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Abstract

For a nonautonomous discrete SIQR model, we obtain conditions for perma-
nence and extinction of the disease and we establish the global asymptotical sta-
bility when our conditions determine extinction. We also discuss the particular
autonomous and periodic situations, where our conditions are sharp thresholds be-
tween permanence and extinction of the disease.
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1 Introduction

The study of epidemic models with an isolation or quarantined class is a common sub-
ject in mathematical epidemiology. In this paper we consider a nonautonomous dis-
crete SIQR model, an epidemiological model where the population is divided in four
compartments. These compartments denoted S, I, () and R correspond respectively
to uninfected individuals that are susceptible to the disease (susceptible compartment),
the individuals that are infected and not isolated (infective compartment), the isolated
individuals (isolated compartment) and the recovered and immune individuals (recov-
ered compartment). This model can be translated into the following system of nonau-
tonomous difference equations:

Spi1— Sp =N, — BuSnirln — dpSnit

Iy — In = BnSniiln — [Yn + 0n + dpn + (1)n] Lnt1
Qni1 — Qn = oplnia — [dy + (@2)n + €n)Qnia

Roy1 — Ry = lni + €001 — dn R

n=0,1,--. (L1
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The parameters used have the following meaning: d,, is the per capita natural mortality
rate; -, is the recovery rate; o, is the removal rate from the infectives; («),, is the
disease related death in the infectives; (as), is the disease related death in the isolated
class; and ¢, is the removal rate from the isolated class. In this paper we consider
the incidence into the infective class given by (3,,5,,+11,. Note that it is assumed in this
paper that the isolated individuals are perfectly separated from the others and thus do not
infect the susceptibles. It is also assumed that the infection confers lifelong immunity
upon recovery like in the case of mumps, measles and rubella.

Our model is a nonautonomous and discrete time counterpart of one of the six
continuous-time models considered in [11], where the authors discuss two family of
models with isolation. In that paper, for each family, three types of incidence func-
tion are considered: mass-action, standard and quarantined adjusted incidences. Our
model is derived by applying Mickens nonstandard finite difference method [17] to the
continuous SIQR model with mass-action incidence in [11]. A continuous-time nonau-
tonomous version of our model was considered in [24], where a family of models with
general incidence functions is discussed.

In autonomous epidemic models the basic reproduction number R, (the average
number of secondary infections produced when one infected individual is introduced
to a host population where everyone is susceptible [12]) is a fundamental tool in deter-
mining the extinction/persistence of the disease. Usually, when Ry < 1 the disease is
extinct and if Ry > 1 we have persistence.

In the nonautonomous case the situation is not so simple. In spite of this, several
results related to the permanence and extinction of the disease for nonautonomous epi-
demic models have been obtained [13, 15, 16, 18-20,24-27,30,31].

Epidemic models with isolation or/and quarantine were addressed in several papers
in the literature. An SIQR model for childhood diseases was considered by Feng and
Thieme [7] and it was showed that isolation can lead to self-sustained oscillations. Some
dynamical aspects of Feng and Thieme’s model were studied by Wu and Feng [28] that
found Hopf and homoclinic bifurcations associated to the unfolding of a normal form
derived from the model. Models with quarantine and a latent class were considered
by Gerberry and Milner [9] and by Yi, Zhao and Zhang [29]. A model with twelve
different classes was proposed by Safi and Gumel [23] to study the impact of quarantine
and isolation in limiting the spread of an infectious disease in the population. The same
authors studied a delayed model including a quarantined class [21] and recently [22]
they considered a two patch model and showed that the imperfect nature of quarantine
in the two patches could lead to backward bifurcations when the associated reproduction
number of the model is less than unity.

A different approach to modelling quarantine was considered by Arino, Jordan and
van den Driessche [2] that studied a model where a disease that can be transmitted
between different species and different patches and where quarantine is present in the
form of travel restriction between patches.

Note that, with the exception of the model in [24], all the models referred above
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are autonomous models. In spite of this, periodic or quasiperiodic behaviour is seldom
observed in the process of disease transmission [1,3-6, 8, 10, 14]. Note also that all the
above models are continuous. We should mention that the formulation of the nonau-
tonomous discrete SIQR model considered in this work was inspired by the use of a
nonstandard finite difference method to obtain a discrete version of a SIRVS model in a
recent paper by Zhang [32].

2 Nonautonomous Discrete SIQR Model

In this section, we make some assumptions, establish some properties of the solutions
of our model and obtain some auxiliary results.
We will assume that

H1) (Ay), (dn), (9n)s (0n), ((@1)n), ((a2),) and (g,) are bounded and nonnegative
sequences;

H2) there is w € IN such that

n+w

lim sup H 1 +dk

n—-+o0o

It follows from H2) that there are constants X > 0 and 6 €]0, 1] such that

n—1 1
< Ko™ 2.1
k1:_£ 1+ d; ’ 2.1

for any m,n € IN.
Given a bounded sequence (h,,) we will use the notation

h* =suph, and A’ = inf h,.

n>0 n=>0
Consider the auxiliary equation

A, 1

where A,, and d,, are the birth and death rate in (1.1). The solutions of this equation
will be important to determine threshold conditions for the permanence and extinction
of the disease. In the next lemma some properties of the solutions of equation (2.2) are
established.

Lemma 2.1. We have the following:
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i) All solutions (x,,) of equation (2.2) with initial condition xo > 0 are nonnegative
foralln € IN;

ii) All solutions (x,,) of equation (2.2) with initial condition xo > 0 are positive for all
n € IN;

iii) Given a solution (x,) of equation (2.2) with initial condition xo € [A*/d", A*/d"]

we have
A¢ AY

@SS T

foralln € IN;

iv) Each fixed solution (x,) of (2.2) with initial condition xy > 0 is bounded and
globally uniformly attractive on [0, +00);

v) There is a constant D > 0 such that, if (z,,) is a solution of (2.2) and (&) is a
solution of the system

Tp+1 = Td‘f, TLZO,l,... (23)
with To = xq then
sup |z, — x,| < D sup|f,l.
n=0 n=0

Proof. Properties i) and ii) are immediate. If z,, < A“/d’ we have

_ A, A" Av A"
144,

< -
1 +d, S1i+d  (+dd &

and, if z,, > A’ /d* we have

A T, A* A* A*

=" > =
S M S B TR G R T

and property iii) follows. The solution of the nonautonomous first-order difference
equation (2.2) it is given by

n—1 n—1 n—1
Tpir = (H 1+1dm> xO+ZAm <gﬂlidk>' (2.4)

m=0

By (2.4) and H2), we have

n—1
0
Top1 S 2KO"" 4+ Y ALK < moK + N K+,

m=0
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and thus (z,,) is bounded.
Letting (y,) be some other solution of (2.2), we have by (2.4) and

n—1
Am u n
|xn+1 _ynJrl‘ = <H 1—|—d ) ’mo—yo‘ g A"K0 ’xo—yo‘ - 07

m=0

as n — +oo and we obtain property iv).
Give solutions (z,,) of (2.2) and (Z,,) of (2.3) such that zo = %, we define u,, =
|z, — Z,| and note that uy = 0. By (2.4) we have

In N 1
Unp,
14+d, 1+d,

un—f—l <

< fn + 1 fn—l + 1 u
S14d, 1+d,\1+d, ,  1+d,,; "'
< -
n—1 n—1 n—1 1 (2 5)
n—1 n—1
1
=Zm<ﬂ )
m=0 k=m 1 + dk
Ko
<
ST 4 fni%fm’
and we obtain v) setting D = K6/(1 — 6). O

Next we state some simple facts about problem (1.1).
Lemma 2.2. We have the following:

i) All solutions ((Sy, I, Qn, Ry)) of (1.1) with S > 0, Iy = 0, Qo = 0 and Ry > 0
satisfy S, > 0, I,, > 0, Q, = 0and R,, > 0 for all n > 0;

ii) All solutions ((Sp, In, Qn, Ry)) of (1.1) with Sg > 0, Iy > 0, Q9 > 0 and Ry > 0
satisfy S, > 0, I, >0, Q, > 0and R,, > 0 foralln > 0;

iii) If ((Sn, I, Qn, Ry)) is a solution of (1.1) with nonnegative initial conditions then
there is a constant L > 0 such that

limsup (S, + I, + Q, + R,,) < L.

n—-+o0o

Proof. By the first two equations in (1.1), we conclude that

An + Sp

Spg1 = ————
T 1 dy + Bl
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and
(ann—&-l + 1)In

1 +7n +0n +dn + (al)n.
Thus, if Sy, Iy > 0, we conclude that S; > 0, and therefore I; > 0. Proceeding by

induction on n we can easily conclude that S,,, I, > 0 for all n € IN;. By the last two
equations in (1.1), we have

[nJrl =

Qn + UnIn+1
] = 2.6
@ni1 1+d, +en + (Q2)n (2.6)
and
R — Ry + Ynt1dns1 + €nQnia
n+1 — .

1+d,

Thus, if Qo, Ry, Iy, So > 0, we have by the previous argument S,,, [,, > 0 for all n € Ny,
and we conclude that (); > 0, and therefore R; > 0. Proceeding by induction on n we
can easily conclude that @,,, R, > 0 for all n € INy. Similar arguments allow us to
draw similar conclusions for nonnegative initial conditions instead of positive initial
conditions. We have proved 1) and ii).

Writing N,, = S, + I, + @,, + R,, and adding the equations in (1.1), we obtain

Ay 1 A, 1
pr— - - < .
Moo= Y14 (Mo = ()nlnss = (@2)n@ni1) < 371 z tig

By comparison we have N,, < x,,, where (x,,) is the solution of (2.2) with zy = Nj and,
by iv) in Lemma 2.1, we have iii). ]

3 Extinction and Persistence of the Infectives

In this section we will establish our main results on the persistence and extinction of the
disease. For each solution (z}) of (2.2) with 2y > 0 and each A > 0, define the numbers

. 1+ 6kxz 1
R,(A\) = liminf + 3.1
o) ot LT o di + () G-
and
n+A
1+ *
Re(N) = limsup H Bris (3.2)

We will see that the numbers R, () and R.(\) do not depend on the particular positive
solution of (2.2). This numbers play the role of the basic reproduction number in the
nonautonomous setting.

We have the following result.
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Lemma 3.1. The numbers R,(\) and R.(\) are independent of the particular solution
() with x5 > 0 of (2.2).

Proof. Since we don’t know whether the numbers in (3.1) and (3.2) depend on the
particular solution of (2.2) or not, write R, (z, \) and R.(x, A) for the numbers in (3.1)
and (3.2) corresponding to the solution z = (z,,) of (2.2).

Let z* = () and y* = (y;) be distinct solutions of (2.2). By iv) in Lemma 2.1,

rp—e<y,<ap+e¢

for k sufficiently large, say & > N. Therefore

n )\ *

f[ 1+6kyk+1

fen 1 +'Yk; +O'k +dk + (al)k
n+A

< H 1+ﬁk$z+1+ﬁk€
= 14 v + o+ di + (1)k

k=n
(3.3)
n+\
1 +6kxz+1 )
< + ek
= IEL <1+7k+0k+dk+(a1)k
n+A A+1
I+ /ka]t_t,_l ()\ + ]_) A l—d i
< 4 ' gl pAtl TR,
H1+wk+ak+dk+(a1)k ; j

forn > N, where

sy _ 5
= and FE = .
1+7€+U€+d€+(a1)f 1+fyf+o—f+d€+(a1)€
By the same reasoning,
n )\ %
ﬁ 1+ Brypiq
o L+ ok + di + (o)

n+A k
i I+ 5k37k+1 — Bre

- H 14+ v+ ox + di + (c1)k

k=n

(3.4)

n—+A * A+1
= . 9
i L ton+dp+ (o 4\

for n > N, where

1 _i_ﬂﬁ(x*)f BE
= and G = .
1_|_,7u+0-u+du+(a1>u 1+fyu+0-u+du+(a1)u
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By (3.3) and (3.4) we have

A+1
R, (2" \) —Z( i )sﬂF*“—JGﬂ

=1\
< Rp(y*v )‘)
A+1
1 . .
SRy(e™ N+ (“. )ypw—u;ﬂ
. J
7j=1

and similarly

A+1
A1\ . o
Re(z,\) _Z( ;" )ng)\JrleJ
j=1

< Re(y, N)

)SjD”lej.
J

<Re(z" N+

j=1

A+1 ()\+1

By the arbitrariness of € > 0 we obtain the result. U

We state our theorem on the extinction of the disease.

Theorem 3.2. If there is a constant X > 0 such that R.(\) < 1 then the infectives (I,,)
go to extinction in (1.1) and any disease-free solution ((S;;,0,0,0)) of (1.1), where (S;)
is a solution of (2.2), is globally asymptotically attractive.

Proof. Since R, < 1 then there are 9, > 0 and N € IN such that
e 1+ 6k($2+1 + €o)

gl+7k+0k+dk+(a1)k

<1-—g¢, (3.5)

for n > N. By the first two equations in (1.1), we conclude that

A, + S, o A, 1

Sn = S Sn
T+ d, + B, 1+d 1+d

and thus S,, < x,,, where (x,,) is a solution of (2.2) with Sy = (. By iv) in Lemma 2.1
we have |z, — x| < g for sufficiently large n, say n > N; > N. Thus

Sngxngx:;_‘_g();
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for n > Nj. Therefore, by (3.5),

(1 + ﬁnSnJrl)[n
1+7n+0—n+dn+(al>n
(1+ ﬁn(%ﬁﬂ + €0))In
= 1+’7n+0-n+dn+(al)n

In—l—l -

< (1 — E) I,_\_1
< (L=e)ODI Lo oe
<dc™,

-----

n — 400 and we have extinction of the infectives.

Let ((Sy, In, Qn, R,)) be any solution of (1.1) and consider ((S},0,0,0)), where
(Sr) is a solution of (2.2), that is a disease-free solution of (1.1).

Since I,, — 0 as n — +o0, given 6 > 0 thereis " € N such that [,, < d forn > T.
Letting U,, = S,, — S, we have, by the first equation in (1.1),

Un+1 - Un = _dnUn+1 - ﬂnsn+lln7
forn > T'. Thus, by iii) in Lemma 2.2,
—6“Lo < (1 +d,)Upy1 — Uy, <0,
for n sufficiently large. We get, for ¢ > 0 sufficiently small
“Lo 1
FULY :
1+d, 1+d,
B Lo 1 YK ) 1
> — U,_
+d " 1ra \1td, 1ira_, !

Un+1 > =

> .
n—1 1 n—1 n—1 1
. uL5 m+1
7 m=01—|—alm . mzzo(ﬁ ) <1Hn1+dk>
n—1 1 n—1
—0fB“L Ko
S\ e 2
n—1
1 B“LKO
~ I[OHdm b-5=g°
BULK#
> =4 J.

Similarly,
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Since
n—1

71_[1—1—(1 as n — +o09o,

given § > 0, we have |U,,11| < M§, where M = “LK0/(1 — 0), for sufficiently large
n. We conclude that |U,,| — 0 as n — +oc and thus

S, — S, as n — +oo. (3.6)

Again, since [,, — 0 as n — 400, given 6 > 0 we have
o 1
0+
l4+dy+en+ (), 14+d,+en+ (a2)y

1, 1
nO’ 5+—1+ann (37)
1

1+d
= o’}
K

for sufficiently large n, and, since 6 > 0 is arbitrary, we conclude that (),, — 0 as
n — —+oo. Since, Q,,, I,, — 0 as n — +o0, given § > 0 we have

Qn+1 < Qn

R, + Yot1lnt1 +€.Qnt1

RnJrl: 1+d
ST e R (3.8)
n—1
1 (Y +e*)0
R 2 K§
<<m:01+dm> o+ 1—9 )

for sufficiently large n and, since 6 > 0 is arbitrary, R,, — 0 as n — 4o0.
Finally, by (3.6), (3.7) and (3.8) we conclude that (S, I,,, @, R,) — (S:,0,0,0)
as n — +oo and we obtain our result. L]

Theorem 3.3. If there is a constant A\ > 0 such that R,(\) > 1 then the infectives (I,,)
are strongly persistent.

Proof. Assuming that R, > 1, there is £y > 0 such that
n+A

lim sup H L+ Byl — 20)
n— oo - 1+’Yk+0k+dk+(041)

> 1. 3.9

Given £; > 0, consider the auxiliary equation

A, +x, — B,Le
Tnpl = ; +d6 L (3.10)
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Given ng € N and x¢,y, € R, let (,,) be the solution of (2.2) with initial condition
Tn, = Zo and let (Z,,) be the solution of (3.10) with Z,,, = . By v) in Lemma 2.1 we
have
|xn - fn| < DLEI sup 671’
nelN

for all n > ng. Thus there is €; > 0 sufficiently small such that

70 = Tl < 5 G3.11)
for all n > ngy. On the other hand, by iv) in Lemma 2.1, there is n; € IN with n; > ng
such that

|z, — 2| < 5 (3.12)

for all n > n;.
Let now ((Sy, I, @n, Ry)) be any solution of (1.1) with [, > 0 for all n € IN. We
claim that
limsup I,, > €. (3.13)
n—-+o0o
To prove that (3.13) holds, we will proceed by contradiction. Assuming that it is not
true, there is no € IN such that I,, < €; for all n > n,. By the first equation in (1.1), we
conclude that

A, + Sn — Bl Snaa S A, + S, — Bnley

Z 3.14
1+d, 1+d, G194

Sn+1 -

Let (Z,,) be the solution of (3.10) with initial condition z,,, = S,,,. Comparing (3.10)
with (3.14) we conclude that

S, > ,, forall n > ns.

By (3.11) and (3.12), we get

€0

Sy, =Ty > T, — 5

> {L';: — €0,

for all n sufficiently large, say n > ng > ns.
From the second equation in (1.1), we conclude that

(14 8.Sni1) 1,
L+, +0n +dp+ (1)
1+ Bn(x:l—&-l - 50)

T 14y Fon Fdy+ ()

[n+1 =

(3.15)

ny

for all n > ns. Therefore, by (3.9) and (3.15), we conclude that /,, — +00. A contra-
diction to iii) in Lemma 2.2. Thus the infectives (/,,) are weakly persistent, namely we
have (3.13).
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We will now use the weak persistence to prove the strong persistence. With no loss
of generality we may assume that there is g > 0 such that

14 Blat,, — <o)

kl]r; 1+”yk+0k+dk+(a1)k
for all n € IN. For each zy = (.Sy, 1o, Qo, Ro), denote by ((Sh.zqs .29, @nozes Fonz)) the
solution of (1.1) with (S, .,(0), I, 2, (0), @n.2,(0), Ry 2, (0)) = (So, Lo, Qo, Ro)-

Proceeding by contradiction, if the system is not strong persistent, then there is a
sequence of initial values 2o, = (So k, Lok, Qoks Rox), k € IN, such that

> 1. (3.16)

€0

< =k (3.17)

liminf 7;, ., ,
n—-+0o

From (3.13) and (3.16), for each k& € IN there are sequences (s, ) and (,, x) such that

0< S <Tigp <Sop <lop <+ < Spp <Tlmp <--+, (3.18)
Smk — +00 as m — +00, (3.19)
€ €
[Sm,k,zo,k > ZO’ Itm,hzo,k < k_gv (3-20)
and - -
k—g < Lpsgy < EO forall n € Sy k, tms — 1] NN (3.21)

For any n € [s;, 1, timx — 1] N IN, we have

1 + /371‘S(TL-%-LZ()’}C

1+f7n+0-n+dn+(a1)n
1

=
1+’Vn+0-n+dn+(a1>n
1

1+n

[n+1»Z0,k = 1,20,k

1,20,k

= n,20,k )

where 1 = sup(~, + 0, + d, + (a1),) > 0. Therefore, by (3.20), we obtain
nelN

tm k—Sm.k tm,k—Sm,k
€0 1 > , 1 , * g0
7o > [ Z 2 PR [S Z > PR _7
k2 tm,]m 0,k <1 + 77) m,ks<0,k (1 + 77> k

and therefore we get

Ink
tmk — Smk > ——— — +00 as k — 4o0.
’ " In(149)

We conclude that we can choose k; € IN such that

tm,k_sm,k: > +)\+17
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forall k > k. Forevery k > ki and n € [sp,r + 1, ] N IN, we have

An + Sn - 5nL€0

Sn =
+1 1+ d,

Let (Z,,) be a solution of (3.10) with initial condition Z, , 1 = S, ,+1. Comparing we
get
Sp = Ty, forall n € [spmp+ 1,6 NIN. (3.22)

Similarly to (3.11) and (3.12), we can conclude, by iv) and v) in Lemma 2.1, that
|z, — Ty < 0 and |z, — x| < @, (3.23)
2 2
forall n € [s; 1 + 1, tm ] N IN. By (3.22) and (3.23) we conclude that
_ €o *
Sy = Ty > Ty — 5 > ) — €. (3.24)

forall n € [s;x + n1 + 1, k] N IN. By (3.24) we have

1 + 5nSn+1,z07k
L+, + 0n +dn+ (1)
1+ /Bn(l'ii - 60)

Tl vt on tdy ()

In—i—l,z()’k = [n,zo,k

(3.25)

1,20,k

foralln € [s;x +n1 + 1,t,%] "IN and k& > ny. By (3.17) and (3.25) we get

tm,k

€0
ﬁ > Itm,k»ZO,k > [tm,k_)\vzo,k H

n:tm?k—)\

14 Bn(x) —eo) =
Lty + 00 +dy+ (ar)n 777 K2

a contradiction. Thus we conclude that the infectives are strong persistent and the result

follow. H
Next we consider some particular situations: the autonomous and periodic cases.
Let A
Ra= .
dy+o+d+m)

Note that R 4 matches the autonomous basic reproductive number for the continuous-
time system (see for example [11]).

Corollary 3.4 (Autonomous system). Assume that \,, = A, 5, = 3, d,, = d, v, = 7,
On = 0, €, = & (1)n = oy and (), = ag. Then, if Ra < 1, the infectives in
system (1.1) go to extinction and, if Ro > 1, the infectives in system (1.1) are strong
persistent.
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Proof. Note that, in the autonomous situation, =7, = A/d is a particular positive solution
of (2.2). Thus

A 1+ BA/d _ ( L+ Bh/d (a1)>A'

Re(A) = lims
fg+lifH1+v+a+d+(a1) l+y+o+d+

Thus
RN <1 & 14pA/d<l4+y+0o+d+ () & Ra<l
and similarly
Re(A)>1 & 1+pAd>1+v4+0+d+ (1) & Ra>1
The result follows. 0

Define now
n+w

1+ By
Rp = ,
r H1+7k+0k+dk+(a1)k

(3.26)

where () is the positive w-periodic solution of the auxiliary equation (2.2) (that exists
as we will see).

Corollary 3.5 (Periodic system). Assume that there is w € IN such that A\, , = A,
Bn—‘rw = Bn’ dn-i—w = d,, Tndw = Vo Ondw = Ons Entw = Ens (al)n+w = (al)n and
(2)ntw = (Q2)n, for alln € IN. Then, if Rp < 1, the infectives in system (1.1) go to
extinction and, if Rp > 1, the infectives in system (1.1) are strong persistent.

Additionally system (1.1) always has a disease-free periodic solution, ((S;,0,0,0)),
where (S}) is the disease-free periodic solution of (2.2), and this solution is globally
asymptotically stable when Rp < 1.

Proof. Tt follows from Theorem 3.2 that, when Rp < 1, the infectives in system (1.1)
go to extinction and it follows from Theorem 3.3 that, if Rp > 1, the infectives in
system (1.1) are strong persistent.

Consider the continuous function F' : [A*/d", A*/d"] — [A*/d", A*/d"] given by

F(z) = (H T+ dy )“ZA <H 1+1dk>

m=0

By ii1) in Lemma 2.1, F' is well defined a function from the convex and compact set
[A®/d", A" /d"] onto itself. Thus, by Brower’s fixed point theorem, we conclude that F’
has a fixed point .
It is immediate that the sequence (y,,) given by yo = uo and
A, 1

n = n :1727“'
Yn+1 1+dn+1+dny n
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is a w-periodic solution of (2.2). Writing S = y,,, we easily conclude that ((S;;,0,0,0))
is a disease-free w-periodic solution of (1.1). Its global asymptotic stability when Rp <
1 follows from Theorem 3.2. 0

We note that the number in (3.26) is a sharp threshold between persistence and
extinction of the disease in the periodic case.

Acknowledgements

Work partially supported by FCT through UDI (project PEst-OE/EGE/U14056/2014). 1
would like to thank Professor César Silva for the fruitful discussions that helped me to
develop this article.

References

[1] M. R. Al-Ajam, A. R. Bizri, J. Mokhbat, J. Weedon and L. Lutwick, Mucormyco-
sis in the Eastern Mediterranean: a seasonal disease, Epidemiology and Infection,
134, 341-346 (2006).

[2] J. Arino, R. Jordan, P. van den Driessche, Quarantine in a multi-species epidemic
model with spatial dynamics, Math. Biosc. 206, 46—60 (2007).

[3] N. Bacaér and S. Guernaoui, The epidemic theshold of vector-borne diseases with
seasonality: The case of cutaneous leishmaniasis in Chichaoua, Morocco, Journal
of Mathematical Biology, 53, 421-436 (2006).

[4] E. A. B. Coutinho, M. N. Burattini, L. F. Lopez and E. Massad, Threshold condi-
tions for a nonautonomous epidemic system describing the population dynamics
of dengue. Bulletin of Mathematical Biology, 68, 2263-2282 (2006).

[5] K. Dietz, The incidence of infectious diseases under the influence of seasonal fluc-
tuations, Lecture Notes in Biomathematics, vol. 11, pp. 1-5. Berlin-Heidelberg-
New York, Springer, 1976.

[6] D.J.D. Earn, J. Dushoff and S. A. Levin, Ecology and evolution of the flu. Trends
in Ecology and Evolution, 17, 334-340 (2002).

[7] Z.Feng and H. R. Thieme, Recurrent Outbreaks of Childhood Diseases Revisited:
The Impact of Isolation, Math. Biosc., 93—130 (1995).

[8] P. Fine and J. Clarkson, Measles in England and Wales - I: an analysis of factors
underlying seasonal patterns. Int. J. Epidemiol. 11, 5-14 (1982).

[9] D.J. Gerberry and F. A. Milner, An SEIQR model for childhood diseases, J. Math.
Biol. 59, 4 (2009).



120 Joaquim P. Mateus

[10] N. C. Grassly and C. Fraser, Seasonal infectious disease epidemiology, Proc. R.
Soc. B 273, 2541-2550 (2006).

[11] H. Hethcote, M. Zhien, L. Shengbing, Effects of quarantine in six endemic models
for infectuous diseases, Math. Biosc., 180, 141-160 (2002).

[12] H. W. Hethcote, (2000), The Mathematics of infectious diseases, SIAM Review
42, 599-653.

[13] J. Liu and T. Zhang, (2010), Analysis of a nonautonomous epidemic model with
density-dependent birth rate, Applied Math. Modelling, 34, 866—877.

[14] W. London and J. A. Yorke, Recurrent outbreaks of measles, chickenpox and
mumps. [. Seasonal variation in contact rates, American Journal of Epidemiology,
98, 453-468 (1973).

[15] J. Ma and Z. Ma, (2006), Epidemic threshold conditions for seasonally forced
SEIR models, Math. Biosci. Eng. 3, 161-172.

[16] J. P. Mateus and C. M. Silva, A non-autonomous SEIRS model with general inci-
dence rate, Applied Mathematics and Computation 247, 169-189 (2014).

[17] R. E. Mickens, Discretizations of nonlinear differential equations using explicit
nonstandard methods, J.Comput.Appl.Math. 110, 181-185 (1999).

[18] T. Kuniya and Y. Nakata, Global Dynamics of a class of SEIRS epidemic models
in a periodic environement, J. Math. Anal. Appl. 363, 230-237 (2010).

[19] T. Kuniya and Y. Nakata, Permanence and extinction for a nonautonomous SEIRS
epidemic model, Appl. Math. Computing 218, 9321-9331 (2012).

[20] E. Pereira, C. M. Silva and J. A. L. Silva, A Generalized Non-Autonomous SIRVS
Model, Math. Meth. Appl. Sci., to appear.

[21] M. A. Safi, A. B. Gumel, The effect of incidence functions on the dynamics of
a quarantine/isolation model with time delay, Nonlinear Anal. - Theory Methods
and Applications, 12, 215-235 (2011).

[22] M. A. Safi, A. B. Gumel, Dynamics analysis of a quarantine model in two patches,
Math. Meth. Appl. Sci. 38, 1099-1476 (2015).

[23] M. A. Safi, A. B. Gumel, Mathematical analysis of a disease transmission model
with quarantine, isolation and an imperfect vaccine, Computers & Mathematics
with Applications, 61, 3044-3070 (2011).

[24] César M. Silva, A nonautonomous epidemic model with general incidence and
isolation, Mathematical Methods in the Applied Sciences, 37, 1099-1476 (2014).



A Nonautonomous Discrete Epidemic Model 121

[25] H. R. Thieme, (1999), Uniform weak implies uniform strong persistence for
nonautonomous semiflows, Proc. AMS, 127, 2395-2403.

[26] H. R. Thieme, (2000), Uniform persistence and permanence for nonautonomous
semiflows in population biology, Math. Biosci. 166, 173-201.

[27] W. Wang, X.-Q. Zhao, Threshold Dynamics for Compartmental Epidemic Models
in Periodic Environments, J. Dyn. Diff. Equat. 20, 699-717 (2008).

[28] L. Wu, Z. Feng, Homoclinic Bifurcation in a SIQR Model for Childhood Diseases,
J. Differential Equations, 168, 150-167 (2000).

[29] N. Yi, Z. Zhao and Q, Zhang, Bifurcations of an SEIQR epidemic model, Interna-
tional Journal of Informations and Systems Sciences, 5, 296-310 (2009).

[30] T. Zhang, Z. Teng and S. Gao, Threshold conditions for a nonautonomous epi-
demic model with vaccination, Applicable Analysis, 87, 181-199 (2008).

[31] T. Zhang and Z. Teng, On a nonautonomous SEIRS model in epidemiology, Bull.
Math. Biol. 69, 2537-2559 (2007).

[32] T. Zhang, Permanence and extinction in a nonautonomous discrete SIRVS epi-
demic model with vaccination, Applied Mathematics and Computation 271, 716—
729 (2015).



