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Abstract

We give the boundedness character, local and global stability of solutions of the
following second-order rational difference equation with quadratic denominator,

a+ YTp—1
Bz + Dxpxy 1 + x4

T+l = forn=0,1,...,

where the coefficients are positive numbers, and the initial conditions x_; and z(
are nonnegative numbers such that the denominator is nonzero. In particular, we
show that in a certain region, the unique equilibrium is globally asymptotically
stable, while in another region, the equilibrium is a saddle and there exist prime
period-two solutions.
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1 Introduction

In this paper, we will investigate the behavior of solutions of a second-order rational
recurrence relation with a quadratic term. Namely, we will consider the equation,

o+ VYT
Bl‘n + Dxnxn—l + T

Tpp1 = forn=0,1,..., (1.1)

where the coefficients are positive real numbers and the initial conditions, z_1, z¢, are
nonnegative real numbers such that the denominator is defined.
Equation (1.1) is a special case of the following more general equation,

ax? + br,x, 1 + v, +dr,  +ex? |+ f
Ax?2 + Brp,x, 1 + ¢ty + Dxyy 1+ B2 | + F’

Tpi1 = forn=20,1,..., (1.2)

with nonnegative coefficients and nonnegative initial conditions such that the denomi-
nator is positive. Several cases of (1.2) have been studied recently, for several examples
consult [12,15-17].

We will say that a parameter, B, of a difference equation exhibits a period-doubling
bifurcation at a number B™ if the unique equilibrium is globally asymptotically stable
for B < B, if the unique equilibrium is nonhyperbolic when B = B*, and if the
equilibrium is unstable and there exist prime period-two solutions for B > B*. If such
a point B* exists, we call B* a bifurcation point.

We will show that parameter B in (1.1) exhibits this type of period-doubling bifur-
cation. In fact, one can determine the behavior of the solutions of (1.1) by considering
the value of B with respect to the other fixed parameters. Amazingly, we can find a
threshold where the behavior of solutions bifurcates. Thus, we will show that there is
a bifurcation point, B* for parameter B, and which in terms of positive constants a, -y
and D has the form:

Y +vaD +2a+ 2ay/T+ 7D

B* -

(1.3)

We will now state the main result of this paper.

Theorem 1.1. Let {z,}>° | be a solution of (1.1). Then, there is a unique positive
equilibrium T of (1.1), and the following are true.

1. If B < B” then 7 is globally asymptotically stable.
2. If B = B” then T is a global attractor and is nonhyperbolic.

3. If B> B then & is a saddle point, and {x,},"__, converges to a (not necessarily
prime) period-two solution, and there exists a unique prime period-two solution.
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Figure 1.1: Bifurcation diagram showing a period-doubling bifurcation at B*.

We will prove this theorem in multiple steps. In Section 2 we provide some previ-
ously known results for reference. Next, in Section 3 we will state and prove several
auxiliary results about (1.1). We will then prove Theorem 1.1 by proving a sequence of
lemmas given in Section 4. Finally, we conclude this paper with an open problem and
an application of Theorem 1.1 to a system of difference equations in Section 5.

Rational difference equations with nonlinear quadratic terms have been studied in
recent years. We give several papers in which the authors study rational difference
equations with nonlinear terms. Namely, please consult papers: [1,2,7-10, 14, 20, 21,
24,25,28-30].

2 Preliminaries

In this section, we state several well-known results.

Theorem 2.1 (See [13, Theorem 1.14]). Let f : [a,b] — [a, b] be a continuous function,
where a and b are real numbers with a < b, and consider the difference equation

Tpi1 = [(Tn, Tp_1), forn=0,1,.... 2.1
Suppose that f satisfies the following two conditions:

1. f(x,y) is nonincreasing in x € |a,b] for each fixed y € [a,b], and f(x,y) is
nonincreasing iny € [a, b] for each fixed x € [a, b];

2. If (m, M) is a solution of the system
m= f(M,M), M= f(m,m)
then m = M.
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Then, there exists exactly one equilibrium of (2.1), namely, T. Furthermore, every solu-
tion of (2.1) converges to 7.

Theorem 2.2 (See [11]). Let
Tt = f(xn,xp1), forn=0,1,... (2.2)
with
1. f e C[(0,00) x (0,00), (0,00)];
2. f(u,v) is nonincreasing in u and v respectively;

3. xf(z,x) is nondecreasing in x;

N

. Equation (2.2) has a unique positive equilibrium x.

Then, every positive solution of (2.2) which is bounded from above and from below by
positive constants converges to T.

Theorem 2.3 (See [5, 6]). Let I be an interval of real numbers and let f : I x I — I
be a function f(u,v) which decreases in u € I for each fixed v € I, and increases in
v € I for each fixed u € I. Then for every solution {x,,} _ | of the difference equation

Tpr1 = f(Tp,Tpn1), forn=0,1,...

the subsequences {2}, and {xs,_1},- , of even and odd terms are eventually mono-
tonic.

We follow the terminology given in [13] for stability of an equilibrium. Here we
restate some of their results for convenience.
Suppose that f : I x [ — I, is a continuous function, which defines the difference
equation
Tpt1 = [(Tn,Tp_1), forn=0,1...

where f(u,v) is continuously differentiable in some neighborhood of the equilibrium
Z. We define the following constants

of

al = _au (j7 jj)? (2'3)

ag = —%(:ﬁ,a‘:). 2.4)
The equation

M4+ aA+ay=0 (2.5)

is called the characteristic equation.
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Theorem 2.4 (Linearized stability theorem, see [13]). Suppose that f is a continuously
differentiable function defined on some open neighborhood of x. Then the following are
true:

1. If the roots of (2.5) have absolute value less than one, then the equilibrium ¥ is
locally asymptotically stable.

2. If at least one of the roots of (2.5) has absolute value greater than one, then the
equilibrium T is unstable.

3. If all of the roots of (2.5) have absolute value greater than one, then the equilib-
rium I is a source.

If none of the roots of (2.5) are equal to one in absolute value, then the equilibrium
is said to be hyperbolic. If at least one of the roots has absolute value equal to one, then
Z 1s said to be nonhyperbolic. If an equilibrium is hyperbolic, and at least one of the
roots has absolute value greater than one, and at least one of the roots has absolute value
less than one, then 7 is said to be a saddle point.

Theorem 2.5 ([See [13, Theorem 1.3]). Consider the second-degree polynomial equa-
tion
N+ ad+ap=0 (2.6)

where ay and ay are real numbers. Then the following statements are true.

1. A necessary and sufficient condition for the roots of (2.6) to lie within the unit
disc |\ < 1is
]a1| <1+ ag < 2

2. A necessary and sufficient condition for both roots of (2.6) to have absolute value
greater than one is

lag| > 1 and |ai| < |1+ aol.

We will use the method of full limiting sequences, as developed by Karakostas,
see [18,19].

Theorem 2.6 ([See [13, Theorem 1.8]). Consider the difference equation

Tpt1 = f('rnu Tpn—1,--- 7'TTL—]€) (27)

where f € C[J ML | for some interval J of real numbers and some nonnegative integer
k. Let {x,}>° . be a solution of (2.7). Set I = liminfz,, and S = limsup z,, and

n—oo n—00
suppose that 1,S € J. Let Ly be a limit point of the sequence {x,}:> . Then the
following statements are true.
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1. There exists a solution {L,}>> __ of (2.7), called a full limiting sequence of
{xn}o2 4, such that Ly = Ly, and such that for every N € Z, Ly is a limit
point of {x,}>°_,. In particular,

I <L,<Sforall N €7Z.

2. For every ig € Z, there exists a subsequence {z,,}:°, of the solution {x,} >
such that

Ly = lim z, y for every N > 1.
71— 00

The following inequality will be useful, and can be found as an exercise in [27].

ar oy Zk e {al Qo Ozn}
min <max —_— =, =0, (2.8)
{Bl By } > k1 B B’ B, B,

where aq, ..., q, are nonnegative real numbers and By, B, ..., B, are positive real
numbers.

3 Several Auxiliary Results on Equation (1.1)

In this section we will prove several auxiliary results concerning (1.1). These results will
be useful in proving Theorem 1.1. We begin, by showing that every positive solution of
(1.1) is bounded.

Theorem 3.1. Every positive solution of (1.1) is bounded from above and from below
by positive constants.

Proof. Let {z,},> _, be a solution of (1.1). We iterate for x,,, and use inequality (2.8)
to obtain the following:

o+ YTp—1
an + Dmnl'n—l + Tp-1
< aBx, 1 +aDx, 1T, o+ ar, o+ Byr: | + v, 17, o(Dx, g + 1)
= aDzyy + DyrnaZno + ByTao + By + Tp12po(Drng + 1)

< B a «
max<{ —, —, — .
J— D”V’B’y7/y

Thus, we define M = max {

Tnt+1 =

} which is an upper bound on z,,. Further,

Sl
=1e

o}
" By
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we use (2.8) to obtain the following lower bound.

O+ YTp—1
Bz, + Dr,x,—1 + -1
> O+ YTp—1
- BM + DMZL’n_l + Tpn_1
_ o+ YTp—1
~ BM + (DM + 1)z,

. Q i
> min ) =m
BM 1+ DM

Thus, there exists positive constants, m, M such that m < z,, < M forall n > 1, which
concludes the proof. O

Tp+1 =

We will use the following cubic polynomial, which will be used to prove several
results. Let us define the cubic polynomial A, by

h(z) = Dx* + (B + 1)2? — vz — a. 3.1
Theorem 3.2. Equation (1.1) has a unique positive equilibrium.

Proof. Consider the equation,
h(z) =0, (3.2)

where the function A is defined in (3.1). By the well-known Decartes’ rule of signs,
the cubic equation (3.2) has a unique positive root. We define x as the unique positive
solution of (3.2). Thus,

0= Dz’ + (B+1)7* — 77 — a, (3.3)
_ o+ yx
= . 34
"TBit+D2ti 4
Hence, 7 is the positive equilibrium of (1.1), and Z is unique. [

In the remainder of this section, we will provide several results concerning the local
stability of (1.1). We show that the unique equilibrium is locally asymptotically stable
when B < B*. Before we state and prove Theorem 3.5, we will give some helpful
lemmas, the proofs of which follow by direct computation.

o+ v

Lemma 3.3. Let f(u,v) = Bu+ Duv & , then
u uv + v

% o —(B+DU)(O(+’}/U) and ﬁ _ (BV_O‘D)U_O‘ (3.5)

ou  (Bu+ Duv + v)? ov  (Bu+ Duv+v)?
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Lemma 3.4. Let constants a, and aqy be as defined in (2.3) and (2.4). Then,
(a +~Z)(B + DI) a— (By—aD)z

a) = .

"7 (B+ 1)z + D)2 ((B+1)z + Dz2)?
Further, the characteristic equation of (1.1), A+ a )\ + ag = 0, reduces to

T)(B + Dz —(By —aD)x
2 (a+7$)g —|-7{£) . a—( 7, ai):)s _0 3.7)
((B+ 1)+ Dz?)? ((B+ 1)z + Dz?)?

We are now ready for our theorem on local stability.

and ag = 3.6)

Theorem 3.5. Let T be the unique positive equilibrium of (1.1), and B* be defined in
(1.3). Then, the following statements are true.

1. If B < B", then T is locally asymptotically stable.

2. If B = B*, then ¥ is nonhyperbolic. Further, one of the roots of the characteristic
polynomial is —1, while the other lies inside the unit disk.

3. If B > B, then T is unstable. Further, it is a saddle point.
We will prove Theorem 3.5 by using the following lemmas.

Lemma 3.6. Let T be the unique positive equilibrium of (1.1), and B* be defined in
(1.3). Then the following are true.

1. If B < B*, then
(By—aD — )z —2a < 0.
2. If B = B, then
2c
By —aD —~’

T =

3. If B> B, then
(By —aD — )z —2a > 0.

D
Proof. If B< 1+ a—, then By — aD — v < 0, then it must be the case that B < B™.
g

Clearly,
Byz —aDz — v — 2a = (By — aD — v)x — 2a < 0.

D
Thus, we suppose that B > 1 + @ We define the linear function
g
g(z) = (By —aD — )z — 2a.
It is clear that g is a line with positive slope and negative y-intercept. The z-intercept of

this line occurs at the point
2a

By —aD —~’

z =

We will now show that:
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1. if B < B*, thenT < Z2;
2. if B= B*, then = 2;
3. if B> B*,thenz > Z.

We will use the function i defined in (3.1). Recall that h(x) is a cubic equation, which
has a unique positive root at z. Thus, it suffices to show that:

1. if B < B*, then h(2) > 0;
2. if B = B*, then h(2) = 0;
3. if B> B*, then h(Z) < 0.
Observe that
2 2a 3 2a 2 2a
h(Z) =D (B’y—aD—’y) + (B + 1) <B’y—aD—’y> -7 (B’y—aD—’y) -
—a(By —aD +7) (v?B?* — (29* + 2yaD + 4a)B)
- (By —aD —7)?

—a(By —aD +7)(v* + 4a + o®*D?* + 2ayD)
(By —aD —7)* '

_|_

We know that « > 0 and By—aD+~ > By—aD —~ > 0. Hence, we must determine
the sign of

v*B? — (292 + 2vaD + 4a) B + (v* + 4a + o*D* + 2a7D).
Let us analyze the quadratic equation
v22? — (29% + 2vaD + 4a)z + (v? + 4a + o> D? + 2ayD) = 0. (3.8)
By applying the quadratic formula, we see that the solutions are

72 + yaD + 20 + 2a/T + 7D
Z = .

2
2 D+ 2a — 2av/1 4+ D 2 D D
Notice that tyal a2 oIty <J + Za =1+ @z, Amazingly,
g Y Y

v+ ~yaD + 2a + 2a+/1 +~D
2

~
(3.8) is negative, hence h(Z) > 0; if B = B”, then the expression in (3.8) is zero, hence
h(Z) = 0; and if B > B* then the expression in (3.8) is positive, hence h(2) < 0. [

D
= B*. Hence, if 1 + @ < B < B” the expression in

Lemma 3.7. Let aq be the constant defined in Lemma 3.4. Then,

14+ a9 < 2.
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Proof. It suffices to show that ¢y < 1. Consider the following:

apg <1
a— (By —aD)z

1
(B+ 1)z + D2 ~

a— (By—aD)z < ((B+ 1)z + Dz*)?

a— (By—aD)z < (B+1)*2* +2(B + 1)Dz* + D*z*, (3.9)

By (3.1), we obtain the following identity.
a=(B+ 17+ D3* —~z. (3.10)
We use (3.10) to simplify (3.9) and obtain the following inequality.
—(1+ B+ D)yz < B(B +1)z*> + BDZ* (3.11)

where the left-hand side of (3.11) is negative while the right-hand side is positive. Thus
14+ ap < 2 1s always satisfied. 0

Observe that a; > 0 and thus |a;| = a1, where a; is the constant given in Lemma
34.

Lemma 3.8. Let ag and a, be the constants defined in Lemma 3.4. The following state-
ments are true:

1. if B< B*, thena; <1+ ayg;
2. if B= B thena, =1+ ay;
3. if B> B* thena; > 1+ ay.

Proof. We will prove the first statement, and the proofs of the other two follow similarly.
Assume that B < B*. By Lemma 3.6, we see that

Byx — aDx — vz — 2a < 0. (3.12)
Thus,

Byx — aDx < v + 2«
aB + 2By — aDzr < Byx + 7% + aB + 2«
aB + 2By — aDz < (B +1)*7° — (B + 1)*z?
+(B+1)yz+ (B+1)a+a.

We use (3.1) to obtain the identity

Dz* = —(B+ 1) +vZ +a
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which we use to obtain the inequality
aB +2Byz + D*z* + (B +1)Dz* —aDz < (B+1)*2° +2(B + 1)Dz* + D*z* 4 a.
We will also use the identity
vz = Dz’ + (B +1)2* — «
which also follows from (3.1). Thus,
aB + aDz + Byz + Dyz* < (B +1)7* +2(B + 1)Dz* + D*z*
+a— By + aDzx
+ D7) < (B+1)Z + D#?)’ + a — (By — aD)z
(a +~Z)(B + DI) a— (By—aD)z
2 ((B+ 1)z + D72)’
a; <1+ ayp,

which concludes the proof. [

Proof of Theorem 3.5. If B < B” then from Lemma 3.7 and Lemma 3.8 it follows that
la1| < 1+ ap < 2, and so by Theorem 2.5 it follows that both roots of the characteristic
polynomial lie inside the unit disc, and by Theorem 2.4, the equilibrium 7 is locally
asymptotically stable.

If B = B”, then Lemma 3.8 implies that a; = 1 + ag. Thus, the characteristic
polynomial (3.7) reduces to

M 4 (1 + ag)\ +ag =0,

which factors as
A+ 1) (A +ag) =0.

This means that one root is A = —1, and the other is A\ = —ag. It remains to show that
lag| < 1. Since we have shown that ay < 1, it suffices to show that ay > —1. Hence,

ag > —1
ar—1>—1
a; > 0.

But, it is clear from the Lemma 3.4 that a; > 0, and thus |a| < 1. So we conclude that
when B = B” the characteristic polynomial (2.6) has one root which is negative one,
and one root which is inside the unit disc, and thus the unique positive equilibrium Z is
nonhyperbolic.

Finally, if B > B, it follows from Lemma 3.8 that a; > 14 aq and thus by Theorem
2.5, at least one of the roots of the characteristic polynomial must lie outside of the unit
disk, and thus by Theorem 2.4, the unique positive equilibrium 7 is unstable. However,
by Statement (3) of Theorem 2.4, and by Lemma 3.7 we see that it cannot be the case
that both roots are outside of the unit disk. Hence, & must be a saddle point. O]
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Existence of Period-Two Solutions

In this next subsection, we will investigate the existence of period-two solutions of (1.1).
Amazingly, period-two solutions emerge when B > B*.

Theorem 3.9. There exist period-two solutions of (1.1) if and only if B > B".

Just by the definition, we can check that B* > 1. Further, it is clear that if B > B”,
then it follows that vB > aD.

Proof. Suppose that ..., ¢, 1), ... is a solution of (1.1). Then, we see that

b= a+vo = o+ v
- By + Do+ ¢’  Bo+ Do+
We clear the denominators to obtain
Boy + Do*) + ¢* = o + vy, (3.13)
Bonp + Dnp? + % = o + yp. (3.14)

Subtract (3.14) from (3.13) to get
Doy(¢ — ) + (¢ +¥) (¢ — ) = (¢ — ).

Since we assume ¢ # 1 we simplify to

¥ =Dop + ¢+, (3.15)
Y9
¢_1+D¢. (3.16)

We now substitute (3.16) into (3.14) to get
¢(BY + D?) + * = a,gp
v = 2 2 _
(1+Dw) (BY + DY®) + 9" = a+ ¢
(v — ) (BY + DY?) + 4% + Dy* = (o + ) (1 + D)
By + Dy — By?* — DY +4p? + Dyp* = o+ aDy + yip + Dyyp?
(1—B)Y*+ (By—aD — 7)Y —a =0. (3.17)

By the symmetry of ¢, 1) we see that ¢ and v must satisfy the quadratic equation:
(1—B)z*+ (By—aD — )z —a = 0. (3.18)

By using the quadratic formula, we see that

_y(1=B)+aD+\/(By—aD —~v)?+4(1 — B)a
T = 21— B) . (3.19)
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Thus, we have found the possible solutions for ¢, ). Now, we must try to show that
these are actually solutions.
Without loss of generality, let

(1 = B) +aD + +/(By — aD — )2 + 4(1 — B)a

V= 2(1 — B)
_y(1=B)+aD—/(By—aD —~)?+4(1 — B)a
6= B (3.20)

We will substitute both of these in to (3.13). Notice that

Now consider

a+¢ _¢:a+%%4%¢—DW@—W
By + Ddnp + ¢ By + Dy + ¢

Let us look at the numerator from the right-hand side of (3.21).

(3.21)

B D
0 ty6 — Bow — DRy~ = ak o+ 1o 4 228 g

B aD
:Oé(l—i-ﬁ)—i-(’}/—Fﬁ—(ﬁ)(ﬁ
o« v(1—=B)+aD —(1—-B)¢
_1—B+( 1-B )¢

Now, by using (3.20), we obtain:

v(1—=B)+aD - (1- B)¢
1-B

= 1.
Thus,

Y(1-B)+aD—-(1-B)p _
1-B =¥

« Y1-B)+aD—-(1-B)p\ , «
1—B+( 1-B >¢_1—B+¢¢
« +(7(1—B)—|—o¢D—(1—B)¢)¢: o —

1-B 1-B 1—B+1—B'

Hence,
a+vo
By + Doy + ¢

—¢=0.
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By symmetry, we see obtain the same condition for v. And thus, a prime period-two
solutions exist. Since equation (3.15) is symmetric with respect to ¢ and v, then ¢ also
has to satisfy (3.19). Thus, we will only have the existence of period-two solutions when
the discriminant of (3.19) is positive. Hence, we desire a condition that guarantees that

(By —aD —7)*+4(1 — B)a > 0. (3.22)

Let us solve the inequality in (3.22) by setting the expression equal to zero. Hence,
we solve

0=19%2B% - 2(7® + yaD + 20)B + 7% + 2yaD + 4o + o> D2, (3.23)
Using the quadratic formula, we obtain:

(72 + yaD + 2a) + 2ay/D + 1

B = -2

(3.24)

We will analyze the roots in (3.24). Notice that (3.23) has a positive leading coefficient,
so it is concave up, and the coefficient of B is negative. Further, there are exactly two
positive solutions for (3.23). Since we know that B > 1 is a necessary condition for the
existence of prime period-two solutions, then we know that period-two solutions will
only exist when
- V2 4+ yaD 4 20 + 2a+/T + 7D
~2
Notice that if B = B*, then the discriminant of (3.18) is zero, and so there would only
be one solution of (3.18). Hence there are no prime period-two solutions when B = B*.
If 1 < B < B” then the discriminant of (3.18) is negative, in which case there are
no real solutions, hence there can be no period-two solutions for 1 < B < B™.
If B < 1 then the quadratic function in (3.18) opens upwards, and one of its roots
is negative, so there can be at most one positive root. Hence, there are no period-two
solutions for B < 1. [

B = B*

We find that in addition to B, there are several other constants that are important
for understanding the nature of (1.1). We define them as

_ 2yvaD +a—ay1+49D

B
272 ’

and

_ 2yaD+a+ay1+49D

= e )
The next lemma will show the relationship between these and other previously de-

fined constants. The proof is omitted.

B+

(3.25)
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Lemma 3.10. D
B <X - Bt < B
Y

Lemma 3.11. The following are true.

aD « vB «
1. If— < B<B% th , = )
I = enmax{vB—aD D(yB—aD)—kB} ~“B_aD
. « ’)/B «Q
2. IfB>B"th = :
4 enmm{yB—aD’D(yB—aD)—l—B} vB —aD
Proof. Let b be the quadratic function,
b(z) = v*2* — (2vaD + a)z + o> D?, (3.26)

whose roots are B~ and B™.
We prove the second statement, while the proof of the first follows similarly. Assume
that B > B™ then, by the nature of (3.26), it follows that

0 <~*B* - (2yaD + a)B + o’ D?
aDyB — o*D* + aB < v*B? — aDYB
aD(yB —aD)+ aB < yB(yB — aD)
a < vB
vB —aD ~— D(yB —aD)+ B’

and
a < vB
vB—aD ~— D(yB —aD)+ B
aD(yB —aD)+ aB < yB(yB — aD)
aDyB — o*D* + aB < v*B? — aDYB
v*B? — (2yaD + a)B + o*D* > 0. (3.27)
Thus, concludes the proof. [

Our goal is to show that depending on the value of B, there will be a specific closed

. . . aD )
and bounded invariant and attracting interval. If — < B < B, then we will show

/Y
that [(yB — aD)/B,a/(yB — aD)] is such an interval, while if B > B¥, then the
interval will be [«/(yB — aD), (yB — aD)/B].
We will define the interval

{fyB—aD o }

aD
,if — < B< BY
B '~B—aD| '

v

K =

l a vB — aD

g ],ifB>B+
YD — &
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Amazingly, when we have B = B™, we are able to determine the unique equilibrium
exactly. In this case, the interval K degenerates to a single point.

Lemma 3.12. If B = B™ then the unique equilibrium of (1.1) is

vB—aD «
B yB—-aD’

xr =

vB—aD «
B qyB—aD’

Proof. We leave it to the reader to verify that if B = BY, then
Notice that this implies that

vB —aD 2_ « 2_ « vB —aD _a
B “\wB—-aD) \WB-aD B B

Let h be the cubic equation defined in (3.1). We show that

vB —aD ayB—aD @ vB —aD
p(12 -9 _pdiP Ay gy P er
< B ) g5 BV e
aD(yB — aD) a y(yB—aD)
=—p tetz - o
aD(yB — aD) —vB(yB — aD)
== 32 +C¥+§—Oé
(vB—aD)(aD —~vB) «
- 2 +—
_ (vB—aD)?* «
B B2 B
a o
)
B B
B —aD
Hence,f:7 Ba :vBiyaD' O

Our next lemma shows that consecutive terms of our solution oscillate around this
interval K.

Lemma 3.13. Let {x,}.° | be a solution of (1.1). The following statements are true.
1. If@ < B < B7, then:
Y
vB —aD
5
«
vB —aD’

(a) lfl'n S ﬁ, then .f['n+1 Z
YD — &

B —aD
(b) ifz, > 1222

, then x <
B n+l =
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2. If B> B, then:
a

D th >
,then .1 > ————
i vB —aD
B—aD
, then x,1 < Rl Ba .

(a) if 2, <

(6]
Lo
B) ifan >

D
Proof. We give the proof for the case when i < B < B™. The proof for the other
/‘)/

case follows similarly, and will be omitted.
Suppose that x,, < ——— . Then, by using Inequality (2.8), we can see that
vB —aD

o+ YTp—1

Tp41 —
" an + Dwnxn—l + Ty
O+ YTp—1

>
B (ﬁ) +D (ﬁﬁ) Tn—1 + Tn-1

- o+ YTn_1
aB B
yB—aD + (wafaD> Tn—1
> min {Oé(vB —ab) 1(yB —aD)
aB vB

_yB—aD
= TER

B —aD
Suppose that x,, > u. Then, by using Lemma 3.11:
o+ YT

Tpy1 =
an + Dxnxn—l + T
o+ YTn—1

B ('yB;aD) +D ('yB;ozD
o+ Yrp_q

(vB — aD) + (M + 1) Tp—1
_ o+ VTp
(YB — aD) + (w) -

« vB «
< max , = _
vB —aD’ D(yB —aD) + B vB —aD

<
) Tp—1+ Tp_1

O

Thus, concludes the proof.
The next lemma establishes that the interval K is invariant. The proof follows from

Lemma 3.13, and will be omitted.
D
Lemma 3.14. If ol < B then K is an invariant interval. In other words, if x, € K

then x,1 € K.
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!
Lemma 3.15. If — < B then K is an attracting interval. In other words, there exists

N € Z% such that x,, € K foralln > N.

D
Proof. We will give the proof for i < B < BT™. The proof for the other case follows
Y

similarly and will be omitted.
Let I = liminf x,, and S = limsup x,,. Then, if either I € K or S € K, then we

n—00 n—o00

are done, since by Lemma 3.14, if [ € K, then S € K and vice versa. For the sake
of contradiction, assume that / ¢ K and S ¢ K. It follows from Lemma 3.13 that
B —aD
I < T2 and S > ﬁ. Thus, there is an open neighborhood O containing
vB —«
S such that O N K = (). By Theorem 2.6, let S, ; be a full-limiting sequence such that
lim S,,,1 = S. Thus, there exists a positive integer N, such that S,, € O forn > N.

n—o0

B —aD
According to Lemma 3.13, if 5,, > B f — > b Ba ,then S, < ’yB+aD’
which is a contradiction. Thus, it must be the case that both [ and S are in the interval
K. O

4 Proof of Theorem 1.1

We have defined the constant B" in (3.25), and by Lemma 3.10, we know that BT <
B*. We will prove Theorem 1.1 by partitioning the values of B as follows. For B < B™,
we will use Theorem 2.1 to show that, with the exception of a single value of B, the
unique equilibrium is a global attractor. For this single exception, we use Theorem 2.2.
Next, for BT < B < B*, we will use Theorem 2.3 to show that every solution converges
to the unique equilibrium. Finally, for B > B*, we use Theorem 2.3 and Theorem 3.9
to show that every solution converges to a not necessarily prime period-two solution,
and there exists a unique prime period-two solution.

D

Theorem 4.1. If B < B* and B # Y7 1 then the unique positive equilibrium of
Y

(1.1) is globally asymptotically stable.

Proof. Clearly BT < B*, thus Theorem 3.5 implies that Z is locally asymptotically
stable in this region of parameters. It suffices to show that under these conditions Z is a
global attractor.

This proof will use the Theorem 2.1.

Consider the function f(u,v) = B j[-—'l—)vv—i-
u uv + v

D
f(u,v) is decreasing in u when v is fixed. Further, if B < 2= then f(u,v) is decreas-
g

. Then, by (3.5), it is clear that

D
ing in v when w is fixed. Further, if B < BT, then by Lemma 3.15, there exists
Y
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vB —aD o

N € Z",such that z,, € K = ,
€ , suc atx, € B “B—aD

for all n > N, and which also

makes f(u,v) nonincreasing in v.
We will show that the following system has no positive solutions other than m = M.

_ a—+ym
" (B+1)m+ Dm?’
4.1
B a+yM
- (B4+1)M + DM?
Thus
(B + 1)mM + Dm*M = a + ym,
(B +1)mM + DmM? = o + yM.
Subtracting we obtain
DmM(m — M) =~(m — M)
DmM = .
Since we can assume m # M. Thus,
fy
= —. 4.2
m= 5 (4.2)
By substituting (4.2) into (4.1) we obtain
p=22 |
f}/

D
Thus, if B # %~ _ 1 then Theorem 2.1 implies that the unique positive equilibrium

is a global attractor. From Theorem 3.5, we see that in this region the equilibrium is
globally asymptotically stable. [

D
We now look at the point when B = e separately.
fy

Theorem 4.2. Suppose that B = > 1 Then, every solution of (1.1) converges to
the unique positive equilibrium, .

Proof. We will use Theorem 2.2. Observe that

d
%l’f(l',l') = 07

thus, x f(x, x) is nondecreasing in =. Hence, it follows that Z is a global attractor. [
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Theorem 4.3. Let & be the unique positive equilibrium of (1.1). The following state-
ments are true.

1. If Bt < B < B* then every solution of (1.1) converges to .

2. If B > B” then every solution of (1.1) converges to a period-two solution. Fur-
ther, the unique equilibrium is unstable, and every prime period-two solution is
unique.

Proof. In this region, f(u,v) is decreasing in u and increasing in v. By Theorem 2.3,
the subsequences {z2, }oo, and {xg,+1}, _; are eventually monotone. Since they are
eventually in J, a bounded interval, they must converge. By Theorem 3.9, if B <
B*, there are no period-two solutions present, thus every solution must converge to
the equilibrium. When B > B”*, we know that period-two solutions exist, and every
solution converges to a (not necessarily prime) period-two solution. The uniqueness of
the prime period-two solution follows from Theorem 3.9.

Lastly, in the case when B > B”* the equilibrium is unstable. To prove this, we
apply Theorem 3.5. Further, as a consequence of Theorem 3.9 we know that there
exists a unique prime period-two solution when B > B*. This concludes the proof of
Theorem 1.1. [

5 Conclusion

We saw that period-two solutions emerge for B > B*, and that the equilibrium is an
unstable saddle point in this region. We pose the following open problem.

Open Problem 5.1. Find the basin of attraction for the unique prime period-two solution
of (1.1) when B > B™.

An Application of Theorem 1.1 to a System

We will conclude this paper by showing how Theorem 1.1 can be applied to a system of
rational difference equations. Let us introduce the system of rational difference equa-
tions known as System (12, 17) in the numbering system defined in [4]. Namely,

«Q
Tpy] = —————
T B, + yn
forn=0,1,..., 5.1
Ynt1 = A+ x,

where the coefficients are positive real numbers and the initial conditions are nonnega-
tive real numbers such that the denominators are never zero.

This system was studied in [3], where it was determined that the system was bounded
in both components. Further, a nonautonomous variation of the system was studied
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in [22] where it was determined that both components are bounded when the coeffi-
cients are themselves sequences which are bounded from above and from below by
positive constants. We can iterate to obtain the following second-order equation for
ZTnt1, Which we can view as a special case of (1.1):

QA+ ax,_ 1
Aﬁxn + 55En$n—1 + Tp—1

Tpi1 = forn=0,1,... (5.2)
The global behavior of the system in (5.1) as well as the equation in (5.2) has been deter-
mined by Drymonis and Ladas, see [11], who showed that there is a unique equilibrium
which is globally asymptotically stable. We claim that this result will also follow from
our Theorem 1.1. Namely, we give the following corollary.

Corollary 5.2. Let {(zn,yn) }or be any solution of the system (5.1). Then the unique
positive equilibrium (Z,7y) is globally asymptotically stable.

Proof. After converting the system into the equation (5.2), we can define the new pa-
rameters as follows:

aA+ oz, o+,
I’n = =
i Aﬁzn + 6xn$n—1 + Tp-1 Blﬂjn + D/xnxn—l + Tp-1

and thus

VB — o' D' = aAf —aAB = 0.
Thus,

IYIQB/ — ’y/O/D/ < 7/2 + ’YIO/D/ + 20/ + 2(){/ /1 + ’YID/.

We can now apply case (1) of Theorem 1.1. [
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