivalent. This means that x(n) = y(n), whenever
they operate under identical initial conditions. Let us suppose that

If,1 6= Ig,1,

where If,1, Ig,1 are the multiindices sets. This implies that the δε-polynomial

F1 =
∑

(i,j)∈If,1×Jf,1

f
(1)
(i,j)δiεj,

has at least one term namely, f (1)
(a,b)δaεb, f

(1)
(a,b) 6= 0, which does not exist in G1. The

equality x(n) = y(n) gives x1(n) = y1(n) or G1x(n− 1) = F1y(n− 1), G1x(n− 1)−
F1y(n− 1) = 0, (G1 − F1)x(n− 1) = 0. Since this equality is valid for any sequence
x(n), we conclude that the coefficients of the polynomial G1 − F1 must be equal to
zero, and thus f (1)

(a,b) = 0, a contradiction. Thus, the polynomials G1, F1 do not contain

isolated terms. Arguing then in a similar way, we conclude that all the coefficients f (1)
(i,j)

and g(1)(i,j) are equal. Repeating this procedure for the second pair of polynomials, we
finally get that G = F.

3.1 Linear Systems
A special class of δ or ε-polynomials are the so-called linear polynomials. We present
them here briefly, just to indicate that in the linear case the algebraic tools, presented
in this manuscript, coincide with the classical ones. To avoid strong complexity of the
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presentation, we shall be restricted here only to simple δ-operators. All the results can
be extended to all the other cases (ε and D operators) in a straightforward way. Besides,
we notice that a pure δε-polynomial, that is a δε-polynomial without δ or ε terms is
nonlinear in nature.

Let A be a linear δ-polynomial, that is

A =
θ∑
i=0

aiδi, ai ∈ R.

The expression

x(t) = Ax(t− 1) = a0x(t− 1) + a1x(t− 2) + · · ·+ aθx(t− 1− θ)

=
θ∑
i=0

aix(t− i− 1)

accompanied by a set of initial conditions, is a linear discrete dynamical system with
maximum delay equal to θ.

The following property is very useful. It says that working with linear δ-polynomials
and the star product is like working with polynomials of a single variable and the clas-
sical product among them.

Proposition 3.5. Let F be the set of linear δ-polynomials. Then the set (F, ∗,+) is a
commutative ring, and it is isomorphic to the ring (R[x], ·,+), where R[x] is the set of
real polynomials of a single variable and · the operation of the polynomial product.

Proof. That (F, ∗,+) is a commutative ring comes as a straightforward result from

Proposition 2.9. To any linear δ-polynomial M =
k∑
i=0

miδi, we correspond a real poly-

nomial

M̄ =
k∑
i=0

mix
i,

defining hence the map

ϕ : (F, ∗,+)→ (R[x], ·,+), ϕ(M) = M̄.

It can be easily proved that

ϕ(M +N) = ϕ(M) + ϕ(N),

where N is another linear δ-polynomial and that ϕ is one-to-one and onto. Now, let

N =
h∑
j=0

njδj.
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Then

M ∗N =
k∑
i=0

h∑
j=0

minjδi+j.

This means that

ϕ(M ∗N) =
k∑
i=0

h∑
j=0

minjx
i+j =

k+h∑
θ=0

(
θ∑
s=0

msnθ−s

)
xθ

=

(
k∑
i=0

mix
i

)
·

(
h∑
j=0

njx
j

)
= ϕ(M) · ϕ(N).

This relation ensures that φ is an isomorphism. The proof is complete.

The next lemma ensures that in the case of simple linear systems the description of
the dynamic evolution of the system by means of δ-polynomials and the star product,
coincides with the well-known state space description of the literature. See [2].

Lemma 3.6. We introduce the linear discrete dynamical system x(t) = Ax(t−1), where

A is the δ-polynomial A =
θ∑
i=0

aiδi. If we define x(t) to be the vector

x(t) = [x(t), x(t− 1), . . . , x(t− θ)]T ,

then x(t) = Ax(t− 1), where A is the matrix

A =


a0 a1 a2 · · · aθ−1 aθ
1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

...
...

...
...

...
0 0 0 · · · 1 0

 .
This vector, x(t), is called the state and the above description, the state space descrip-
tion.

Proof. The proof can be found in any classical textbook of discrete dynamical systems,
see for instance [2].

Theorem 3.7. We introduce the linear discrete dynamical system x(t) = Ax(t − 1),

where A is the δ-polynomial A =
θ∑
i=0

aiδi and x(t) = Ax(t− 1) its state-space expres-

sion, A and x(t) the matrix and the state vector of Lemma 3.6. Then,

x(t) = Anx(t− n), for all n ≥ 0,

where An has been calculated with respect to the classical matrix product.
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Proof. We shall work by induction. Let us start with n = 2, we have to prove that
x(t) = A2x(t − 2). We know that x(t) = Ax(t − 1) and thus x(t) = A(Ax(t − 2))=
A ∗ Ax(t− 2). But,

A ∗ Ax(t− 2) = a0Ax(t− 2) +
θ∑
i=1

ai(δi ∗ A)x(t− 2). (3.3)

Since x(t− 1) = Ax(t− 2), we conclude that

(δi ∗ A)x(t− 2) = δi ∗ x(t− 1) = x(t− 1− i).

Thus, (3.3) becomes

x(t) = a0Ax(t− 2) +
θ∑
i=1

aix(t− i− 1)

= a0

(
θ∑
i=0

aiδi

)
x(t− 2) +

θ∑
i=1

aix(t− i− 1)

=
θ−1∑
i=0

(a0ai + ai+1)x(t− 2− i) + a0aθx(t− 2− θ)

=

[
θ−1∑
i=0

(a0ai + ai+1)δi + a0aθδθ

]
x(t− 2).

Going into state-space expression, we get x(t) = Cx(t− 2), with

C =



a20 + a1 a0a1 + a2 a0a2 + a3 . . . a0aθ
a0 a1 a2 . . . aθ
1 0 0 . . . 0
0 1 0 . . . 0
...

...
...

...
...

...
...

0 0 0 . 1 0 0


.

Some simple manipulations can prove that C = A · A = A2 and the theorem has been
proved for n = 2. Let us now examine the case where, n = 3. Obviously,

x(t) = A ∗ A ∗ Ax(t− 3) = A ∗ A2x(t− 3).

But,

A ∗ A2x(t− 3) =

(
θ∑
i=0

aiδi

)
∗ A2x(t− 3)

= a0A
2x(t− 3) +

θ∑
i=1

ai(δi ∗ A2)x(t− 3).

(3.4)
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Furthermore, in view of the fact that,

x(t− 2) = Ax(t− 3)

and

a2δ2 ∗ A ∗ Ax(t− 3) = a2δ2Ax(t− 2) = a2δ2x(t− 1) = a2x(t− 3),

we find that

a0A ∗ Ax(t− 3) = a0

(
θ∑
i=0

aiδi

)
∗ Ax(t− 3)

and
a1δ1 ∗ A2x(t− 3) = a1A ∗ δ1Ax(t− 3) = a1Ax(t− 3).

Substituting these results and executing the operations, (3.4) becomes

x(t) = (a30 + 2a0a1 + a2)x(t− 3) + (a20a1 + a0a− 2 + a21 + a3)x(t− 4)

+(a20a2 + a1a2 + a0a3 + a4)x(t− 5) + · · ·+ (a20aθ + a1aθ)x(t− 3− θ).

So, going into state-space expression, we get x(t) = Cx(t− 3), with

C =



b0 b1 b2 . . . bθ
a20 + a1 a0a1 + a2 a0a2 + a3 . . . a0aθ
a0 a1 a2 . . . aθ
1 0 0 . . . 0
0 1 0 . . . 0
...

...
...

...
...

...
...

0 0 0 . 1 0 0


,

where
b0 = a30 + 2a0a1 + a2,
b1 = a20a1 + a0a2 + a21 + a3,
b2 = a20a2 + a1a2 + a0a3 + a4,

...
bθ = a20aθ + a1aθ.

By executing the operations, we deduce easily that C = A3 and the result is valid
for n = 3. Working similarly, we can prove the theorem for any n. The proof is
complete.
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4 Series-Similarity
In this section, we examine how a nonlinear system is similar (equivalent) to another
one. This can be achieved by transforming the dynamic behavior of the given dynami-
cal system, so that its output to be identical equal with the output of another dynamical
system, called the desired one, under the same initial conditions (Section 3). It is of
prime interest to work with linear desired systems since this will determine how com-
plicated the original system is, defining henceforth its complexity level. Indeed, a non-
linear system equivalent to a linear one, can be considered as less complex than another
one which is not. The whole approach will be relied on a proper transformation of the
system, obtained by means of the star product and the D-series. We present now the
relevant definitions.

Definition 4.1. A D-series T is called invertible if we can find another D-series T′,

such that T′ ∗T =

[
δ0
ε0

]
.

Definition 4.2. Two pairs of sequences

x(t) =

[
x1(t)
x2(t)

]
and y(t) =

[
y1(t)
y2(t)

]
,

are called Series Similar, or briefly S-similar, if there exists a nontrivial invertible D-

series T =

[
T1
T2

]
, such that y(t) = Tx(t).

The meaning of the above definition is that, by means of T , we can go from x(t) to
y(t) and vice-versa. Let us now see how we can extend this notion in order D-operators
to be involved.

Definition 4.3. Let

G =

[
G1

G2

]
and F =

[
F1

F2

]
be two D-operators. They are called S-similar, if we can find a D-series, T =

[
T1
T2

]
,

such that

F1 ∗ [T1, T2] = T1 ∗ [G1, G2], F2 ∗ [T1, T2] = T2 ∗ [G1, G2],

or shortly
F ∗T = T ∗G.

Theorem 4.4. Let x(n) = Gx(n−1), y(n) = Fy(n−1) be two systems. The sequences
x(n),y(n) are S-similar, if and only if, the D-operators G,F are S-similar.
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Proof. Let us suppose that x(n) and y(n) are S-similar. This means that y(n) = Tx(n)
for some invertible D-series T. Hence,

Fy(n− 1) = T ∗Gx(n− 1),

but
y(n− 1) = Tx(n− 1),

and so,
F ∗Tx(n− 1) = T ∗Gx(n− 1).

Using Theorem 3.4, we get
F ∗T = T ∗G.

The inverse now. The relation

x(n) = Gx(n− 1),

implies
T ∗ x(n) = T ∗Gx(n− 1),

but
T ∗G = F ∗T,

and so,
T ∗ x(n) = F ∗Tx(n− 1).

Setting,
w(n) = Tx(n− 1),

we get
w(n) = Fw(n− 1),

but
y(n) = Fy(n− 1),

from which it follows that,
w(n) = y(n).

Hence,
y(n) = Tx(n− 1)

and the sequences are S-similar. The proof is complete.

Theorem 4.5. S-similarity is an equivalence relation among D-operators.



The Systems Complexity Problem 89

Proof. We shall prove that the three properties of an equivalence relation are satisfied.
First,

G ∗
[
δ0
ε0

]
=

[
δ0
ε0

]
∗G,

and thus the reflexive property is satisfied, with T =

[
δ0
ε0

]
. Secondly, let us suppose

that F and G are T-similar. This means that F ∗ T = T ∗G. Since T−1 exists, with
d(T−1) = 0, we get

T−1 ∗ F ∗T = T−1 ∗T ∗G,

or
T−1 ∗ F ∗T = G and T−1 ∗ F ∗T ∗T−1 = G ∗T−1.

Finally,
T−1 ∗ F = G ∗T−1

or
G ∗T−1 = T−1 ∗ F,

and so, G is S-similar to F by means of the T−1 series and the symmetric property is
valid. For the transitive property, we have

F is T− similar to G⇒ F ∗T = T ∗G,

and if
G is T− similar to U⇒ F ∗Σ = Σ ∗U.

From the first one, we have

F ∗T ∗Σ = T ∗G ∗Σ.

The second one gives
F ∗T ∗Σ = T ∗Σ ∗U,

which means that F is S-similar to U, with respect to the series T ∗Σ. All the above
ensure that this is an equivalence relation. The proof is complete.

The most interesting situation is when a system is S-similar with a linear one. In this
case, we speak for the linear S-similarity. In other words, let us suppose that we have
the given nonlinear D-operator G and the linear one L. We want to find a D-series T,
such that L ∗T = T ∗G. We must note here the similarity between the latter relation
and the well-known eigenvector-eigenvalues equation of linear transformations. In what
follows, we shall work with the said problem. First we shall construct a procedure
algorithm for solving the problem and then we shall present some theoretical results.
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4.1 Computation of the Series T

In this section, we shall establish a procedure dealing with the computation of the series
T. Our manipulation philosophy is that we shall solve the problem gradually working
step by step. We shall start with the calculation of the linear part of T, working then
with the quadratic part, the cubic and so on. At each step the results of the previous step
are used in the calculation of the current part.

Let us suppose that theD-operator G is S-similar to the linear system L with respect
to the series T, i.e., L ∗T = T ∗G. In order to describe a calculation procedure for the
series T, we adopt the notations below, which have been introduced in Subsection 2.3:

L =

[
L1

L2

]
, T =

[
T1
T2

]
, G =

[
G1

G2

]
,

with

Lθ = L
(1,0)
θ + L

(0,1)
θ , L

(1,0)
θ =

ν∑
i=0

l
(1,0)
θ,i δi, L

(0,1)
θ =

ν∑
i=0

l
(0,1)
θ,i εi, θ = 1, 2,

Tθ =
∞∑
a=0

∞∑
b=0

T
(a,b)
θ , T

(a,b)
θ =

∑
(i,j)∈I×J

t
(a,b)
θ,(i,j)δiεj, θ = 1, 2,

Gθ =
a′∑
a=0

b′∑
b=0

G
(a,b)
θ , G

(a,b)
θ =

∑
(i,j)∈I×J

g
(a,b)
θ,(i,j)δiεj, θ = 1, 2.

THE PROCEDURE

STEP 0: After substituting the above expressions into the main relation, we succes-
sively have [

L1

L2

]
∗
[
T1
T2

]
=

[
T1
T2

]
∗
[
G1

G2

]
or equivalently

L1 ∗ [T1, T2] = T1 ∗ [G1, G2]⇔ (L
(1,0)
1 + L

(0,1)
1 ) ∗ [T1, T2] = T1 ∗ [G1, G2]

L2 ∗ [T1, T2] = T2 ∗ [G1, G2]⇔ (L
(1,0)
2 + L

(0,1)
2 ) ∗ [T1, T2] = T2 ∗ [G1, G2]

and finally

L
(1,0)
1 ∗

∞∑
a=0

∞∑
b=0

T
(a,b)
1 + L

(0,1)
1 ∗

∞∑
a=0

∞∑
b=0

T
(a,b)
2 =

∞∑
a=0

∞∑
b=0

T
(a,b)
1 ∗ [G1, G2]

and

L
(1,0)
2 ∗

∞∑
a=0

∞∑
b=0

T
(a,b)
1 + L

(0,1)
2 ∗

∞∑
a=0

∞∑
b=0

T
(a,b)
2 =

∞∑
a=0

∞∑
b=0

T
(a,b)
2 ∗ [G1, G2].
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STEP 1 – THE LINEAR PART: The linear parts of the series Tθ, θ = 1, 2 are
those for which a + b = 1, a, b positive integers. By equating those linear terms in the
above equation, we get the relations

L
(1,0)
1 ∗ T (1,0)

1 + L
(0,1)
1 ∗ T (1,0)

2 = T
(1,0)
1 ∗G(1,0)

1 + T
(0,1)
1 ∗G(1,0)

2 ,

L
(1,0)
1 ∗ T (0,1)

1 + L
(0,1)
1 ∗ T (0,1)

2 = T
(1,0)
1 ∗G(0,1)

1 + T
(0,1)
1 ∗G(0,1)

2 ,

L
(1,0)
2 ∗ T (1,0)

1 + L
(0,1)
2 ∗ T (1,0)

2 = T
(1,0)
2 ∗G(1,0)

1 + T
(0,1)
2 ∗G(1,0)

2 ,

L
(1,0)
2 ∗ T (0,1)

1 + L
(0,1)
2 ∗ T (0,1)

2 = T
(1,0)
2 ∗G(0,1)

1 + T
(0,1)
2 ∗G(0,1)

2 .

(4.1)

This is a homogeneous system of four equations with unknowns the quantities

T
(1,0)
1 , T

(1,0)
2 , T

(0,1)
1 , T

(0,1)
2 .

STEP 2 – THE QUADRATIC PART: Let us work now with the quadratic parts
T

(a,b)
θ of the series Tθ, θ = 1, 2. That is when a + b = 2, a, b positive integers. The

equations here will arise by equating the coefficients of the δiδj-terms, that is when
a = 2, b = 0, the εiεj-terms, that is when a = 0, b = 2 and the δiεj-terms, that is when
a = 1, b = 1. We shall first work with the δiδj-terms.

L
(1,0)
1 ∗ T (2,0)

1 + L
(0,1)
1 ∗ T (2,0)

2 = T
(1,0)
1 ∗G(2,0)

1 + T
(0,1)
1 ∗G(2,0)

2

+T
(2,0)
1 ∗G(1,0)

1 + T
(0,2)
1 ∗G(1,0)

2 + T
(1,1)
1 ∗ [G

(1,0)
1 , G

(1,0)
2 ],

L
(1,0)
2 ∗ T (2,0)

1 + L
(0,1)
2 ∗ T (2,0)

2 = T
(1,0)
2 ∗G(2,0)

1 + T
(0,1)
2 ∗G(2,0)

2

+T
(2,0)
2 ∗G(1,0)

1 + T
(0,2)
2 ∗G(1,0)

2 + T
(1,1)
2 ∗ [G

(1,0)
1 , G

(1,0)
2 ].

(4.2)

For the εiεj-terms, we have

L
(1,0)
1 ∗ T (0,2)

1 + L
(0,1)
1 ∗ T (0,2)

2 = T
(1,0)
1 ∗G(0,2)

1 + T
(0,1)
1 ∗G(0,2)

2

+T
(2,0)
1 ∗G(0,1)

1 + T
(0,2)
1 ∗G(0,1)

2 + T
(1,1)
1 ∗ [G

(0,1)
1 , G

(0,1)
2 ],

L
(1,0)
2 ∗ T (0,2)

1 + L
(0,1)
2 ∗ T (0,2)

2 = T
(1,0)
2 ∗G(0,2)

1 + T
(0,1)
2 ∗G(0,2)

2

+T
(2,0)
2 ∗G(0,1)

1 + T
(0,2)
2 ∗G(0,1)

2 + T
(1,1)
2 ∗ [G

(0,1)
1 , G

(0,1)
2 ],

(4.3)

and for the δiεj-terms, we have

L
(0,1)
1 ∗ T (1,1)

1 + L
(0,1)
1 ∗ T (1,1)

2 = T
(0,1)
1 ∗G(1,1)

1 + T
(0,1)
1 ∗G(1,1)

2

+T
(1,1)
1 ∗ [G

(0,1)
1 , G

(1,0)
2 ] + T

(1,1)
1 ∗ [G

(1,0)
1 , G

(0,1)
2 ],

L
(0,1)
2 ∗ T (1,1)

1 + L
(0,1)
2 ∗ T (1,1)

2 = T
(0,1)
2 ∗G(1,1)

1 + T
(0,1)
2 ∗G(1,1)

2

+T
(1,1)
2 ∗ [G

(0,1)
1 , G

(1,0)
2 ] + T

(1,1)
2 ∗ [G

(1,0)
1 , G

(0,1)
2 ].

(4.4)

The unknown polynomials are

T
(2,0)
1 , T

(2,0)
2 , T

(0,2)
1 , T

(0,2)
2 , T

(1,1)
1 , T

(1,1)
2 .
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We transform now the above equations to relations among the coefficients of the un-
knowns polynomials. Let us start with an arbitrary term of the form δiδj . Equations
(4.2) will give  ∑

a∗(b1,b2)=(i,j)

(
l
(1,0)
φ,a t

(2,0)
1,(b1,b2)

+ l
(0,1)
φ,a t

(2,0)
2,(b1,b2)

) δiδj

=

 ∑
a∗(b1,b2)=(i,j)

(
t
(1,0)
φ,a g

(2,0)
1,(b1,b2)

+ t
(0,1)
φ,a g

(2,0)
2,(b1,b2)

)
+

∑
(a1,a2)∗(b1,b2)=(i,j)

t
(2,0)
φ,(a1,a2)

g
(1,0)
1,b1

g
(1,0)
1,b2

+
∑

b=(b1,b2)∈(∪Jm)2

(a1,a2)∗b=(i,j)

t
(2,0)
φ,(a1,a2)

g
(1,0)
1,b1

g
(1,0)
1,b2

+
∑

b=(b1,b2)∈(∪Jm)2

(a1,a2)∗b=(i,j)

t
(0,2)
φ,(a1,a2)

g
(1,0)
2,b1

g
(1,0)
2,b2

+
∑

b=(b1,b2)∈J1×J′1
(a1,a2)∗b=(i,j)

t
(1,1)
φ,(a1,a2)

g
(1,0)
1,b1

g
(1,0)
2,b2

 δiδj, φ = 1, 2. (4.5)

Note that, the star product operation among the indices has been defined in Section 2.
For an arbitrary term of the form εiεj , (4.3) will give ∑

a∗(b1,b2)=(i,j)

(
l
(1,0)
φ,a t

(0,2)
1,(b1,b2)

+ l
(0,1)
φ,a t

(0,2)
2,(b1,b2)

) εiεj

=

 ∑
a∗(b1,b2)=(i,j)

(
t
(1,0)
φ,a g

(0,2)
1,(b1,b2)

+ t
(0,1)
φ,a g

(0,2)
2,(b1,b2)

)
+

∑
(a1,a2)∗(b1,b2)=(i,j)

t
(2,0)
φ,(a1,a2)

g
(0,1)
1,b1

g
(0,1)
1,b2

+
∑

b=(b1,b2)∈(∪Jm)2

(a1,a2)∗b=(i,j)

t
(2,0)
φ,(a1,a2)

g
(0,1)
1,b1

g
(0,1)
1,b2

+
∑

b=(b1,b2)∈(∪Jm)2

(a1,a2)∗b=(i,j)

t
(0,2)
φ,(a1,a2)

g
(0,1)
2,b1

g
(0,1)
2,b2

+
∑

b=(b1,b2)∈J1×J′1
(a1,a2)∗b=(i,j)

t
(1,1)
φ,(a1,a2)

g
(0,1)
1,b1

g
(0,1)
2,b2

 εiεj, φ = 1, 2. (4.6)
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Finally, for the arbitrary term δiεj , (4.4) will give∑
a∗(b1,b2)=(i,j)

(
l
(1,0)
φ,a t

(1,1)
1,(b1,b2)

+ l
(0,1)
φ,a t

(1,1)
2,(b1,b2)

)
δiεj

=

 ∑
a∗(b1,b2)=(i,j)

(
t
(1,0)
φ,a g

(1,1)
1,(b1,b2)

+ t
(0,1)
φ,a g

(1,1)
2,(b1,b2)

)
+

+
∑

b=(b1,b2)∈J1×J′1
(a1,a2)∗b=(i,j)

(
t
(1,1)
φ,(a1,a2)

g
(1,0)
1,b1

g
(0,1)
2,b2

+ t
(1,1)
φ,(a1,a2)

g
(0,1)
1,b1

g
(1,0)
2,b2

)  δiεj, (4.7)

φ = 1, 2. The above equations, despite their apparent complexity, form a system of
linear equations with unknowns the coefficients of the polynomials

T
(2,0)
1 , T

(2,0)
2 , T

(0,2)
1 , T

(0,2)
2 , T

(1,1)
1 , T

(1,1)
2 .

STEP 3 – THE k–PART: Let us work with the k-degree terms of the relation
L ∗T = T ∗G, that is terms of the form

δi1δi2 · · · δinεj1εj2 · · · εjm , n+m = k.

In the series T they will be produced by the parts

T
(k,0)
i , T

(k−1,1)
i , T

(k−2,2)
i , . . . , T

(k−b,b)
i , . . . , T

(0,k)
i , i = 1, 2.

These are 2(k + 1) series, which are unknown and have to be determined. For each of
them, we form an equation. Therefore, we have a system of 2(k + 1) equations, with
2(k + 1) unknowns. A such equation devoted to the term (n,m) has the form

L
(1,0)
i ∗ T (n,m)

1 + L
(0,1)
i ∗ T (n,m)

2

=
∑

ax1+bx2=n
ay1+by2=m
n+m=k

a,b,x1,y1,x2,y2∈N

T
(a,b)
i ∗

[
G

(x1,y1)
1 , G

(x2,y2)
2

]
, i = 1, 2.

Analyzing the sum on the right-hand side of the above equation, we get

L
(1,0)
i ∗ T (n,m)

1 + L
(0,1)
i ∗ T (n,m)

2 =
∑
a+b<k

a(x1+y1)+b(x2+y2)=k
a,b,x1,y1,x2,y2∈N

T
(a,b)
i ∗

[
G

(x1,y1)
1 , G

(x2,y2)
2

]
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+
∑
a+b=k

a(x1+y1)+b(x2+y2)=k
a,b,x1,y1,x2,y2∈N

T
(a,b)
i ∗

[
G

(x1,y1)
1 , G

(x2,y2)
2

]
, i = 1, 2

or
L
(1,0)
i ∗ T (n,m)

1 + L
(0,1)
i ∗ T (n,m)

2 − T (n,m)
i ∗

[
G

(1,0)
1 , G

(0,1)
2

]
−T (m,n)

i ∗
[
G

(0,1)
1 , G

(1,0)
2

]
−

∑
a+b=k,a6=n,b6=m

a(x1+y1)+b(x2+y2)=k
a,b,x1,y1,x2,y2∈N

T
(a,b)
i ∗

[
G

(x1,y1)
1 , G

(x2,y2)
2

]

=
∑
a+b<k

a(x1+y1)+b(x2+y2)=k
a,b,x1,y1,x2,y2∈N

T
(a,b)
i ∗

[
G

(x1,y1)
1 , G

(x2,y2)
2

]
, (4.8)

i = 1, 2. This is a pair of equations, devoted to the polynomial T (n,m), n + m = k.
Applying it to each one of the following cases,

(k, 0), (k − 1, 1), . . . , (0, k),

and working as in Step 2, (4.5), (4.6), (4.7), we should get a system of equations which
will help us to determine the coefficients of the series T (a,b)

i , a + b = k. It is named the
basic k-degree system, which determines the requested series T.

Theorem 4.6. Let us suppose that the D-operator G is S-similar to the linear system
L with respect to the series T, i.e., L ∗T = T ∗G. Then, the successive solution of the
pair of equations (4.8), k = 1, 2, . . . , with respect to the quantities T (n,m)

i , n + m = k,
determines the series T.

Proof. Obvious.

4.2 The Structure of the Series T

In this section, we present two theorems dealing with the structure of the series Tθ =
∞∑
a=0

∞∑
b=0

T
(a,b)
θ , θ = 1, 2. We examine when each of the terms T (a,b)

θ is a polynomial

or a series, too. In other words, we check whether T consists either from an infinite
number of polynomials (series of polynomials), or from an infinite number of series
(series of series). In the first case, we speak for a polynomial solution, in the second
case for a series solution. Both cases will be used in the next section when the notion of
complexity level will be established.

Before we present the main theorem concerning the polynomial solution, a nomen-
clature is needed. The matrix of the polynomial coefficients of the system (4.1) is de-
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noted by Q1. That is,

Q1 =


L
(1,0)
1 −G(1,0)

1 L
(0,1)
1 −G(1,0)

2 0

L
(1,0)
2 L

(0,1)
2 −G(1,0)

1 0 −G(1,0)
2

−G(0,1)
1 0 L

(1,0)
1 −G(0,1)

2 L
(0,1)
1

0 −G(0,1)
1 L

(1,0)
2 L

(0,1
2 −G(0,1)

2

 .

The matrix of the linear system, formed by the equations (4.5),(4.6), (4.7), is denoted by
Q2. The corresponding augmented matrix is denoted byQ∗2(T

(a,b)
θ ), a+b = 1, or shortly

Q∗2(T), to indicate the dependence from the polynomials T (1,0)
θ , T

(0,1)
θ , θ = 1, 2 The

matrix of the linear system, formed by the coefficients of the equations (4.8), is denoted
by Qk. The corresponding augmented matrix is denoted by Q∗k(T

(a,b)
θ ), a + b < k,

θ = 1, 2, or shortly Q∗k(T), to indicate the dependence from the previous polynomials
T

(a,b)
θ .

The solution set of the linear system (4.1), if any, is denoted by Γ. The set S2 is
defined as

S2 =
{
T

(a,b)
θ ∈ Γ, a+ b = 1 : rank(Q2) = rank

(
Q∗2(T

(a,b)
θ )

)}
.

Henceforth, the set Sk is defined as

Sk =
{
T

(a,b)
θ ∈ Γ, a+ b < k : rank(Qk) = rank

(
Q∗k(T

(a,b)
θ )

)
, j = 1, 2, . . . , k

}
.

Theorem 4.7. Let G be a D-operator and L a linear one. Let T be the series which
solves the S-similarity problem, i.e., L ∗T = T ∗G. If |Q1| = 0 and ∩∞k=2Sk 6= ∅, then
the series T is a series of polynomials.

Proof. Let us start our analysis with the case k = 1, that is the linear case. Using
the analysis of the previous section, we see that (4.1) is a homogeneous system of
four equations with unknowns the quantities T (1,0)

1 , T
(1,0)
2 , T

(0,1)
1 , T

(0,1)
2 . Taking under

consideration the fact that in the linear case the star product coincides with the usual
product among linear polynomials and the linear δ or ε-polynomials coincide with the
usual univariate polynomials (Proposition 3.5), we get that the condition |Q1| = 0,
guarantees the polynomial solvability of the above system. In fact it has an infinite
set of solutions denoted by Γ. We introduce a specific T ∈ ∩∞k=1Sk. This means that
rank(Qk) = rank(Q∗k(T)) for each k. Let us go now to the quadratic case, that is when
k = 2. The equations (4.5), (4.6), (4.7), form a system of linear equations. The relation
rank(Q2) = rank(Q∗2(T)) ensures the solution of the system and thus the existence of
polynomial quadratic solutions. Using this solution, we substitute it to the equations of
the cubic terms. The assumption rank(Q3) = rank(Q∗3(T)) helps us, as before, to find
a cubic polynomial solution. Working inductively, we prove the theorem.
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Remark 4.8. The assumption
∞⋂
k=2

Sk 6= ∅, of the previous theorem, is a theoretical one

and it cannot be easily checked. Nevertheless, when we face a concrete problem, we
have predetermined the number of terms of the series T we are going to work with and
thus, we know in advance the maximum degree term, appeared in our calculations, let
us say r. Then we construct a system of equations of the form (4.8), for k = 1, 2, . . . , r
the solvability of which can be checked with regular methods.
Remark 4.9. The equation L ∗T = T ∗G resembles with the classical equation of
Linear Algebra for finding eigenvectors and eigenvalues. Therefore, all the linear D-
polynomials L for which the condition |Q1| = 0 is satisfied, form a set called the eigen-
polynomials of G. These are all the linear D-polynomials for which the S-similarity
problem may be solved for a given G. It can be calculated by computing the determinant
|Q1| and working the coefficients. Analogously, the series T, is called the eigenseries
of G.

The next theorems are dealing with the series solution. The first, says that a series
solution of the linear part implies a global series solution. The second, provides us with
the proper assumptions for a series solution.

Corollary 4.10. If the linear part of the equations (4.8) accepts a series as solution,
that is the quantities

T
(a,b)
θ , a+ b = 1, θ = 1, 2,

are linear series, then no one of the quantities

T
(a,b)
θ , a+ b = k, k > 1, θ = 1, 2,

can be a polynomial.

Proof. Let us work, for the sake of simplicity, with the quadratic case

T (n,m), n+m = 2.

We suppose that the requested quantities

T (n,m), n+m = 2,

are finite polynomials but the quantity T (1,0), which has already been calculated, is not.
Working with relation (4.5) we see that in the right-hand side, due to the factor

t(1,0)ϕ g
(2,0)
1,(b1,b2)

,

there is an infinite number of terms δiδj , whilst the left hand side there is only a finite
number, due to the finiteness of the factors

l(1,0)ϕ,a t
(2,0)
1,(b1,b2)

+ · · · .

This is a contradiction. Working in the same way, we can prove the argument for any
series T (n,m).
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By equating the coefficients of the first terms of the equations (4.5), (4.6), (4.7), that
is the coefficients of the terms δ20, ε

2
0, δ0ε0, we form a linear system with unknowns the

quantities
t
(2,0)
1,(0,0), t

(2,0)
2,(0,0), t

(0,2)
1,(0,0), t

(0,2)
2,(0,0), t

(1,1)
1,(0,0), t

(1,1)
2,(0,0).

We denote it by C2. Inductively, we can define the system of the first terms for the
equations (4.8), denoted by Ck.

Theorem 4.11. Let G be a given D-operator and L a linear one. We construct the
quantity

A =



l
(1,0)
1,0 − g

(1,0)
1,0 l

(0,1)
1,0 −g(1,0)2,0 0

l
(1,0)
1,0 l

(0,1)
2,0 − g

(1,0)
1,0 0 −g(1,0)2,0

−g(0,1)1,0 0 l
(1,0)
1,0 − g

(0,1)
2,0 l

(0,1)
1,0

0 −g(0,1)1,0 l
(1,0)
2,0 l

(0,1)
2,0 − g

(0,1)
2,0

l
(1,0)
1,1 − g

(1,0)
1,1 l

(0,1)
1,1 −g(1,0)2,1 0

l
(1,0)
2,1 l

(0,1)
2,1 − g

(1,0)
1,1 0 −g(1,0)2,1

−g(0,1)1,1 0 l
(1,0)
1,1 − g

(0,1)
2,1 l

(0,1)
1,1

0 −g(0,1)1,1 l
(1,0)
2,1 l

(0,1)
2,1 − g

(0,1)
2,1

...
...

l
(1,0)
1,ν − g

(1,0)
1,ν l

(0,1)
1,ν −g(1,0)2,ν 0

l
(1,0)
2,ν l

(0,1)
2,ν − g

(1,0)
1,ν 0 −g(1,0)2,ν

−g(0,1)1,ν 0 l
(1,0)
1,ν − g

(0,1)
2,ν l

(0,1)
1,ν

0 −g(0,1)1,ν l
(1,0)
2,ν l

(0,1)
2,ν − g

(0,1)
2,ν



.

The entries of this matrix are the coefficients of the linear polynomials appeared in L
and the linear part of G. If rank(A) < 4 and all the “first-terms” systems Ck are
solvable, then the problem L ∗T = T ∗G accepts a series-solution.

Before we present the proof of the theorem, we need to establish the next two lem-
mas.

Lemma 4.12. We introduce a collection of 4×4 matrices A1, A2, . . . , Ak. We construct
the block matrix with those matrices as a column. If

rank


A1

A2
...
Ak

 < 4,

then
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1. rank


A1

A2
...
Aθ

 < 4, for each θ = 1, 2, . . . , k − 1.

2. The systems A1~x = 0, A2~x = 0, . . ., Ak~x = 0, have common nontrivial solutions.

Proof. If rank


A1

A2
...
Aθ

 = 4, then there must be at least one 4×4 sub-matrix, named Aσ

with det(Aσ) 6= 0 and thus the rank of the original matrix would be equal to 4, a con-
tradiction. Now, from the previous result, we get that rank(Aj) < 4 for each j, which
means that all the systems Aφ~x = 0 have infinite nontrivial solutions. Furthermore, we
can rewrite all those systems to a single system of the form

A1

A2
...
Ak

 ~x = ~0

The assumption of the lemma guarantees the solution of this system, too.

Lemma 4.13. We introduce the linear δ-polynomials Ak =

µ∑
i=0

ak,iδi, Bk =

µ∑
i=0

bk,iδi,

Γk =

µ∑
i=0

γk,iδi, Θk =

µ∑
i=0

θk,iδi, k = 1, 2, 3, 4. We construct the 4× 4 matrices

A0 = [ak,0, bk,0, γk,0, θk,0],

A1 = [ak,1, bk,1, γk,1, θk,1],

· · ·
Aµ = [ak,µ, bk,µ, γk,µ, θk,µ],

and the matrix

A =


A1

A2
...
Aµ

 .
If rank(A) < 4, then we can find linear δ-series

X =
∞∑
i=0

xiδi,Ψ =
∞∑
i=0

ψiδi, Z =
∞∑
i=0

ziδi,Ω =
∞∑
i=0

wiδi
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such that
A1 ∗X +B1 ∗Ψ + Γ1 ∗ Z + Θ1 ∗ Ω = 0,

A2 ∗X +B2 ∗Ψ + Γ2 ∗ Z + Θ2 ∗ Ω = 0,

A3 ∗X +B3 ∗Ψ + Γ3 ∗ Z + Θ3 ∗ Ω = 0,

A4 ∗X +B4 ∗Ψ + Γ4 ∗ Z + Θ4 ∗ Ω = 0.

Proof. By executing the star products, we get the next four equations

(ak,0x0 + bk,0ψ0 + γk,0z0 + θk,0w0)δ0

+(ak,1x0 + ak,0x1 + bk,1ψ0 + bk,0ψ1 + γk,1z0 + γk,0z1 + θk,1w0 + θk,0w1)δ1

+

(
2∑
i=0

ak,2−ixi +
2∑
i=0

bk,2−iψi +
2∑
i=0

γk,2−izi +
2∑
i=0

θk,2−iwi

)
δ2

+ · · ·

+

(
µ∑
i=0

ak,µ−ixi +

µ∑
i=0

bk,µ−iψi +

µ∑
i=0

γk,µ−izi +

µ∑
i=0

θk,µ−iwi

)
δµ

+ · · ·

+

(
ρ∑

i=ρ−µ

ak,ρ−ixi +

ρ∑
i=ρ−µ

bk,ρ−iψi +

ρ∑
i=ρ−µ

γk,ρ−izi +

ρ∑
i=ρ−µ

θk,ρ−iwi

)
δρ

+ · · · = 0, k = 1, 2, 3, 4.

The first part is the obtained δ-series and δρ an arbitrary term of it with ρ > µ. To take
its coefficient, we used the fact that ak,ξ = bk,ξ = γk,ξ = θk,ξ = 0, for any ξ > µ. By
equating the coefficients of the terms δi to zero, we get

ak,0x0 + bk,0ψ0 + γk,0z0 + θk,0w0 = 0, (4.9)

ak,1x0 + ak,0x1 + bk,1ψ0 + bk,0ψ1 + γk,1z0 + γk,0z1 + θk,1w0 + θk,0w1 = 0,

· · ·
µ∑
i=0

ak,µ−ixi +

µ∑
i=0

bk,µ−iψi +

µ∑
i=0

γk,µ−izi +

µ∑
i=0

θk,µ−iwi = 0,

· · ·
ρ∑

i=ρ−µ

ak,ρ−ixi +

ρ∑
i=ρ−µ

bk,ρ−iψi +

ρ∑
i=ρ−µ

γk,ρ−izi +

ρ∑
i=ρ−µ

θk,ρ−iwi = 0

· · · .
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Equivalently, by using the notation ~xλ = [xλ, ψλ, zλ, wλ]
T , λ = 0, 1, 2, . . . , ρ, where T

stands for transpose, we have
A0~x0 = ~0, (4.10)

A1~x0 +A0~x1 = ~0, (4.11)

· · · ,
Aµ~x0 +Aµ−1~x1 +Aµ−2~x2 + · · ·+A1~xµ−1 +A0~xµ = ~0, (4.12)

· · · ,
Aρ~x0 +Aρ−1~x1 +Aρ−2~x2 + · · ·+Aµ~xρ−µ = ~0 (4.13)

· · · ,
where we have used the fact that Aρ = 0, for ρ > µ. System (4.10) is a homoge-
neous linear system. Since rank(A) < 4, we conclude, by means of Lemma 4.12, that
rank(A0) < 4, and thus the system (4.10) has nontrivial solutions. Let us go now to

the system (4.11). By Lemma 4.12, we get that rank

[
A0

A1

]
< 4, which means that

there is at least one ~x0 with A0~x0 = ~0 and A1~x0 = ~0 and hence (4.11) is transformed to
A0~x1 = ~0. The condition rank(A0) < 4 guarantees that (4.11) has nontrivial solutions
with respect to ~x1. We work now with (4.13). The condition rank(A) < 4 implies that
the homogeneous systems Ak~xµ−k = ~0, k = 1, 2, . . . , µ have common solutions and
thus (4.13) is transformed to A0~xµ = ~0, which is solvable, since rank(A0) < 4. There-
fore ~xµ is determined. Working inductively, we can find all the terms of the unknown
series.

Proof of Theorem 4.11. Working as in proof of Theorem 4.7, we take the same expan-
sive expressions for the relations L ∗T = T ∗G, as before. The D-series T is upon
request. By using Lemma 4.13, where the polynomials A,B,Γ,∆ have been replaced
by the linear parts of the above equations, the first condition of the current theorem
guarantees that the linear part accepts a series solution. The solvability of the system
C2 implies that we can solve the system of (4.5), (4.6), (4.7), with respect to the coeffi-
cients of the terms δ20, ε

2
0, δ0ε0. Then, after substituting the above solution, we can find

the coefficients of the terms δ21, ε
2
1, δ0ε1, δ1ε0. Working inductively, we can define all

the terms of the quadratic series. The solvability of the system C3 provides us with the
cubic series. Continuing with the solvability of the next systems Ck, we can obtain the
series of any degree and thus, the final series T can be determined.

Remark 4.14. The assumption about the solvability of the systemsCk cannot be checked
for an infinite number of series. Nevertheless, as before, when we face a concrete prob-
lem, we have predetermined the number of terms of the series T we are going to work
with and thus, we know in advance the maximum degree term, appeared in our calcula-
tions, let us say r. In this case, we have a finite number of systems Ck, k = 2, . . . , r, the
solvability of which can be checked after finite steps.
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T-series Complexity Degree
L Stable L Unstable

A polynomial 0 0+
An invertible, convergence, simple series 1 1+

A convergence simple series 1.5 1.5+
A simple series 2 2+

An invertible, convergence, series of series 3 3+
A convergence series of series 3.5 3.5+

A series of series 4 4+

Table 5.1: Complexity Degrees

5 Levels of Model Complexity

Complex systems appears in many fields of contemporary science and different com-
munities have different aspects about complexity and how they ranked it [5]. In this
section, we shall try to approach this issue for 2D-polynomial – discrete – systems,
using the mathematical tools developed previously. Specifically, we have described a
procedure for checking the equivalence of a nonlinear discrete system with a linear one.
This was achieved via a D-series, named T. The construction of T determines the kind
of the model complexity or how “hard” the nonlinearity is. If, for instance, T converges,
then we speak for a “light” complexity, otherwise for a “strong” one. If T is a simple
series or consists from an infinite sum of series (series of series), this will influence the
kind of complexity since checking convergence in the latter case, is a very difficult task.
The nature of L plays also important role. If, for instance it is stable then the level of
complexity is less than the level of complexity which corresponds to an unstable L. We
summarize the different cases of complexity degrees in Table 5.1.

It should be noted here that the above classification is arbitrary in nature and rep-
resents the authors view. It has been arisen from the way the problem is described in
this paper and it is based on the algebraic approach. Obviously, other approaches can
give other classifications by using other criteria The stability of the linear systems can
be checked by the well-known classical theory. The convergence of the series is an ana-
lytic question, depending on the values of the coefficients of the terms of the series and
it is difficult to be studied. To this purpose, we use certain theorems. To determine the
type of the series is the task of the methodology developed in this work. Sometimes,
parameters are presented in the coefficients. Various values of the parameters define
various kinds of complexity degree. Usually, we seek if there are values that give the
simplest one. Finally, we should note here, that it is sufficient to find at least one stable
linear system, equivalent with the original nonlinear one, to have complexity degree 0,
1, 1.5, etc., while we have to prove that there are no equivalent stable linear systems to
have complexity degree 0+, 1+, etc. How and when this happens will be the subject of
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future research.

6 Examples
We give now two examples, the first deals with a linear system and the second with a
nonlinear one. The aim of those examples are to indicate how the previous theory works
in practise.

Example 6.1. Just to point out the compatibility of the current method with the classical
ones, we start with the linear case. We introduce the linear systems

x(t) = x(t− 1) + 2x(t− 2) +
1

2
y(t− 1)

y(t) =
7

2
x(t− 1)− 2y(t− 1) + 2y(t− 2)


and

u(t) = −3

2
u(t− 1) + 2u(t− 2)− 3v(t− 1)

v(t) = −u(t− 1) +
1

2
v(t− 1) + 2v(t− 2)

 .

We want to study their S-similarity. Using the algebraic tools, we have developed, they
are described as

[
x(t)
y(t)

]
=

 δ0 + 2δ1 +
1

2
ε0

7

2
δ0 − 2ε0 + 2ε1

[ x(t− 1)
y(t− 1)

]
,

[
u(t)
v(t)

]
=

 −3

2
δ0 + 2δ1 − 3ε0

−δ0 +
1

2
ε0 + 2ε1

[ u(t− 1)
v(t− 1)

]
and shortly x(t) = Gx(t − 1), x̂(t) = Lx̂(t − 1). We want to find linear polynomials
T1, T2, such that the following equations hold:

L ∗T = T ∗G⇒
{
L1 ∗ [T1, T2] = T1 ∗ [G1, G2]
L2 ∗ [T1, T2] = T2 ∗ [G1, G2].

For the sake of the simplification of the computation, we arbitrarily set

T1 = w1,0δ0 + w1,1δ1 + h1,0ε0 + h1,1ε1

T2 = w2,0δ0 + w2,1δ1 + h2,0ε0 + h2,1ε1.

We could of course, take any other expression for the polynomials T1, T2 with more
delays, but the computational effort would be harder. By equating the coefficients and
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Repeats G L Transformed - G
2 7.5 -97.3 -97.3
5 105.625 -1729.63 -1729.63

10 1102.92 12477.2 12477.2

Table 6.1: Linear Systems

solving the corresponding system of equations, we get w1,0 = h1,0 − 6h2,0, w1,1 =
h1,1 − 6h2,1 w2,0 = −2h1,0 + 5h2,0, w2,1 = −2h1,1 + 5h2,1 and thus a transformation
which solves the problem is

T1 = (h1,0 − 6h2,0)δ0 + (h1,1 − 6h2,1)δ1 + h1,0ε0 + h1,1ε1

and
T2 = (−2h1,0 + 5h2,0)δ0 + (−2h1,1 + 5h2,1)δ1 + h2,0ε0 + h2,1ε1,

with hij ∈ R. To check the validity of the method let us proceed as follows: First, let us
assign some initial conditions, for instance x(0) = 3, y(0) = 1, x(1) = 2, y(1) = −1.
We find then, their transformed values with respect to the T -polynomials, and then we
put these values as initial values to the other system, specifically, we set

u(1) = h1,0 + 4h1,1 − 12h2,0 − 18h2,1,

v(1) = −4h1,0 − 6h1,1 + 9h2,0 + 16h2,1,

u(2) =
37

2
h1,0 + h1,1 − 45h2,0 − 12h2,1,

v(2) = −15h1,0 − 4h1,1 +
97

2
h2,0 + 9h2,1.

By executing the operations symbolically, we see that the results are identical. Just to
take our approach one step forward, let us give the next numerical values to the free
parameters hi,j ,h1,0 = 1, h1,1 = −1.5, h2,0 = 2.3, h2,1 = 0.9. Then, the results we
take are presented in Table 6.1. Since the solution we found is a pure polynomial, the
complexity degree in this case is 0 or 0+, depending from the stability or not of the
linear system L.

Example 6.2. Let us consider now the nonlinear system

x(t+ 1) = x(t) + y(t)− x2(t)

y(t+ 1) = x(t)

we want to examine if it can be S-similar, in other words equivalent, with the next linear
system ( the “ target “ ) and thus to study its complexity degree. The linear system is

z(n+ 1) = z(n)− z(n− 1) + w(n) +
1

2
(1−

√
5)w(n− 1)
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w(n+ 1) = z(n) +
1

2
(1 +

√
5)z(n− 1) + w(n− 1).

Using theD-operators, we get the next descriptions for both of them: x(t+1) = Gx(t),
x̂(t+ 1) = Lx̂(t), where

G =

[
δ0 + ε0 − δ20

δ0

]
and L =

 δ0 − δ1 + ε0 +
1

2
(1−

√
5)ε1

δ0 +
1

2
(1 +

√
5)δ1 + ε1

 .
First of all, we see that |Q1| = 0 and thus the problem, accordingly to Theorem 4.7, if
it has a solution, it would be a polynomial series. That is a series with a finite number
of first degree terms, a finite number of quadratic terms, cubic terms and so on. To
calculate the series T1, T2, we use the equations

L ∗T = T ∗G⇒
{
L1 ∗ [T1, T2] = T1 ∗ [G1, G2]
L2 ∗ [T1, T2] = T2 ∗ [G1, G2].

By choosing a proper T, so that the second assumption of the Theorem 4.7, to be sat-
isfied, we can calculate the series T1, T2, by following the procedure of the previous
section. We finally take

T1 = (Γ + A)δ0 +

(
−1

2
(1 +

√
5)Γ + ∆− 1

2
(1 +

√
5)A+B

)
δ1 + Aε0

+

(
Γ− 1

2
(1 +

√
5)A+B

)
ε1 +

1

2
Aδ20 +

1

2
Γε20 + (A+ Γ)δ0ε0

−1

6
Aδ30 −

1

6
Γε30 +

1

2
(A+ Γ)δ0ε

2
0 +

1

2
(3A+ Γ)δ20ε0 + · · ·

and
T2 = Aδ0 +Bδ1 + Γε0 + ∆ε1

+
1

2
Γ2
0 +

1

2
(A− Γ)ε20 + Aδ0ε0 −

1

6
Γδ30 +

1

6
(Γ− A)ε30

+
1

2
Aδ0ε

2
0 +

(
1

2
A+ Γ

)
δ20ε0 + · · · ,

where A,B,Γ,∆ arbitrary parameters taking real values. The complexity degree of the
model depends from the values of those parameters. If we are able to find certain values
of these parameters which can guarantee the convergence as well as the invertibility of
the series (This means A 6= 0 and A+ Γ 6= 0), then, the complexity degree of the model
will be either 1 or 1+, depending from the stability or not of the linear system L. If
invertibility cannot be guaranteed but convergence is valid, then we have complexity
degree equal to 1.5 or 1.5+. In the current case, the linear system is unstable and
hence, we have complexity degree either 1+ or 1.5+. If, instead, we could prove the
S-similarity property with a stable linear system, then the complexity degree would be
1 or 1.5.
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7 Concluding Remark
In this paper, we presented a methodology for deciding if a nonlinear polynomial s
discrete system, with two components, is equivalent with a linear one. This equivalence
means that the two such systems have the same dynamic behavior. The solution of
the problem is achieved by the use of transformations described by proper series. The
whole approach is relied on an algebraic framework, developed by the authors and no
analytical tools are used. Finally, the entire issue is applied to the systems complexity
problem in order to provide us with different complexity levels, depending from the
structure of the transformation series and the linear systems.
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