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Abstract

For a nonautonomous discrete SIQR model, we obtain conditions for perma-
nence and extinction of the disease and we establish the global asymptotical sta-
bility when our conditions determine extinction. We also discuss the particular
autonomous and periodic situations, where our conditions are sharp thresholds be-
tween permanence and extinction of the disease.
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1 Introduction
The study of epidemic models with an isolation or quarantined class is a common sub-
ject in mathematical epidemiology. In this paper we consider a nonautonomous dis-
crete SIQR model, an epidemiological model where the population is divided in four
compartments. These compartments denoted S, I , Q and R correspond respectively
to uninfected individuals that are susceptible to the disease (susceptible compartment),
the individuals that are infected and not isolated (infective compartment), the isolated
individuals (isolated compartment) and the recovered and immune individuals (recov-
ered compartment). This model can be translated into the following system of nonau-
tonomous difference equations:

Sn+1 − Sn = Λn − βnSn+1In − dnSn+1

In+1 − In = βnSn+1In − [γn + σn + dn + (α1)n] In+1

Qn+1 −Qn = σnIn+1 − [dn + (α2)n + εn]Qn+1

Rn+1 −Rn = γnIn+1 + εnQn+1 − dnRn+1

, n = 0, 1, · · · . (1.1)
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The parameters used have the following meaning: dn is the per capita natural mortality
rate; γn is the recovery rate; σn is the removal rate from the infectives; (α1)n is the
disease related death in the infectives; (α2)n is the disease related death in the isolated
class; and εn is the removal rate from the isolated class. In this paper we consider
the incidence into the infective class given by βnSn+1In. Note that it is assumed in this
paper that the isolated individuals are perfectly separated from the others and thus do not
infect the susceptibles. It is also assumed that the infection confers lifelong immunity
upon recovery like in the case of mumps, measles and rubella.

Our model is a nonautonomous and discrete time counterpart of one of the six
continuous-time models considered in [11], where the authors discuss two family of
models with isolation. In that paper, for each family, three types of incidence func-
tion are considered: mass-action, standard and quarantined adjusted incidences. Our
model is derived by applying Mickens nonstandard finite difference method [17] to the
continuous SIQR model with mass-action incidence in [11]. A continuous-time nonau-
tonomous version of our model was considered in [24], where a family of models with
general incidence functions is discussed.

In autonomous epidemic models the basic reproduction number R0 (the average
number of secondary infections produced when one infected individual is introduced
to a host population where everyone is susceptible [12]) is a fundamental tool in deter-
mining the extinction/persistence of the disease. Usually, when R0 < 1 the disease is
extinct and if R0 > 1 we have persistence.

In the nonautonomous case the situation is not so simple. In spite of this, several
results related to the permanence and extinction of the disease for nonautonomous epi-
demic models have been obtained [13, 15, 16, 18–20, 24–27, 30, 31].

Epidemic models with isolation or/and quarantine were addressed in several papers
in the literature. An SIQR model for childhood diseases was considered by Feng and
Thieme [7] and it was showed that isolation can lead to self-sustained oscillations. Some
dynamical aspects of Feng and Thieme’s model were studied by Wu and Feng [28] that
found Hopf and homoclinic bifurcations associated to the unfolding of a normal form
derived from the model. Models with quarantine and a latent class were considered
by Gerberry and Milner [9] and by Yi, Zhao and Zhang [29]. A model with twelve
different classes was proposed by Safi and Gumel [23] to study the impact of quarantine
and isolation in limiting the spread of an infectious disease in the population. The same
authors studied a delayed model including a quarantined class [21] and recently [22]
they considered a two patch model and showed that the imperfect nature of quarantine
in the two patches could lead to backward bifurcations when the associated reproduction
number of the model is less than unity.

A different approach to modelling quarantine was considered by Arino, Jordan and
van den Driessche [2] that studied a model where a disease that can be transmitted
between different species and different patches and where quarantine is present in the
form of travel restriction between patches.

Note that, with the exception of the model in [24], all the models referred above
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are autonomous models. In spite of this, periodic or quasiperiodic behaviour is seldom
observed in the process of disease transmission [1, 3–6, 8, 10, 14]. Note also that all the
above models are continuous. We should mention that the formulation of the nonau-
tonomous discrete SIQR model considered in this work was inspired by the use of a
nonstandard finite difference method to obtain a discrete version of a SIRVS model in a
recent paper by Zhang [32].

2 Nonautonomous Discrete SIQR Model
In this section, we make some assumptions, establish some properties of the solutions
of our model and obtain some auxiliary results.

We will assume that

H1) (Λn), (dn), (γn), (σn), ((α1)n), ((α2)n) and (εn) are bounded and nonnegative
sequences;

H2) there is ω ∈ N such that

lim sup
n→+∞

n+ω∏
k=n

1

1 + dk
< 1.

It follows from H2) that there are constants K > 0 and θ ∈]0, 1[ such that

n−1∏
k=m

1

1 + dk
< Kθn−m, (2.1)

for any m,n ∈ N.
Given a bounded sequence (hn) we will use the notation

hu = sup
n>0

hn and h` = inf
n>0

hn.

Consider the auxiliary equation

xn+1 =
Λn

1 + dn
+

1

1 + dn
xn (2.2)

where Λn and dn are the birth and death rate in (1.1). The solutions of this equation
will be important to determine threshold conditions for the permanence and extinction
of the disease. In the next lemma some properties of the solutions of equation (2.2) are
established.

Lemma 2.1. We have the following:
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i) All solutions (xn) of equation (2.2) with initial condition x0 > 0 are nonnegative
for all n ∈ N;

ii) All solutions (xn) of equation (2.2) with initial condition x0 > 0 are positive for all
n ∈ N;

iii) Given a solution (xn) of equation (2.2) with initial condition x0 ∈ [Λ`/du,Λu/d`]
we have

Λ`

du
6 xn 6

Λu

d`

for all n ∈ N;

iv) Each fixed solution (xn) of (2.2) with initial condition x0 > 0 is bounded and
globally uniformly attractive on [0,+∞);

v) There is a constant D > 0 such that, if (xn) is a solution of (2.2) and (x̃n) is a
solution of the system

xn+1 =
Λn + xn + fn

1 + dn
, n = 0, 1, . . . (2.3)

with x̃0 = x0 then
sup
n>0
|x̃n − xn| 6 D sup

n>0
|fn|.

Proof. Properties i) and ii) are immediate. If xn 6 Λu/d` we have

xn+1 =
Λn

1 + dn
+

xn
1 + dn

6
Λu

1 + d`
+

Λu

(1 + d`)d`
=

Λu

d`

and, if xn > Λ`/du we have

xn+1 =
Λn

1 + dn
+

xn
1 + dn

>
Λ`

1 + du
+

Λ`

(1 + du)du
=

Λ`

du

and property iii) follows. The solution of the nonautonomous first-order difference
equation (2.2) it is given by

xn+1 =

(
n−1∏
m=0

1

1 + dm

)
x0 +

n−1∑
m=0

Λm

(
n−1∏
k=m

1

1 + dk

)
. (2.4)

By (2.4) and H2), we have

xn+1 6 x0Kθ
n−m +

n−1∑
m=0

ΛmKθ
n−m 6 x0K + ΛuK

θ

1− θ
,
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and thus (xn) is bounded.
Letting (yn) be some other solution of (2.2), we have by (2.4) and

|xn+1 − yn+1| =

(
n−1∏
m=0

Λm

1 + dm

)
|x0 − y0| 6 ΛuKθn|x0 − y0| → 0,

as n→ +∞ and we obtain property iv).
Give solutions (xn) of (2.2) and (x̃n) of (2.3) such that x0 = x̃0 we define un =

|xn − x̃n| and note that u0 = 0. By (2.4) we have

un+1 6
fn

1 + dn
+

1

1 + dn
un

6
fn

1 + dn
+

1

1 + dn

(
fn−1

1 + dn−1
+

1

1 + dn−1
un−1

)
6 · · ·

6

(
n−1∏
m=0

1

1 + dm

)
u0 +

n−1∑
m=0

fm

(
n−1∏
k=m

1

1 + dk

)

=
n−1∑
m=0

fm

(
n−1∏
k=m

1

1 + dk

)

6
Kθ

1− θ
sup
m>0

fm,

(2.5)

and we obtain v) setting D = Kθ/(1− θ).

Next we state some simple facts about problem (1.1).

Lemma 2.2. We have the following:

i) All solutions ((Sn, In, Qn, Rn)) of (1.1) with S0 > 0, I0 > 0, Q0 > 0 and R0 > 0
satisfy Sn > 0, In > 0, Qn > 0 and Rn > 0 for all n > 0;

ii) All solutions ((Sn, In, Qn, Rn)) of (1.1) with S0 > 0, I0 > 0, Q0 > 0 and R0 > 0
satisfy Sn > 0, In > 0, Qn > 0 and Rn > 0 for all n > 0;

iii) If ((Sn, In, Qn, Rn)) is a solution of (1.1) with nonnegative initial conditions then
there is a constant L > 0 such that

lim sup
n→+∞

(Sn + In +Qn +Rn) 6 L.

Proof. By the first two equations in (1.1), we conclude that

Sn+1 =
Λn + Sn

1 + dn + βnIn
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and

In+1 =
(βnSn+1 + 1)In

1 + γn + σn + dn + (α1)n
.

Thus, if S0, I0 > 0, we conclude that S1 > 0, and therefore I1 > 0. Proceeding by
induction on n we can easily conclude that Sn, In > 0 for all n ∈ N0. By the last two
equations in (1.1), we have

Qn+1 =
Qn + σnIn+1

1 + dn + εn + (α2)n
(2.6)

and

Rn+1 =
Rn + γn+1In+1 + εnQn+1

1 + dn
.

Thus, ifQ0, R0, I0, S0 > 0, we have by the previous argument Sn, In > 0 for all n ∈ N0,
and we conclude that Q1 > 0, and therefore R1 > 0. Proceeding by induction on n we
can easily conclude that Qn, Rn > 0 for all n ∈ N0. Similar arguments allow us to
draw similar conclusions for nonnegative initial conditions instead of positive initial
conditions. We have proved i) and ii).

Writing Nn = Sn + In +Qn +Rn and adding the equations in (1.1), we obtain

Nn+1 =
Λn

1 + dn
+

1

1 + dn
(Nn − (α1)nIn+1 − (α2)nQn+1) 6

Λn

1 + dn
+

1

1 + dn
Nn.

By comparison we have Nn 6 xn, where (xn) is the solution of (2.2) with x0 = N0 and,
by iv) in Lemma 2.1, we have iii).

3 Extinction and Persistence of the Infectives
In this section we will establish our main results on the persistence and extinction of the
disease. For each solution (x∗n) of (2.2) with x0 > 0 and each λ > 0, define the numbers

Rp(λ) = lim inf
n→+∞

n+λ∏
k=n

1 + βkx
∗
k+1

1 + γk + σk + dk + (α1)k
(3.1)

and

Re(λ) = lim sup
n→+∞

n+λ∏
k=n

1 + βkx
∗
k+1

1 + γk + σk + dk + (α1)k
. (3.2)

We will see that the numbersRp(λ) andRe(λ) do not depend on the particular positive
solution of (2.2). This numbers play the role of the basic reproduction number in the
nonautonomous setting.

We have the following result.
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Lemma 3.1. The numbersRp(λ) andRe(λ) are independent of the particular solution
(x∗n) with x∗0 > 0 of (2.2).

Proof. Since we don’t know whether the numbers in (3.1) and (3.2) depend on the
particular solution of (2.2) or not, writeRp(x, λ) andRe(x, λ) for the numbers in (3.1)
and (3.2) corresponding to the solution x = (xn) of (2.2).

Let x∗ = (x∗n) and y∗ = (y∗n) be distinct solutions of (2.2). By iv) in Lemma 2.1,

x∗k − ε 6 y∗k 6 x∗k + ε

for k sufficiently large, say k > N . Therefore

n+λ∏
k=n

1 + βky
∗
k+1

1 + γk + σk + dk + (α1)k

6
n+λ∏
k=n

1 + βkx
∗
k+1 + βkε

1 + γk + σk + dk + (α1)k

6
n+λ∏
k=n

(
1 + βkx

∗
k+1

1 + γk + σk + dk + (α1)k
+ εE

)

6
n+λ∏
k=n

1 + βkx
∗
k+1

1 + γk + σk + dk + (α1)k
+

λ+1∑
j=1

(
λ+ 1

j

)
εjDλ+1−jEj,

(3.3)

for n > N , where

D =
1 + βu(x∗)u

1 + γ` + σ` + d` + (α1)`
and E =

βu

1 + γ` + σ` + d` + (α1)`
.

By the same reasoning,

n+λ∏
k=n

1 + βky
∗
k+1

1 + γk + σk + dk + (α1)k

>
n+λ∏
k=n

1 + βkx
∗
k+1 − βkε

1 + γk + σk + dk + (α1)k

>
n+λ∏
k=n

1 + βkx
∗
k+1

1 + γk + σk + dk + (α1)k
−

λ+1∑
j=1

(
λ+ 1

j

)
εjF λ+1−jGj,

(3.4)

for n > N , where

F =
1 + β`(x∗)`

1 + γu + σu + du + (α1)u
and G =

β`

1 + γu + σu + du + (α1)u
.
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By (3.3) and (3.4) we have

Rp(x
∗, λ)−

λ+1∑
j=1

(
λ+ 1

j

)
εjF λ+1−jGj

6 Rp(y
∗, λ)

6 Rp(x
∗, λ) +

λ+1∑
j=1

(
λ+ 1

j

)
εjDλ+1−jEj

and similarly

Re(x
∗, λ)−

λ+1∑
j=1

(
λ+ 1

j

)
εjF λ+1−jGj

6 Re(y
∗, λ)

6 Re(x
∗, λ) +

λ+1∑
j=1

(
λ+ 1

j

)
εjDλ+1−jEj.

By the arbitrariness of ε > 0 we obtain the result.

We state our theorem on the extinction of the disease.

Theorem 3.2. If there is a constant λ > 0 such that Re(λ) < 1 then the infectives (In)
go to extinction in (1.1) and any disease-free solution ((S∗n, 0, 0, 0)) of (1.1), where (S∗n)
is a solution of (2.2), is globally asymptotically attractive.

Proof. SinceRe < 1 then there are ε0, ε > 0 and N ∈ N such that

n+λ∏
k=n

1 + βk(x
∗
k+1 + ε0)

1 + γk + σk + dk + (α1)k
< 1− ε, (3.5)

for n > N . By the first two equations in (1.1), we conclude that

Sn+1 =
Λn + Sn

1 + dn + βnIn
6

Λn

1 + dn
+

1

1 + dn
Sn

and thus Sn 6 xn, where (xn) is a solution of (2.2) with S0 = x0. By iv) in Lemma 2.1
we have |xn − x∗n| 6 ε0 for sufficiently large n, say n > N1 > N . Thus

Sn 6 xn 6 x∗n + ε0,
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for n > N1. Therefore, by (3.5),

In+1 =
(1 + βnSn+1)In

1 + γn + σn + dn + (α1)n

6
(1 + βn(x∗n+1 + ε0))In

1 + γn + σn + dn + (α1)n

< (1− ε) In−λ−1
< (1− ε)bn/(λ+1)c In−bn/(λ+1)c(λ+1)

6 dCn,

for n > N1, where C = (1− ε)1/(λ+1) and d = max
j=0,...,λ

Ij . We conclude that In → 0 as

n→ +∞ and we have extinction of the infectives.
Let ((Sn, In, Qn, Rn)) be any solution of (1.1) and consider ((S∗n, 0, 0, 0)), where

(S∗n) is a solution of (2.2), that is a disease-free solution of (1.1).
Since In → 0 as n→ +∞, given δ > 0 there is T ∈ N such that In < δ for n > T .

Letting Un = Sn − S∗n, we have, by the first equation in (1.1),

Un+1 − Un = −dnUn+1 − βnSn+1In,

for n > T . Thus, by iii) in Lemma 2.2,

−βuLδ < (1 + dn)Un+1 − Un < 0,

for n sufficiently large. We get, for δ > 0 sufficiently small

Un+1 > −
βuLδ

1 + dn
+

1

1 + dn
Un

> − βuLδ

1 + dn
+

1

1 + dn

(
− βuKδ

1 + dn−1
+

1

1 + dn−1
Un−1

)
> · · ·

>

(
n−1∏
m=0

1

1 + dm

)
U0 −

n−1∑
m=0

(βuLδ)m+1

(
n−1∏
k=m

1

1 + dk

)

>

(
n−1∏
m=0

1

1 + dm

)
U0 − δβuL

n−1∑
m=0

Kθn−m

>

(
n−1∏
m=0

1

1 + dm

)
U0 −

βuLKθ

1− θ
δ

> −β
uLKθ

1− θ
δ.

Similarly,

Un+1 <
1

1 + dn
Un <

(
n−1∏
m=0

1

1 + dm

)
U0.
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Since
n−1∏
m=0

1

1 + dm
→ 0 as n→ +∞,

given δ > 0, we have |Un+1| < Mδ, where M = βuLKθ/(1− θ), for sufficiently large
n. We conclude that |Un| → 0 as n→ +∞ and thus

Sn → S∗n as n→ +∞. (3.6)

Again, since In → 0 as n→ +∞, given δ > 0 we have

Qn+1 <
σu

1 + dn + εn + (α2)n
δ +

1

1 + dn + εn + (α2)n
Qn

<
1

1 + dn
σuδ +

1

1 + dn
Qn

<

(
n−1∏
m=0

1

1 + dm

)
Q0 +

σuθ

1− θ
Kδ,

(3.7)

for sufficiently large n, and, since δ > 0 is arbitrary, we conclude that Qn → 0 as
n→ +∞. Since, Qn, In → 0 as n→ +∞, given δ > 0 we have

Rn+1 =
Rn + γn+1In+1 + εnQn+1

1 + dn

<
1

1 + dn
(γu + εu)δ +

1

1 + dn
Rn

<

(
n−1∏
m=0

1

1 + dm

)
R0 +

(γu + εu)θ

1− θ
Kδ,

(3.8)

for sufficiently large n and, since δ > 0 is arbitrary, Rn → 0 as n→ +∞.
Finally, by (3.6), (3.7) and (3.8) we conclude that (Sn, In, Qn, Rn) → (S∗n, 0, 0, 0)

as n→ +∞ and we obtain our result.

Theorem 3.3. If there is a constant λ > 0 such that Rp(λ) > 1 then the infectives (In)
are strongly persistent.

Proof. Assuming thatRp > 1, there is ε0 > 0 such that

lim sup
n→+∞

n+λ∏
k=n

1 + βk(x
∗
k+1 − ε0)

1 + γk + σk + dk + (α1)k
> 1. (3.9)

Given ε1 > 0, consider the auxiliary equation

xn+1 =
Λn + xn − βnLε1

1 + dn
. (3.10)
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Given n0 ∈ N and x0, y0 ∈ R+, let (xn) be the solution of (2.2) with initial condition
xn0 = x0 and let (x̄n) be the solution of (3.10) with x̄n0 = x0. By v) in Lemma 2.1 we
have

|xn − x̄n| 6 DLε1 sup
n∈N

βn,

for all n > n0. Thus there is ε1 > 0 sufficiently small such that

|xn − x̄n| <
ε0
2

(3.11)

for all n > n0. On the other hand, by iv) in Lemma 2.1, there is n1 ∈ N with n1 > n0

such that
|xn − x∗n| <

ε0
2

(3.12)

for all n > n1.
Let now ((Sn, In, Qn, Rn)) be any solution of (1.1) with In > 0 for all n ∈ N. We

claim that
lim sup
n→+∞

In > ε1. (3.13)

To prove that (3.13) holds, we will proceed by contradiction. Assuming that it is not
true, there is n2 ∈ N such that In < ε1 for all n > n2. By the first equation in (1.1), we
conclude that

Sn+1 =
Λn + Sn − βnInSn+1

1 + dn
>

Λn + Sn − βnLε1
1 + dn

. (3.14)

Let (x̄n) be the solution of (3.10) with initial condition x̄n2 = Sn2 . Comparing (3.10)
with (3.14) we conclude that

Sn > x̄n, for all n > n2.

By (3.11) and (3.12), we get

Sn > x̄n > xn −
ε0
2
> x∗n − ε0,

for all n sufficiently large, say n > n3 > n2.
From the second equation in (1.1), we conclude that

In+1 =
(1 + βnSn+1)In

1 + γn + σn + dn + (α1)n

>
1 + βn(x∗n+1 − ε0)

1 + γn + σn + dn + (α1)n
In,

(3.15)

for all n > n3. Therefore, by (3.9) and (3.15), we conclude that In → +∞. A contra-
diction to iii) in Lemma 2.2. Thus the infectives (In) are weakly persistent, namely we
have (3.13).
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We will now use the weak persistence to prove the strong persistence. With no loss
of generality we may assume that there is ε0 > 0 such that

n+λ∏
k=n

1 + βk(x
∗
k+1 − ε0)

1 + γk + σk + dk + (α1)k
> 1. (3.16)

for all n ∈ N. For each z0 = (S0, I0, Q0, R0), denote by ((Sn,z0 , In,z0 , Qn,z0 , Rn,z0)) the
solution of (1.1) with (Sn,z0(0), In,z0(0), Qn,z0(0), Rn,z0(0)) = (S0, I0, Q0, R0).

Proceeding by contradiction, if the system is not strong persistent, then there is a
sequence of initial values z0,k = (S0,k, I0,k, Q0,k, R0,k), k ∈ N, such that

lim inf
n→+∞

In,z0,k <
ε0
k2
. (3.17)

From (3.13) and (3.16), for each k ∈ N there are sequences (sm,k) and (tm,k) such that

0 < s1,k < t1,k < s2,k < t2,k < · · · < sm,k < tm,k < · · · , (3.18)

sm,k → +∞ as m→ +∞, (3.19)

Ism,k,z0,k >
ε0
k
, Itm,k,z0,k <

ε0
k2
, (3.20)

and
ε0
k2

6 In,z0,k 6
ε0
k
, for all n ∈ [sm,k, tm,k − 1] ∩N. (3.21)

For any n ∈ [sm,k, tm,k − 1] ∩N, we have

In+1,z0,k =
1 + βnSn+1,z0,k

1 + γn + σn + dn + (α1)n
In,z0,k

>
1

1 + γn + σn + dn + (α1)n
In,z0,k

>
1

1 + η
In,z0,k ,

where η = sup
n∈N

(γn + σn + dn + (α1)n) > 0. Therefore, by (3.20), we obtain

ε0
k2

> Itm,k,z0,k >

(
1

1 + η

)tm,k−sm,k

Ism,k,z0,k >

(
1

1 + η

)tm,k−sm,k ε0
k
,

and therefore we get

tm,k − sm,k >
ln k

ln(1 + η)
→ +∞ as k → +∞.

We conclude that we can choose k1 ∈ N such that

tm,k − sm,k > n1 + λ+ 1,
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for all k > k1. For every k > k1 and n ∈ [sm,k + 1, tm,k] ∩N, we have

Sn+1 >
Λn + Sn − βnLε0

1 + dn
.

Let (x̄n) be a solution of (3.10) with initial condition x̄sm,k+1 = Ssm,k+1. Comparing we
get

Sn > x̄n for all n ∈ [sm,k + 1, tm,k] ∩N. (3.22)

Similarly to (3.11) and (3.12), we can conclude, by iv) and v) in Lemma 2.1, that

|xn − x̄n| <
ε0
2

and |xn − x∗n| <
ε0
2
, (3.23)

for all n ∈ [sm,k + 1, tm,k] ∩N. By (3.22) and (3.23) we conclude that

Sn > x̄n > xn −
ε0
2
> x∗n − ε0. (3.24)

for all n ∈ [sm,k + n1 + 1, tm,k] ∩N. By (3.24) we have

In+1,z0,k =
1 + βnSn+1,z0,k

1 + γn + σn + dn + (α1)n
In,z0,k

>
1 + βn(x∗n − ε0)

1 + γn + σn + dn + (α1)n
In,z0,k

(3.25)

for all n ∈ [sm,k + n1 + 1, tm,k] ∩N and k > n4. By (3.17) and (3.25) we get

ε0
k2

> Itm,k,z0,k > Itm,k−λ,z0,k

tm,k∏
n=tm,k−λ

1 + βn(x∗n − ε0)
1 + γn + σn + dn + (α1)n

In,z0,k >
ε0
k2

a contradiction. Thus we conclude that the infectives are strong persistent and the result
follow.

Next we consider some particular situations: the autonomous and periodic cases.
Let

RA =
βΛ

d(γ + σ + d+ α1)
.

Note that RA matches the autonomous basic reproductive number for the continuous-
time system (see for example [11]).

Corollary 3.4 (Autonomous system). Assume that Λn = Λ, βn = β, dn = d, γn = γ,
σn = σ, εn = ε, (α1)n = α1 and (α2)n = α2. Then, if RA < 1, the infectives in
system (1.1) go to extinction and, if RA > 1, the infectives in system (1.1) are strong
persistent.
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Proof. Note that, in the autonomous situation, x∗n = Λ/d is a particular positive solution
of (2.2). Thus

Re(λ) = lim sup
n→+∞

n+λ∏
k=n

1 + βΛ/d

1 + γ + σ + d+ (α1)
=

(
1 + βΛ/d

1 + γ + σ + d+ (α1)

)λ
.

Thus

Re(λ) < 1 ⇔ 1 + βΛ/d < 1 + γ + σ + d+ (α1) ⇔ RA < 1

and similarly

Re(λ) > 1 ⇔ 1 + βΛ/d > 1 + γ + σ + d+ (α1) ⇔ RA > 1.

The result follows.

Define now

RP =
n+ω∏
k=n

1 + βkx
∗
k+1

1 + γk + σk + dk + (α1)k
, (3.26)

where (x∗n) is the positive ω-periodic solution of the auxiliary equation (2.2) (that exists
as we will see).

Corollary 3.5 (Periodic system). Assume that there is ω ∈ N such that Λn+ω = Λn,
βn+ω = βn, dn+ω = dn, γn+ω = γn, σn+ω = σn, εn+ω = εn, (α1)n+ω = (α1)n and
(α2)n+ω = (α2)n, for all n ∈ N. Then, if RP < 1, the infectives in system (1.1) go to
extinction and, ifRP > 1, the infectives in system (1.1) are strong persistent.

Additionally system (1.1) always has a disease-free periodic solution, ((S∗n, 0, 0, 0)),
where (S∗n) is the disease-free periodic solution of (2.2), and this solution is globally
asymptotically stable whenRP < 1.

Proof. It follows from Theorem 3.2 that, when RP < 1, the infectives in system (1.1)
go to extinction and it follows from Theorem 3.3 that, if RP > 1, the infectives in
system (1.1) are strong persistent.

Consider the continuous function F : [Λ`/du,Λu/d`]→ [Λ`/du,Λu/d`] given by

F (x) =

(
ω−1∏
m=0

1

1 + dm

)
x+

ω−1∑
m=0

Λm

(
ω−1∏
k=m

1

1 + dk

)
.

By iii) in Lemma 2.1, F is well defined a function from the convex and compact set
[Λ`/du,Λu/d`] onto itself. Thus, by Brower’s fixed point theorem, we conclude that F
has a fixed point u0.

It is immediate that the sequence (yn) given by y0 = u0 and

yn+1 =
Λn

1 + dn
+

1

1 + dn
yn, n = 1, 2, · · ·
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is a ω-periodic solution of (2.2). Writing S∗n = yn, we easily conclude that ((S∗n, 0, 0, 0))
is a disease-free ω-periodic solution of (1.1). Its global asymptotic stability whenRP <
1 follows from Theorem 3.2.

We note that the number in (3.26) is a sharp threshold between persistence and
extinction of the disease in the periodic case.
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