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Abstract

In this paper boundedness and asymptotic behavior of a discrete version of
nonlinear heavy ball with friction dynamical system is studied. Our results extend
the previous results of the first author [7] to the nonhomogeneous case and for more
general assumptions on the parameters.
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1 Introduction

Let H be a real Hilbert space with inner product < -, - > and norm | - |. We denote weak
convergence in H by — and strong convergence by —. Let A be a nonempty subset
of H x H to which we shall refer as a (nonlinear) possibly multivalued operator in H.
A is called monotone (resp. strongly monotone) iff < yo — y1, 29 — 1 >> 0 (resp.
< Yy — Y1, Ty — Ty >> alry — 21|? for some o > 0), for all [z, ;] € A, i =1,2. Ais
called maximal monotone if A is monotone and R(/ + A) = H, where [ is the identity
operator of H. Given any function ¢ : H —] — 00, +00| (not necessarily convex) with
domain D(yp), its subdifferential is the multivalued operator Oy, defined as

dp(x) :={we H| p(z) —py) <<w,z—y>, VyecH}

The function ¢ is called proper iff ¢ # +oco. It is a well-known result that if ¢ is a
proper, convex, and lower semicontinuous function, then Jy is a maximal monotone

Received June 10, 2014; Accepted November 24, 2014
Communicated by Eugenia Petropoulou



108 H. Khatibzadeh and S. Ranjbar

operator. We refer the reader to the book by Morosanu [9] in order to understand mono-
tone operators and subdifferential of convex functions in Hilbert spaces.

Let A be a maximal monotone operator on a real Hilbert space H and  a positive
real constant. The following second order dissipative system of maximal monotone type
u"(t) + yu'(t) + Au(t) 20,

, (1.1)
u(0) = up, u'(0) = uy,

is called heavy ball with friction dynamical system, because when A = V¢ (the gradi-
ent of ), this system is a model for damping oscillation of a heavy ball on the graph
of ¢. The asymptotic behavior of (1.1) and its discrete version at infinity is a subject of
many recent investigations. Attouch and Alvarez [3], Alvarez [2] and Attouch, Goudou
and Redont [4] studied the dynamical system (1.1), when A = V¢, where ¢ is a con-
tinuously differentiable and convex function on H. When A = V¢, equation (1.1)
provides a dynamical approach to optimization problems, because the solution of (1.1)
converges weakly to a minimum point of . To the best of our knowledge, the problem
of convergence of solutions to (1.1) for general maximal monotone operator A is still
open. For numerical and practical purposes, as well as to get an algorithm for approx-
imation of a zero of a maximal monotone operator or a minimum point of a convex
function (when A = 0y), it is useful to consider the discrete version of (1.1). In [2]
Alvarez using the following approximations for v’ and "

~u(t+h) —u(t)

u'(t) = - +O(h), (1.2)

A1) = u(t+h) — 2u}§t) +u(t — h) Lo, (13)

obtained the following discretization of (1.1).

Up — Uny1 + an(un - un—l) € )\n—i—lAun—l—ly (14)

where 0 < «,, < 1 and )\, is a positive sequence. When A = V, Alvarez proved con-
vergence of the sequence u,, to a minimum point of ¢. Jules and Maingé [6] considered
the iterative method (1.4) for a co-coercive operator A and obtained the weak conver-
gence of the sequence u,, to an element of A~(0). They also showed that (1.4) has a
better rate of convergence than the standard proximal point algorithm (when «,, = 0).
Alvarez and Attouch [1] obtained the weak convergence of u,, given by (1.4) for general
maximal monotone operators with appropriate assumptions on \,, and «,.

In [7] the first author replaced the approximation (1.2) by the following approxima-
tion for ' (t)

u(t 4+ h) —u(t — h)

u'(t) = o + O(h?), (1.5)

which is better than (1.2) and obtained the following discretization of (1.1).
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(1.6)

(1 - an)un + apty_1 — Un+1 € /\n+1Aun+17
up, w1 € H,

where o, (resp. \,) is a nonnegative (resp. positive) sequence and A is a maximal
monotone operator. The difference inclusion (1.6) can be rewritten in explicit form
based on the resolvent operator as follows

Up+1 = J)\n+1((1 - an)“n + anun71)~ (17)

It seems that the difference inclusion (1.6) is more stable than (1.4), because if {u,} is
the solution of (1.6) (equivalently (1.7)) with initial data g, u, and u/, is the solution
of (1.6) with initial data ug, u}, then by (1.7) since .J, is nonexpansive (see [9, Theorem
1.3 on page 21]) we have:

|1 — U | < (1= o) |un — up| + a1 — |

< Maz{|up, —ul], |up_1 —u, |} < ... < Maz{|uy — u}|, |uo — upl}-

In this paper, we consider the following nonhomogeneous case of (1.6)

{(1 — QU + Oy — Ups1 + €5 € N1 Atpiy (1.8)

ugp, uy € H,

where e, is the error sequence in H. We extend and improve the results of [7] with more
general assumptions on the parameters «,,, A\, and the error e,,.

In Section 2, we prove the boundedness of the sequence {u,} for coercive max-
imal monotone operators. We also show the relation between the boundedness of
{u,} and the assumption A~*(0) # @. Section 3 is devoted to the weak conver-
gence of the bounded sequence {u,} given by (1.8) and its weighted average. In
Section 4, we consider the weak convergence and the rate of convergence in the sub-
differential case. Under suitable assumptions on the parameters and the operator A,
the strong convergence of the algorithm is established in Section 5. We denote the

weighted average of the sequence u,, by w,, := (Z )\k)’l(z Artg), and the element
k=1 k=1
(1 - an)un + OpUp—1 — Up+1 + €n

by Au,,4 for simplicity.
)\n+1

Definition 1.1. Given a bounded sequence {u,, } in H, the asymptotic center ¢ of {u,, } is
defined as follows (see [5]): for every ¢ € H, let p(q) = hril sup |u, — q|*. Then ¢ is
n—-+0o0o

a continuous and strictly convex function on H, satisfying »(q) — +oc as |q| — +o0.
Thus ¢ achieves its minimum on H at a unique point ¢, called the asymptotic center of
the sequence {u,, }.

Throughout the paper, we assume 0 < «,, < 1, for all n > 0.
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2 Boundedness

In this section, we study the boundedness of the sequence {u,,} generated by (1.8). We
present the relation between the boundedness of {u,,} and the assumption A~'(0) # @.

len’ }

Theorem 2.1. Let A be a coercive maximal monotone operator. If the sequence {
n+1
is bounded, then the sequence {u,} is bounded.

len]
)\n—i-l
A, there exist K > 0 and y, € H such that for all [z,y] € A, with |z — yo| >
K <Y, T — Yo >

[z — yol
get

A1 M|up i1 — Yol << A1 Atnsr, tnpr — Yo >
=< (]- - an)un + QplUp—1 + €y — Un41; Un+1 — Yo >
=< (1 - an)(un - yO) + O-/n(un—l - yO) + €n, Un+1 — Yo > _|un+1 — Yo
S ‘(1 - an)(un - ?/0) + an(un—l - yO) + enHun—‘rl - y0| - |un+1 - ?/0‘2
< (1 = o) tn — ol + anltin_1 — Yol + len]) [ttns1 — Yol — [tns1 — Yo
Thus

|€n]

[Uns1 — Yol < (1 — an)|un — Yol + anlun_1 — vo| + An+1()\— - M)
n+1

< (1= @)ty — w0l + alutncs — yo] < max{fun — yol, w1 — 0]}
< ... <max{|ur — yol, [uo — yol }-

Proof. Let M > 0 be such that for each n > 1,

< M. By coerciveness of

> M. If there exists n such that |u, 1 — yo| > K, using (1.8), we

|2

*

Hence, for all n > 1, |u,+1 — yo| < max{|us — yol, |uo — vol, K} O
+oo

Lemma 2.2. Suppose that a,, and b,, are nonnegative real sequences and that Z b, <
n=1

+o00. If a1 < ay + by, foralln > 1, then lim,,a,, exists.

Lemma 2.3. Suppose {a,} is a sequence in [0,1] and 1, and 5, are positive real
+oo

sequences. Suppose that 1V, 1 < (1 — a,), + ayn_1 + 6, and Z 0p < +o00. If one
n=1

of the following conditions holds:
+o0

(1) lima,, = a < 1, (i) Z[an — Qp1]4+ < +o00, where o := max{a, 0},

n=1
then lim 1), exists.
n

Proof. (i) Set ¢,, := max{t,, ¥, _1}. By assumption, we have ¢, ;1 < ¢,, + J,,. On the
other hand v,, < ¢, + 9., 80, P11 < @y, + 0. Using Lemma 2.2, lim ¢,, exists. Taking

limsup from both sides of ¢,,.1 < ¢, + 6, we get limsupv,, < lim ¢,,. On the other
hand '
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Uni1 < (1 — o)y + andpn + 0, and also 1, < (1 — @)y + @y + 0. SO Pryq <
(1 — )t + andy + 0,,. Taking liminf as n — oo, we get lim ¢, < liminf),.

Hence, lim v, exists and lim v,, = lim ¢,,. (ii) By the proof of part (i), ¢/, is bounded.

From the assumption on 1,,, we have

wnJrl S wn + anflqﬂnfl - Oénwn + [an - an71]+wn71 + (Sn-

Now the lemma is proved by Lemma 2.2. [
+00

Theorem 2.4. Suppose that A~'(0) # @ and (E)) Z len| < 400. Then:
n=1

(1) The sequence {u,} is bounded.
+oo

(2) If (o) Z [ — 1]+ < 400, where [a]; = max{0,a} or (az) lignozn =
n=1

o < 1, then lim |u,, — p| exists, for each p € A~*(0).

Proof. Set p € A7'(0). First, we prove (1). By the nonexpansivity of the resolvent
operator, we have |u, 11 —p| < |(1 — ap)(up — p) + @ (Uun_1 — p) + €4
< (1= an)|un — pl 4 anlun—1 — p| + [en] < max{|u, — pl, [un—1 — p[} + |en]

+oo
< ... <max{|u; — p|, |uo — p|} + Z len| < 0.
n=1

Let us prove (2). By the monotonicity of A, we have

0 < < A1 AUpgr, Ungr — P >=< (1 = o) Up + Qi1 + € — Unp1, Ungr — P >
=< (1 - an)(“n - p) + O‘n(unfl - p) + €én, Upt1 — P > _|un+1 - p|2

So

un1 = pl < (1= an)(un —p) + antin-1 —p) + el

S (1 - an)|un _p| + an|un—1 _p| + |€n|

Now the theorem is proved by Lemma 2.3. [

Remark 2.5. Conditions (o) and («) are different as the following examples show.

1, n=FkK oo
HIfa, = 1 , then Qp — Qp_1]y < +00, but lima,, = 1.
(1) L e 2_;[ i+

n n=

a, n iseven
) If o, = 1 ) , where 0 < « < 1, then lima,, = a < 1 and

a——, n isodd n

n

—+00

Z[Ozn — Qu_1]s = +00. Therefore, the assumptions (o) and (c) in Theorem 2.4

n=1
+oo

are different. Also the condition Z[an — ayy_1]y < 400 is better than the condition

n=1
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1
e an—1+_> n:kz
E la, — 1] < 400 assumed in [7]. Take «, = n for
2
n=1 Ap_1 — —, n#k‘
n

+-00 +0o0
n > 2 and oy = 1. Then Z |ay, — ap—1| = o0 but Z[an — Qpq]y < +oo.

n=1 n=1
Lemma 2.6 (See [8]). Suppose that {c,} is a nonnegative sequence and {\,} is a

—+00 n
oy, o
positive sequence such that Z Ap = Fo00. If ~ — 0asn — +oo, then % — 0
n k=1 "k

n=1
as n — +oo.

Theorem 2.7. Suppose that {u,,} is a bounded sequence given by (1.8) and the follow-
ing conditions are satisfied,

(i) (A1) D A = +o0,

[, — 1]y

)\n—i—l
(iid) (By) or (By) 122 0,
)\nJrl

Then A~'(0) # @ and wy,(w,) C A™(0), where w,(w,) is the set of weak cluster
points of w,,.

(17) (o) or (ag) — 0,

Proof. Suppose [r,y] € A. Since {u,} is bounded, there is a subsequence {w,,} of
{wn} such that w,, — p € H. On the other hand, by the monotonicity of A, we get
Aig1 < T — Ujg1,Y >

= )\i—l—l( <T = Up1, Y — Auiyr >+ < T — Uipr, Auipn > )

>< T — Ui, Nip1 AU >

=< T — Uj41, (1 — Oéi)ul' + o + € — Uiy >
=< T — Uiy1, (1 — ozz)(u, — ZL’) + Oéi(ui_l — l’) +e+T— Uq >
= [Juis1 — 2= < w1 — 2, (1 — o) (w; — ) + @i(uimr — ) > — < U1 — T, €; > |

1

> [é\um -zl - §|(1 — o) (u; — ) + (Ui — @) = w1 — @lei]]
1 1 1

> [Sluipr — @) — (1 — aq)Ju; — 2 — sogfuimy — 2? — |uir — z|]ei]]
% 2 2

= [§<|Uz+1 —a]? = |u; — z|*) +

1

§@i(|uz —? = Jui—1 — z|*) — |esl|uir1 — ]
1

> [§(|Uz+1 —a* = |u; — z*) +

1 2 ]‘ 2 1 2

§sz‘|uz‘ — " — §az‘—1|ui—1 —x|* - 5’%—1 — %oy — aia ]y — leil[uip — l’|]
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TLj—l

Summing up from ¢ = 0 to ¢ = n; — 1 and then dividing by Z Ait1, We get

=0
’Vl]'—l nj—l
—1
<z =W,y >=<z— (D Ais1) ' DY At y >
i=0 1=0

n;—1

1 1
> () )= 3o = 2| — Zay|uy —zf?

2
=0
1 nj_l nj—l
D) Z w1 — )"l — a4 — Z leil i1 — x”
=0 1=0
] 1 T, n;—1
> (; N [ = S luo — 2l = M ;[ai — i)y - M ZO le:l].

where M = sup |u,, — z| (in the last inequality, we take «_; = 0 and u_; = 0). Letting

j — 00, by Lemma 2.6, we get < x — p,y >> 0. Thus, by the maximality of A, we
have p € A7'(0), as desired. O

3 Weak Convergence

In this section, we prove the weak convergence of the sequence {u,} and its weighted
average to a zero of A, which extend the results of [7], under suitable assumptions on
the parameters o, and \,,.

Theorem 3.1. Suppose {u,} is a bounded sequence generated by (1.8) and conditions
(A1), (o) and (E) are satisfied. Then w,, — p € A~'(0) as n — oo, which is also an
asymptotic center of {u, }.

Proof. By Theorem 2.7, A~1(0) # @ and w,,(w,) C A™'(0). Thus by part (2) of The-
orem 2.4, lim |u,, — p|, exists for each p € w,,(w,). We show that w,,(w,,) is singleton.

Suppose p,q € wy(w,) and p # ¢, then by Theorem 2.4,lim(|u,, — p|* — |u, — q|?)

exists and hence lim < wu,,p — ¢ > exists. Thus lim < w,,p — q > exists. This
n—-+o0o n——+o0o

implies that < ¢,p — ¢ >=< p,p — ¢ > and hence p = ¢. So, w, — p € A™*(0) as
n — +oo. Now, we show that p is the asymptotic center of {u,, }. Suppose that ¢ € H
and g # p, then

|t — P> = |t — q* +2 < un,q —p > +|p|* — |g|*
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Multiplying both sides of the above equality by \,,, summing up fromn = 1ton = m,

dividing by Z A, and taking lim sup as m — +o00, we get

n=1

m m

lim |un - p|2 = thUp(Z /\n)_l(z )‘n|un - Q|2) - |q - p|2 < limsup |un - Q|2'
n=1

n—-+00 m——+oo 1 n—-+00

This shows that p is the asymptotic center of the sequence {u,} as desired. 0

Theorem 3.2. Let {u,} be a bounded sequence given by (1.8).
(1) If the following conditions hold:

(

+oo
(A2) D> A2 = oo,
n=1
)‘n—i-l (3 1)
len] '
(El) or (E3) \2 — 0,
n+1
+00 a2 +oo ‘en‘2
(as) Z )\2" < 400 and (Ey) Z 2 < +00,
\ n=1 n+1 n=1 n+1

then A~1(0) # @ and w,(u,) C A7H(0).
(2) If conditions (A;), (), (as), (Ey) and (Ey4) are satisfied, then u, — p € A~*(0).

Proof. By Theorem 2.7, A~'(0) # @. In order to prove (1), assume p € A~'(0). By
the monotonicity of A, < A\, 1AUpi1,p — Upy1 >< 0. So by (1.8),

< (1 — ap)up + aptiy_1 — Upyq + €5y P — Upy1 >< 0. Thus, we have

Ip— un+1|2 + A3L+1|Aun+1|2 < (1 = an)(un — p) + an(up-1 —p) + €n|2

< (1= an) (U —p) + n(un—1 _p)|2 + |€n|2 +2len||(1 = an) (un — p) + an(tn—1 — p)|
< (1= ap)|un = pP* + aplun—1 = p|* + len]” + 2len[(1 — an) (un — p) + @ (un-1 —p)]
< |up — p|2 + an 1|t — p|2 — ap|up — p|2 + |tn—1 — p|2[an — ana]y + |€n|2 +
2lenl|(1 — an)(un — p) + an(tn-1 —p)l.

Therefore

(3.2)

)‘i+1|f4un+1|2 < |u, —p\2 — U1 —P‘Q + |ty — p|2
—a |ty — p|? + M?[an, — 1]y + |en® + 2M ey,

where M = sup |u,, — p|. On the other hand, by the monotonicity of A, we have

0 << Aupi1—Aty, Upi1 —Upy >=< Aty — Attp, (U1 —Up )+ — A1 Aty >,

thus
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2 Qp en
|Aun+1| §< Au’m Aun+1 >+ < Aun+1 - Auna —(un—l - un) +
)\n-i-l >\n+1

1 1 1 1
< §|Aun|2 + §|Aun+1|2 - §|Aun — Aty |* + §|Aun — Aty |?

>

1 o, €n |9
+ - un— - un +
2 )\n+l( ! ) )\n+12| ,
1 1 o n
S §]Aun\2 + §\Aun+1|2 + )\2 ’Un,1 — Un|2 + |)\2 | .
n+1 n+1
Therefore
2 2 O‘i 2 |€n|2
| Aty 1|7 < [Aup |* + 25" |un — Un—1]” + 233
)‘nJrl )\

n+1
By (a5) and (Ey), lir}rl | Au,,| exists. Sum up both sides of (3.2) fromn = 1ton =
n—-+0oo
n==k
k, next divide by Z A2 41 and then letting &k — oo, by Lemma 2.6, we obtain

n=1

liin |Aug| = 0. Now, if wu,, — ¢, then by the demiclosedness of A, we have ¢ €
A1(0). Hence wy,(u,) C A71(0).
(2) The proof is similar to that of Theorem 3.1 and part (2) of Theorem 2.4. ]

4 Subdifferential Case

In this section, under different conditions, we present the weak convergence of {u,},
when A = J¢, where ¢ : H —] — 00,400] is a proper, convex and lower semi-
continuous function. Also the rate of convergence of the sequence {((u,)} to the min-
imum value of ¢ is discussed.

Theorem 4.1. Let {u,} be a bounded sequence given by (1.8) with A = O, where ¢ :

H —| — 00, +0o0] is a proper, convex and lower semi-continuous function. If conditions
+o0 2
len]

(A1), (qu), (Ev), and (E5)

(90)~1(0).

Proof. By Theorem 2.7, A™*(0) # @. Assume p € A~'(0). By the subdifferential
inequality and (1.8), we get

/\n—&-l(@(un-&-l) - Qo(p)) << )‘n+la(:0(un+1)7 Upy1 — P >

=< (1 — ap)up + Q1 — Upg1 + €ny Upyy — P >

=< (1 —an)(up —p) + n(Un-1 — D), Uns1 — P > + < €, Uny1 — P > —|thns1 — p|?

< 400 are satisfied, then u, — p €

n—1 )\n—i-l

1
< 5l = an)(un = p) + anlun —p)f° — 5 [t —pI* + lealluns1 — |
1 1
< 51— an)lun —p|* + s |un—y — p* — 5 [t —pI* + lealltns1 — Dl
1 1
= §(|Un —p|2 - |Un+1 —p|2) + §Oén(|un—1 —p|2 - ’Un —p|2) + |en’|un+1 —p|
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1 1 1
S _(’un - p|2 - |un+1 - p|2) + _O‘n71|un71 - p|2 - _an‘un - p|2
2 2 2
1 2
+ §|Un—1 = pllom — ana]s + len||unsr — pl.
Hence
+o00
> Anga(p(uns) = @(p)) < oo, (4.1)
n=1

By (4.1), liminf ¢(u,) = ¢(p). On the other hand, by the convexity of ¢ and the
subdifferential inequality, we have

O(tUns1) — (1 — an)o(tn) — an@(tn_1) < @(tns1) — @((1 — an)tn + antin_1)
<< 0P(Uni1)s Unt1 — (1 — ap)uy — pliy—q >

= < (1= ap)up + aptiy_1 — Upy1 + €ny Upr1 — (1 — ap)ty — @1 >

)‘n+1
1 1 ,
=5 < enyUnr1 — (1 — ap)up — a1 > —/\—|un+1 — (1 — ap)up — Qi1
ol
n
B 2)\n+1
So
|en|2

4.2)

Hence, by (4.2), we get
| €n |2

2)\n—i-l .
Thus, by Lemma 2.3, lim ¢(u,,) exists and hence lim p(u,) = ¢(p). Now, if u,, — ¢,

then p(q) < limkinfap(uk) = o(p) implies ¢ € (O¢)1(0). So, wy(u,) C (Op)(0).
In order to prove u,, — p, we show w,(u,) is singleton. By part (2) of Theorem
2.4, lim |u,, — p|, exists for each p € wy(u,). Let p,q € wy(u,) and p # g, then

P(tni1) < @(n) + an19(tn—1) — anp(u,) + [an — apa]4o(un-1) +

lim < w,,p— ¢ > exists. So p = g and hence w,,(u,) is singleton. ]
n—-+00

Lemma 4.2 (See [8]). Suppose that {a,} and {b,} are two positive real sequences
+00

such that {a,} is non-increasing and convergent to zero and Z anb, < 4oc. Then

n=1

(Z bg)a, — 0.asn — +oo.
k=1

Theorem 4.3. Suppose that {u,,} is a bounded sequence given by (1.8) with e,, = 0 and
A = 0p, where ¢ : H —] — 00, +00] is a proper, convex and lower semi-continuous
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+oo
function. If Z min{\,, \,11} = 400 and (o) are satisfied, then

n=1

n+1

() = (p) = o3 min{As Aiss}) ).

where p is a minimum point of .

Proof. Set g, = max{ip(us) — p(0). ¢(n 1) — ¢(p)}. By Theorem 4.1, 4, 0. By
(4.2), we get p(un11) — ©(p) < yy, therefore y,, 11 < y,,. On the other hand, by (4.1),
we get

> min{An, A Jnir D Aa(@(n) = @(0)) + D Angr (9(ttni1) — 9(p)) < oo.

n+1

So, by Lemma 4.2, y,11 = o (Z min{\;, \iy1}) " ). Since p(u,) — @(p) <
n+1 =

oo Hence, ¢(n,) — o(p) = oS min{As A })70). m
i=1

S Strong Convergence

In this section, the strong convergence of {u, } is obtained by additional conditions on
the maximal monotone operator A.

Theorem 5.1. Assume that (I + A)™" is a compact operator and conditions (As3), (o)
and (E,) are satisfied. Then u,, — p € A~'(0) if and only if {u,,} is bounded.

Proof. By (3.2) and the assumptions, we get lin[}1 inf | Au,| = 0. Therefore, there exists
a subsequence {Au,;} of {Au,} such that [Au,,| — 0 and {u,, — Au,,} is
bounded. Since (I + A)~' is compact, {u,,} has a strongly convergent subsequence
(we denote this again by {u,,}) to p € H. By the monotonicity of A, we have <
Aty — At Uy — Uy, >2> 0, 50 < Aty up, —p >2 0as j — oo. The maximality of A
implies p € A~'(0). On the other hand, by part (2) of Theorem 2.4, lién |u, — p| exists.

Hence u,, — p € A7(0). O
Lemma 5.2 (See [8]). Assume {y,} is a positive real sequence satisfying the following
inequality:

bnyn S Yn—1 — Yn + ap,
where {b,} and {a,} are positive sequences.
(i) If {Z—n} is bounded, then the sequence {y,} is bounded.
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(ii) If lim Z—n = 0, then lim y,, exists.
n oo

(iii) If lim % = 0and y_ b, = +oo, then limy, = 0.

n n=1

Theorem 5.3. Let {u, } be bounded and A be a maximal monotone and strongly mono-
tone operator. If the conditions

(A1), (EY) and (1)) or [(A1), (E») and (ag) )\a" — 0]

n+1
are satisfied, then u,, — p, where p is the unique element of A~*(0).

Proof. By Theorem 2.7, A~'(0) # @. Assume that p is the single element of A~'(0).
By the strong monotonicity of A and (1.8), we get

2C“>\n+1’un+l - p‘z S 2< Up — Unpy1 — an(un - unfl) + €n, Upy1 — P > .
It follows that

2a}‘n+1‘un+1 _p’2 S ’un_p’2_ ’un+1 _p|2+an(’unfl_p|2_ |un_p|2)+2’en”un+1 _pl
5.1

If the conditions [(A1), (E»), () )\ozn — 0] are satisfied, then by Lemma 5.2, the
n+1

theorem follows.

If the conditions L(Al), (E1) and (v )] are satisfied, then from (5.1), we have
20\ 41 [tpg1 — p|” < Jup _p’2 — [t g1 _p’2 + a1 |tn 1 _p’2 — a|up _p‘2 + [ty -1 —
Pl lon — analy + leq|[tnin —pl.

+oo
So, Z MAii1|tngr — p|* < oo. Thus liminf |u,,; — p/* = 0. Since, by part (2) of
n=1
Theorem 2.4, lim |u,, — p| exists, it is lim |u,, — p| = 0. O
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