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Abstract

This paper continues our study on the global character of solutions of a certain
rational difference equation. We present several new results together with some
known techniques which establish the eventually monotonic character of solutions
for a class of nonlinear difference equations in a certain range of their parameters.
Open problems and conjectures are provided for further investigations.
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1 Introduction
Consider the rational difference equation

xn+1 =
(αxn + βxnxn−1 + γxn−1)xn
Axn +Bxnxn−1 + Cxn−1

, n = 0, 1, . . . (1.1)
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where the initial conditions are positive and the parameters are nonnegative real numbers
such that the denominator is always positive. Eq. (1.1) was introduced in [12] where
several special cases were investigated and the global character of their solutions was
presented.

Eq. (1.1), which contains some interesting and some challenging special cases of
second–order rational difference equations, also arises from the rational system in the
plane:

xn+1 =
xn
yn

yn+1 =
α2 + β2xn + γ2yn
A2 +B2xn + C2yn

 , n = 0, 1, . . . . (1.2)

Systems of rational difference equations are currently under investigation by many
scholars in the field. As a result, many important theorems addressing boundedness,
global stability and bifurcation analysis are being developed. For some results on sys-
tems of difference equations, see [3–8, 10, 13, 17–19]. For further reading on nonlinear
difference equations, see [1, 2, 9, 11, 14, 15].

In Section 2, we introduce three new results which provide conditions under which
all solutions of a nonlinear difference equation are eventually monotonic. In Section
3, we present a couple of simple techniques that utilize a comparison theorem, Riccati
difference equations, and identities to describe the global behavior of all solutions of
the equations. In Section 4, we present open problems and conjectures for further in-
vestigations. The theorems presented in this paper have the potential to be extended and
generalized to address the global character of solutions of a larger family of nonlinear
difference equations.

2 Main Results
In this section, we present three new theorems which describe the global behavior of all
solutions of certain types of difference equations. Following the theorems, several illus-
trative examples, which are special cases of Eq. (1.1), are presented. In these examples,
all the parameters present are assumed to be strictly positive real numbers.

Theorem 2.1. Consider the nonlinear difference equation

xn+1 = xnf(xn, xn−1), n = 0, 1, . . . (2.1)

with the following assumptions:

1. f ∈ C[(0,∞)× (0,∞), (0,∞)].

2. Eq. (2.1) has a unique positive equilibrium point x̄.

3. f(x, y) decreases in the second argument.
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4. f(x, x) > 1 ⇐⇒ x > x̄ and f(x, x) < 1 ⇐⇒ x < x̄.

Then every positive and non eventually equilibrium solution {xn} of Eq. (2.1) is even-
tually monotonic and more specifically does exactly one of the following:

(i) If there exists an N ≥ 0 such that

xN ≤ xN−1 and xN ≤ x̄, (2.2)

then xn+1 ≤ xn for all n ≥ N and xn → 0.

(ii) If there exists an N ≥ 0 such that

xN ≥ xN−1 and xN ≥ x̄, (2.3)

then xn+1 ≥ xn for all n ≥ N and xn →∞.

(iii) If there is no N ≥ 0 such that neither (2.2) nor (2.3) can happen, then one of the
following two things can happen:

(a) if x−1 < x0 < x̄, then {xn} increases to x̄,

(b) if x̄ < x0 < x−1, then {xn} decreases to x̄.

Proof. Let {xn} be a solution of Eq. (2.1) with initial conditions x−1, x0 > 0. We
present only the proof of part (i). The proof of part (ii) is similar and will be omitted.
Assume that there exists some N ≥ 0 such that (2.2) holds. Then

xN+1 = xNf(xN , xN−1) ≤ xNf(xN , xN) ≤ xN

and the result follows by induction.
For part (iii) we establish only part (a). The proof of (b) is similar and will be

omitted. So assume that
x−1 < x0 < x̄

holds. If
x0 < x̄ ≤ x1

holds, then from (ii) we have a contradiction. Clearly we must have x1 < x̄. If

x1 ≤ x0 < x̄

holds, then again we reach a contradiction according to (i). Hence, we must have

x−1 < x0 < x1 < x̄.

Similarly,
x−1 < x0 < x1 < x2 < x̄.

Inductively we have that

x−1 < x0 < x1 < x2 < . . . < xn < xn+1 < . . . < x̄

and the result follows.
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Theorem 2.2. Consider the nonlinear difference equation

xn+1 = xnf(xn, xn−1), n = 0, 1, . . . (2.4)

with the following assumptions:

1. f ∈ C[(0,∞)× (0,∞), (0,∞)].

2. f(x, y) ≥ 1 ⇐⇒ x ≥ sy

D + y
, s ≤ D,

where s and D are positive real numbers. Then Eq. (2.4) has no positive equilibrium
points and every positive solution is eventually monotonic. More precisely, every solu-
tion {xn} of Eq. (2.4) does exactly one of the following.

(a) If there exists an N ≥ 0 such that xN ≥
sxN−1

D + xN−1
, then xn+1 > xn for all

n > N and the solution diverges to infinity.

(b) If there is no N ≥ 0 such that (a) holds, then xn+1 < xn for all n ≥ 0 and the
solution converges to zero.

Proof. Assume that x̄ is a positive equilibrium point of Eq. (2.4). That is,

x̄ = x̄f(x̄, x̄) ⇐⇒ f(x̄, x̄) = 1

which implies that

x̄ =
sx̄

D + x̄
⇐⇒ x̄ = s−D ≤ 0,

which is a contradiction. In order to prove (a) assume that there exists an N ≥ 0 such
that xN ≥

sxN−1
D + xN−1

. Then, we have

f(xN , xN−1) ≥ 1 ⇐⇒ xNf(xN , xN−1) ≥ xN ⇐⇒ xN+1 ≥ xN .

But then it holds
xN+1 ≥ xN ≥

s

D
xN >

sxN
D + xN

,

or

xN+1 >
sxN

D + xN
⇐⇒ f(xN+1, xN) > 1⇐⇒ xN+1f(xN+1, xN) > xN+1 ⇐⇒

xN+2 > xN+1,

and the proof follows by induction. If there is noN ≥ 0 such that (a) holds, then clearly
(b) must follow.
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Example 2.3. Consider the nonlinear difference equation

xn+1 =
(αxn + xnxn−1)xn

xn−1
, n = 0, 1, . . . . (2.5)

When α < 1, Eq. (2.5) has the unique equilibrium point x̄ = 1 − α which is a saddle.
Here Theorem 2.1 applies and describes the behavior of all solutions. To see this, the
function

f(x, y) =
αx+ xy

y

is continuous in its domain and is decreasing in y. Finally

f(x, x) ≥ 1 ⇐⇒ x ≥ x̄.

Hence, solutions either converge to the equilibrium, eventually decrease to zero or in-
crease to infinity.

When α ≥ 1, Theorem 2.2 applies. To see this,

f(x, y) =
αx+ xy

y
≥ 1 ⇐⇒ x ≥ y

α + y
=

sy

D + y
,

here s = 1 ≤ α = D, and in this case, solutions eventually increase to infinity or
decrease to zero.

Example 2.4. Consider the nonlinear difference equation

xn+1 =
(αxn + xnxn−1 + xn−1)xn

Cxn−1
, n = 0, 1, . . . . (2.6)

When α+ 1 < C, Eq. (2.6) has the unique equilibrium point x̄ = C − α− 1 which is a
saddle. In this case, Theorem 2.1 applies and describes the behavior of all solutions. To
see this, the function

f(x, y) =
αx+ xy + y

Cy

is continuous on its domain and is decreasing in y. Finally

f(x, x) ≥ 1 ⇐⇒ x ≥ x̄.

Hence, solutions either converge to the equilibrium, eventually decrease to zero or in-
crease to infinity.

When α + 1 ≥ C and C > 1, Theorem 2.2 applies since

f(x, y) =
αx+ xy + y

Cy
≥ 1 ⇐⇒ x ≥ (C − 1)y

α + y
=

sy

D + y
,

here s = C − 1 ≤ α = D. Hence, solutions eventually increase to infinity or decrease
to zero.
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Example 2.5. Consider the difference equation

xn+1 =
(αxn + xnxn−1)xn

Axn + xn−1
, n = 0, 1, . . . . (2.7)

When α ≥ 1 + A, Theorem 2.2 applies since

f(x, y) =
αx+ xy

Ax+ y
≥ 1 ⇐⇒ x ≥ y

α− A+ y
=

sy

D + y
,

where s = 1 ≤ α − A = D. Hence, every solution eventually either decreases to zero
or increases to infinity.

Theorem 2.6. Consider the nonlinear difference equation

xn+1 = xnf(xn, xn−1), n = 0, 1, . . . (2.8)

with the following assumptions:

1. f ∈ C[(0,∞)× (0,∞), (0,∞)].

2. f(x, y) ≤ 1 ⇐⇒ y ≥ sx

E + x
, s ≤ E,

where s and E are positive real numbers. Then Eq. (2.8) has no positive equilibrium
points and every positive solution is eventually monotonic. More precisely every solu-
tion {xn} of Eq. (2.8) does either one of the following.

(a) If there exists an N ≥ 0 such that xN−1 ≥
sxN

E + xN
, then xn+1 < xn for all

n > N and the solution converges to zero.

(b) If there is no N ≥ 0 such that (a) holds, then xn+1 > xn for all n ≥ 0 and the
solution diverges to infinity.

Proof. Assume that x̄ is a positive equilibrium point of Eq. (2.8). That is

x̄ = x̄f(x̄, x̄) ⇐⇒ f(x̄, x̄) = 1

which implies that

x̄ =
sx̄

E + x̄
x̄ = s− E ≤ 0

which is a contradiction. In order to prove (a) assume that there exists an N ≥ 0 such
that xN−1 ≥

sxN
E + xN

. Then, we have

f(xN , xN−1) ≤ 1 ⇐⇒ xNf(xN , xN−1) ≤ xN ⇐⇒ xN+1 ≤ xN .
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But then it holds
xN ≥ xN+1 ≥

s

E
xN+1 >

sxN+1

E + xN+1

,

or

xN >
sxN+1

E + xN+1

⇐⇒ f(xN+1, xN) < 1 ⇐⇒ xN+1f(xN+1, xN) < xN+1 ⇐⇒

xN+2 < xN+1,

and the proof follows by induction. If there is noN ≥ 0 such that (a) holds, then clearly
(b) must follow.

Remark 2.7. The difference equations presented in the following two examples are spe-
cial cases of Eq. (1.1) (and System (1.2)) where the boundedness character was pre-
sented in [12] based on the results established in [3]. Hence, all positive solutions of
these two difference equations are bounded.

Example 2.8. Consider the difference equation

xn+1 =
(αxn + xn−1)xn
xnxn−1 + Cxn−1

, n = 0, 1, . . . . (2.9)

When 1 + α ≤ C, Theorem 2.6 applies and describes the behavior of all solutions. To
see this,

f(x, y) =
αx+ y

xy + Cy
≤ 1 ⇐⇒ y ≥ αx

C − 1 + x
=

sx

E + x
,

where s = α ≤ C − 1 = E. Since all solutions are bounded, it follows that every
solution eventually decreases to zero.

Example 2.9. Consider the difference equation

xn+1 =
x2n

Axn + xnxn−1 + Cxn−1
, n = 0, 1, . . . , (2.10)

and assume that A + C ≥ 1 and A < 1. Then Theorem 2.6 applies and describes the
behavior of all solutions. To see this,

f(x, y) =
x

Ax+ xy + Cy
≤ 1 ⇐⇒ y ≥ (1− A)x

C + x
=

sx

E + x
,

where 1 − A = s ≤ C = E. Since all solutions are bounded, it follows that every
solution eventually decrease to zero.
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3 Comparison Principle, Riccati Equations and Identi-
ties

In this section, first we present a simple technique that relies on a known comparison
principle (see [16]) and helps to establish the global behavior of solutions of certain
types of nonlinear difference equations. Then we combine properties of Riccati differ-
ence equations with identities satisfied by solutions to describe the long term behavior
of all solutions of those difference equations.

To demonstrate the technique, we consider Eq. (1.1) in a certain range of its pa-
rameters where the equation has no equilibrium points. For this range of parameters,
solutions are eventually monotonic and either increase to infinity or decrease to zero. In
order to establish this eventually monotonic behavior, we examine the ratios of consec-
utive terms in the solution of the difference equation. This is described in the proof of
the following lemma.

Lemma 3.1. Let {xn} be a solution of

xn+1 =
(αxn + xnxn−1 + xn−1)xn
Axn +Bxnxn−1 + Cxn−1

, n = 0, 1, . . . , (3.1)

and assume that

B > 1, C > α, and αB +B + C < BC.

Then {xn} eventually decreases to zero.

Proof. By dividing both sides of Eq. (3.1) by xn, we have

xn+1

xn
=

αxn + xnxn−1 + xn−1
Axn +Bxnxn−1 + Cxn−1

≤
(α
C

) xn
xn−1

+
1

B
+

1

C
.

Let zn+1 =
xn+1

xn
and z0 ≤ w0 where w0 is the initial condition of the linear difference

equation

wn+1 =
(α
C

)
wn +

1

B
+

1

C
.

Based on the fact that
zn ≤ wn for all n ≥ 0

and
lim
n→∞

wn = w̄ =
C +B

B(C − α)
,
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it follows that for each ε > 0, there exists an N ≥ 0 such that for all n ≥ N we have

zn ≤ wn <
C +B

B(C − α)
+ ε.

But
w̄ =

C +B

B(C − α)
< 1 ⇐⇒ αB +B + C < BC.

Hence we can choose ε such that eventually

zn+1 =
xn+1

xn
< 1 ⇐⇒ xn+1 < xn

from which the results follows since in the given range of the parameters, the difference
equation has no equilibrium points.

The following example uses the above idea to show that every solution of a given
difference equation eventually increases and diverges to infinity.

Example 3.2. Consider the difference equation

xn+1 =
(αxn + xnxn−1 + xn−1)xn

Axn + Cxn−1
, n = 0, 1, . . . . (3.2)

Let {xn} be a solution of Eq. (3.2) and assume that A + C < α, then {xn} eventually

increases to infinity. To establish this, introduce the change of variables xn =
1

yn
. Then

Eq. (3.2) becomes

yn+1 =
(Ayn−1 + Cyn)yn
αyn−1 + 1 + yn

, n = 0, 1, . . . . (3.3)

Now we have
yn+1

yn
≤
(
C

α

)
yn
yn−1

+
A

α
,

from which it follows that, in the given range of the parameters, {yn} eventually de-
creases to zero (in the absence of an equilibrium points). Hence, {xn} eventually in-
creases to infinity.

Example 3.3. Consider the difference equation

xn+1 =
(αxn + γxn−1)xn
Axn + xn−1

, n = 0, 1, . . . . (3.4)

When A+ 1 6= α + γ, Eq. (3.4) has no equilibrium points.

(i) Let A+ 1 > α+ γ. Then every solution of Eq. (3.4) eventually decreases to zero.
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(ii) Let A + 1 < α + γ. Then every solution of Eq. (3.4) eventually increases to
infinity.

To establish (i) and (ii), introduce the change of variables

zn =
xn
xn−1

,

and Eq. (3.4) transforms to the Riccati difference equation

zn+1 =
αzn + γ

Azn + 1
, n = 0, 1, . . . .

Hence, every solution converges to

z̄ =
α− 1 +

√
(1− α)2 + 4γA

2A
> 0.

(i) Let A+ 1 > α + γ. Then zn → z̄ < 1. Hence, eventually

xn+1

xn
< 1 ⇐⇒ xn+1 < xn.

(ii) Let A+ 1 < α + γ. Then zn → z̄ > 1. Hence, eventually

xn+1

xn
> 1 ⇐⇒ xn+1 > xn.

Lemma 3.4. Let {xn} be a solution to the difference equation

xn+1 =
(αxn + xnxn−1 + xn−1)xn

Axn + xnxn−1
, n = 0, 1, . . . , (3.5)

where 1 + α = A. Then

(i) x−1 < x0 ⇒ x2n−1 < x2n+1 and x2n > x2n+2, for all n ≥ 0.

(ii) x−1 > x0 ⇒ x2n−1 > x2n+1 and x2n < x2n+2, for all n ≥ 0.

Moreover, {xn} converges to an equilibrium point.

Proof. When 1 + α = A, Eq. (3.5) has infinitely many equilibrium points that are non–
hyperbolic. Moreover, every solution of Eq. (3.5) satisfies the following two identities
from which (i) and (ii) are easily established.

xn+1 − xn−1 =

(
α + xn−1
A+ xn−1

)
(xn − xn−1), for all n ≥ 0,

and

xn+1 − xn =

(
1

1 + α + xn−1

)
(xn−1 − xn), for all n ≥ 0.
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Next assume, for the sake of contradiction that

lim
n→∞

x2n = m ≥ 0 and lim
n→∞

x2n+1 =∞.

From Eq. (3.5) we have

x2n+1 =
(αx2n + x2nx2n−1 + x2n−1)x2n

Ax2n + x2nx2n−1
or x2n+1 =

αx2n + x2nx2n−1 + x2n−1
A+ x2n−1

or

x2n+1 =
α x2n

x2n−1
+ x2n + 1

A
x2n−1

+ 1

and by taking limits we conclude that

∞ = m+ 1

which is a contradiction. Hence,

lim
n→∞

x2n+1 = l > 0,

and the result follows since Eq. (3.5) has no prime period–two solutions.

The following is a well-known lemma about Cauchy sequences.

Lemma 3.5. Let {xn} be a sequence of real numbers and let r be a real number that
satisfies 0 < r < 1. Suppose that |xn+1 − xn| ≤ r|xn − xn−1| for all n > 1. Then {xn}
is a Cauchy sequence and hence converges.

Lemma 3.6. Let {xn} be a solution of Eq. (3.4) and assume that

A+ 1 = α + γ and γ < 1,

then {xn} converges to a finite limit.

Proof. It is easy to verify that {xn} satisfies the following identity

xn+1 − xn =
(1− γ)xn
Axn + xn−1

(xn − xn−1) (3.6)

from which the following holds true.

(i) x−1 < x0 ⇒ xn < xn+1, for all n ≥ 0 and

lim
n→∞

xn =∞ or lim
n→∞

xn = x̄.
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(ii) x−1 > x0 ⇒ xn > xn+1, for all n ≥ 0 and

lim
n→∞

xn = 0 or lim
n→∞

xn = x̄.

For zn =
xn
xn−1

→ z̄ =
α− 1 +

√
(1− α)2 + 4γA

2A
= 1. Let ε <

γ

1− γ
, then there

exists an N such that
xn
xn−1

< 1 + ε, for all n ≥ N.

Then from Identity (3.6):

|xn+1 − xn| < (1− γ)(1 + ε)|xn − xn−1|, for all n ≥ N,

from which it follows from Lemma 3.5 that {xn} is a Cauchy sequence and thus con-
verges since 0 < (1− γ)(1 + ε) < 1.

4 Open Problems and Conjectures

Conjecture 4.1. The positive equilibrium x̄ of each of the difference equations #13,
#14,#22,#23,#24,#25, and #27 (see the Appendix) in the range of their parameters
when x̄ is locally asymptotically stable is also a global attractor.

Conjecture 4.2. For the difference equations #10,#21,#25, and #27 when the posi-
tive equilibrium x̄ is a saddle point, every positive solution either converges monotoni-
cally to x̄, or eventually decreases to zero or increases to infinity.

Conjecture 4.3. For the difference equations #14,#23, and #25 in the range of their
parameters where each difference equation has infinitely many equilibrium points, every
solution converges to a finite limit.

Open Problem 4.4. For the difference equations #22,#23, #25, and #27 in the range
of their parameters where there are no equilibrium points, describe the long term behav-
ior of the solutions in terms of the initial conditions.

Appendix

In [12], an Appendix was presented with all the nontrivial cases of Eq. (1.1). Several
of these equations have been addressed throughout that paper and the current one. Here
we present the special cases in which, in some range of their parameters, the global
behavior of their solutions has not been settled. The numbering we refer to is the one
presented in [12].
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#8 xn+1 =
x2n

xnxn−1 + Cxn−1
May’s Host Parasitoid Model

#10 xn+1 =
(αxn + xnxn−1)xn

Axn + xn−1
α < 1 + A

#13 xn+1 =
(αxn + xn−1)xn
xnxn−1 + Cxn−1

α + 1 > C

#14 xn+1 =
(αxn + xnxn−1)xn
Bxnxn−1 + xn−1

α,B > 1, or α = B = 1

#21 xn+1 =
(αxn + xnxn−1 + xn−1)xn

Axn + Cxn−1
α + 1 < A+ C

Open for study except when

#22 xn+1 =
(αxn + xnxn−1 + xn−1)xn

Axn +Bxnxn−1
α + 1 < A, B < 1,

α + 1 = A, B = 1

#23 xn+1 =
(αxn + xnxn−1 + xn−1)xn

Bxnxn−1 + Cxn−1
Open for study except when

α + 1 < C, B < 1

#24 xn+1 =
(αxn + xn−1)xn

Axn + xnxn−1 + Cxn−1
α + 1 > A+ C

#25 xn+1 =
(αxn + xnxn−1)xn

Axn +Bxnxn−1 + xn−1
Open for study

Open for study except when

#27 xn+1 =
(αxn + xnxn−1 + xn−1)xn
Axn +Bxnxn−1 + Cxn−1

α + 1 = A+ C, B = 1, or

B > 1, C > α, αB +B + C < BC
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