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Abstract

In this research, we utilize Lyapunov functionals and obtain sufficient condi-
tions for the stability of the zero solution of the discrete Volterra system of the
form

z(t+1)= ZC’ts

Due to the nature of the Lyapunov functional, we will be able to show that all
solutions are {([to, c0) N Z).
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1 Introduction

In this report, we explore the use of Lyapunov functionals and obtain conditions for the
stability of the zero solution of the nonlinear delay Volterra discrete system

z(t+1) = Z C(t,s)g (1.1)
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where r is a positive integer, P is a constant n x n matrix and C'(¢, s) is an n X n matrix of
functions that are defined on —r < t < s < 0o, where t, s € [—r, 00)NZ. The nonlinear
function g : R"™ — R" is continuous in x. Throughout this paper it is understood
that if z € R", then |z]| is taken to be the Euclidean norm. Recently, several authors
Islam and Raffoul [8], Medina [11], [12], [13], and Raffoul [15], obtained stability
and boundedness results of the solutions of discrete Volterra equations by means of
representing the solution in terms of the resolvent matrix of the corresponding system
of difference Volterra equations. Elaydi et al. [6], and Eloe et al. [7] used the notion
of total stability and established results on the asymptotic behavior of the solutions of
discrete Volterra system with nonlinear perturbation. Their work heavily depended on
the summability of the resolvent matrix. The notion of resolvent can not be used for
(1.1) since it is nonlinear. For more results on stability of the zero solution of Volterra
discrete system we refer the reader to Agarwal and Pang [1], Elaydi [5] and Murakami
and Nagabuchi [14].

As we shall see later, Lyapunov functionals allow us to establish the stability or
instability of the system. The advantage of this method is the fact that no information
need to be known on the actual solution x(¢). On the other hand, one of the most
disturbing disadvantages is the fact that there is no general method of constructing such
Lyapunov functional. In the particular case of homogeneous autonomous systems with
constant coefficients, the Lyapunov function can be found as a quadratic form.

One of the major difficulties that we encountered was relating back the solution x(t)
to the Lyapunov functional so that some inequality can be obtained.

In order to write a suitable Lyapunov functional V', we will rewrite our system (1.1)
so that AV can be easily calculated along the solutions. Moreover, our constructed
Lyapunov functional will require the existence of a positive definite matrix that will
depend on the coefficient matrix P. In [10], the authors utilized Lyapunov functionals
and obtained sufficient conditions for the exponential stability of the zero solution of
the scalar finite delay Volterra difference equation

t—1

z(t+1) =a(t)x(t) + Z b(t, s)x(s),

s=t—r

by allowing |a(t)| > 1. Also, by displaying a slightly different Lyapunov functional
the authors arrived at conditions that guaranteed the instability of the zero solution.
However, in this article we could not extend the results of [10] to the vector equation
(1.1).

Let z € R" and U = (u);; be an n x n matrix. Then we define the norms |z| to be
the Euclidean norm and

n
1<j<n Y

It should cause no confusion to denote the norm of a sequence function ¢ : [—7r,00) N
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Z — R with
loll = sup |o(s)].

—r<s<oo
The notation z; means that z;(7) = z(t+7), 7 € [—r, 0]NZ as long as z(t+7) is defined.
Thus, x, is a function mapping an interval [—r, 0] NZ into R". We say x(t) = (¢, to, )
is a solution of (1.1) if x(t) satisfies (1.1) for t > ¢y and x;, = x(to + ) = ¥(s),
s € [—r,0] N Z. Throughout this paper it is to be understood that when a function is
written without its argument, then the argument is ¢. We begin with a stability definition.
For ty > 0 we define
Ey, = [-rt) NZ.

Let C(t) denote the set of sequences ¢ : [—r,00) N Z — R™ and ||¢|| = sup{|¢(s)| :
s € [—r, t|NZ}.

Definition 1.1. The zero solution of (1.1) is stable if for each € > 0 and each t, > —r,

there exists a 0 = 0(e,%p) > O such that [p € Ey, — R", ¢ € C(¢) : ||¢] < J] implies
|z(t, to, ¢)| < e forall ty > 0.

2 Main Results

In this section, our ultimate goal is to construct a suitable Lyapunov functional, say
V(t,z) := V() for (1.1), and then under suitable conditions, show that along the solu-
tions of (1.1), AV (t) < —alx|? for some positive a.. In order to be able to handle the
calculations for AV(t) along the solutions of (1.1), we cleverly rewrite (1.1) by letting

Alt,s) = Z Cu+s,s), t,s €0, co) NZ}.
u=t—s
We remark that it immediately follows that A(¢,¢ — r — 1) = 0. As a consequence, one
can easily verify that (1.1) is equivalent to the new system

t—1
Ax(t) = Qu(t) + At + Lt)g(x(t) — O Y Alt, s)g(a(s)), 2.1)
s=t—r—1
where the matrix () is given by () = P — [ and [ is the identity n X n matrix.
Remark 2.1. Writing (1.1) in the form of (2.1) allows us to obtain stability result regard-
ing the Nonlinear Volterra difference equation
t—1
p(t+1)= > C(t s)g(z(s)). (2.2)
s=t—r

This is remarkable since (1.1) is considered as the perturbed form of z(t + 1) = Px(t),
which implies that the stability of the zero solution of (1.1) depends on the stability of
linear part; that is, one must require that the magnitude of all the eigenvalues of the
matrix A be inside the unit circle.
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Before we state and prove our next theorem, we assume there exist a positive definite
symmetric and constant n X n matrix D such that for positive constants A, 1 and po we
have

PTDQ +Q"D = — 1. (2.3)

Due to the nonlinearity of the function g, we require that
" (PTDA(t 4+ 1,t) + DA(t + 1,t)) g(z) < —polz|* if z # 0, (2.4)

and
lg(x)] < Alz|. (2.5)

It is clear that conditions (2.4) and (2.5) imply that g(0) = 0 and hence = = 0 is a
solution for system (1.1). We note that since D is a positive definite symmetric matrix,
then there exists a positive constant £ such that

k|z|* < 27Dz, forall x. (2.6)

Finally, we use the fact that if W (¢) and Z(¢) are two sequences, then AW () Z(t) =
W(t+1)AZ(t) + (AW(t)) Z(t). For more on the calculus of difference equations we
refer the reader to [4] and [9].

Theorem 2.2. Let (2.3)—(2.5) hold, and suppose there are constants v > 0 and o > 0
so that

t—1
— =22+ N A(t+1,8)|+ (MAT (41, 6)D[+|Q"D]) > |A(t, 8)| < —a, (2.7)

s=t—r

—y+ ANAT(t+1,)D| + Q" D| <0, (2.8)
and
t—1
L=X Y JA(ts) >0 (2.9)
s=t—r—1

then, the zero solution of (1.1) is stable.

Proof. Define the Lyapunov functional V' (¢) = V (¢, z) by

vie) = («0+ 5 At 9)ge(s) D(a0)+ S Alt9)glals)

s=t—r—1 s=t—r—1
-1 t-1

+y ) D A Alg(2) (2.10)

s=—r z=t+s
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First we note that the right side of (2.10) is scalar. Let x(t) = x(t, t, %) be a solution
of (1.1) and define V'(¢) by (2.10). Then along solutions of (1.1) we have

AVE) = @it+D)+ Y A(t—l—l,s)g(m(s)))TD

s=t—r

x Ala(t) + i A(t,S)g(x(S)))

s=t—r—1

s=t—r—1

(=)
NEOR 5 At 9)g(o(5)))
(=)

x  D(x(t) + i A(tS)Q(fC(S)))

s=t—r—1
-1

+ A+ L Ollg(@®))P = Y 1A+ 9)llg(z(t + 5) % @11

Using (2.1) one can easily show that

t t—1

z(t+1)+ Z A(t+1,5)g(z(s)) = Pz(t) + Z A(t, s)g(x(s)).

s=t—r s=t—r
With this in mind inequality (2.11) becomes

t—1

AV() = (Pe(t)+ > A(t,s)g(:c(s)))TD<Qx(t)+A(t+1,t)g(w(t)))

+(Qult) + Alt+ 1,0)g(a(1))) D(at) + S Al $)g(a(s)))
+ XA+ L) lg(()] — i At t+ 5)llg(x(t + 5))I"

s=—r
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After rearranging terms, the above expression simplifies to

AV(t) = z"(t)(P"DQ+ Q"D)x(t) + 2" (t)P"DA(t + 1,t))g(z(t))

+ (D A(t,s>g(x<s)))TDQx(t)

s=t—r

~

b Al 9)glals))) DA+ 1,09(x(1)

s=t—r

+ 27(H)Q"D i A(t,s)g(z(s)) + g" (x(t) AT (t + 1,t) Dx(2)

+ g7 (z(t)AT(t +1,t)D i A(t, s)g(x(s))

+ A+ L o)lg(z®)* — i At t+ s)llg(a(t + )7 (2.12)

s=—1r

Next we try simplify (2.12) by combining likewise terms. We begin by noting that
9" (z)AT(t+1,t)Dx = [¢" DA(t + 1, t))g(a:)]T, and hence we have

" PTDA(t+1,t)g(x) + ¢"(2)AT(t+1,t)Dx
= 2" (P"DA(t + 1,t) + DA(t + 1,1)) g(x).

t—1 t—1

(Y Alt.s)ga(s) DQa(t) + «"()Q"D Y. Alt.s)g(a(s))

s=t—r s=t—r—1
t—1

= 2"()QTD > A(t,s)g(x(s))

s=t—r—1
t—1

+ [0 At 9)atatsn) Da]

s=t—r

= 227 ()Q"D i A(t, s)g(x(s))

s=t—r—1

2" ()IIQ" D i [A(, 5)[lg(z(s))]

s=t—r

Q" D] i A ) (Jz(OF + lg(z())).

s=t—r

IN

IN
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where have used the inequality 2ab < a? + b*. Similarly,

t—1

S At 9)g(a(s)) DA +1.0)g(x (1)

t—1

+ [( > AL, s)g(a:(s)))TDA(t+ Lt)g(w(t))]T

= 2T @) AT+ 10D S Alts)gla(s))
A OIAT(E+1,0D] S 1A 5)llg(x(s))
< NATE+ 10D S A )] (120 + g(a(s)P).

s=t—r

IN

Letu =t + s, then

-1 t—1

7 ) A+ s)llg(a(t+9))F = =7 Y 1A, 9)llg(x(s).

S=—r s=t—r

By substituting the above four simplified expressions into (2.12) yields

AV < [ ==+ N A+ 1,1)]
t—1

+ (MA"(t+1,6)D|+1Q"DI) Y 1At S)I} |(t)|?

t—r
t—1

+ [ =7+ AT+ 1,001 +1Q7 D] 3 1A 5)llge ()P

t—r
< —alz(t): (2.13)
Let ¢ > 0 be given, we will find § > 0 so that |z(¢, %, ¢)| < € as long as [¢p € Ey, —
R :||¢] < d]. Let

to—1 -1 to—1

L? = |D|<1+)\Z|A(to,s)|>2+)\2u > Al 2)l.

to—r s=—r z=tp+s
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By (2.13) we have V' is decreasing and hence for ¢t > ¢, > 0 we have that

V(t7 ZL’) < V(t(); Qb)

< IDI(6(t) + Y Alto,5)g(0(5)))

S At )6

s=—1r z=to+s
to—1 9
— §2|D| (1 + A3 A, s>y)
to—r
-1 to—1

+ v Y |A(t, 2)|

s=—r z=lg+s

< &L2 (2.14)
By (2.10), we have
t—1 T
Vita) 2 (a+ Y Al s)gle(s)
s=t—r—1
t t—1
X D(x(t) + 3 A 8)g(3:(5)))
s=t—r—1
o 2
> (jel =] Y Alts)g(a(s)]) (2.15)
s=t—r—1
Combining the two inequalities (2.14) and (2.15) we arrive at
5L —
()] < =+ A > A, 8)||x(s)].
s=t—r—1

So as long as |z(t)| < €, we have

I t—1
]x(t)|<%+5/\ > JA(t, )], forall t > tq.

s=t—r—1

Thus, we have from the above inequality

lz(t)| < e ford < %(1 - A Z_: |A(t, s)])e.

s=t—r—1

Note that by (2.9), the above inequality regarding ¢ is valid. [
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We have the following corollary.

Corollary 2.3. Assume all the conditions of Theorem 2.2 hold. Let z(t) be any solution
of (1.1). Then |z(t)|* € I([to, 00) N Z).

Proof. We know from Theorem 2.2 that the zero solution is stable. Thus, for the same §
of stability, we take x(t, to, ¢)| < 1. Since V' is decreasing, we have by summing (2.13)
from ¢y to ¢ — 1 and using (2.14) that,

t—1
V(t,z) < Vto,¢) <°L* —a ) _ |z(s)*.

Since,
V(t,z) > (a:—i— _ti A(t,s)g(x(s)))TD(:c—l— _tf: Alt, 5)g(x(s))>,

we have that

t—1 T t—1
(z+ X Alto)gla(s)) D(z+ D Alts)gla(s))
s=t—r—1 s=t—r—1
t—1
< SPLP—a) |x(s) (2.16)
to
Also, using Schwarz inequality one obtains
t—1 9 -1 2
> @l = (X 1A s)MAw ) lg((s))])
s=t—r—1 s=t—r—1
t—1 t—1
< N A Y A s)l[a(s).
s=t—r—1 s=t—r—1
—1 —1
As ) |A(t,s)| is bounded by (2.9) and [z|* < 1, we have »  |A(t, s)[|x(s)]?
s=t—r—1 1 s=t—r—1
is bounded and hence Z |A(t, s)||g(x(s))| is bounded. Therefore, from (2.16), we
s=t—r—1
arrive at
t—1 t—1 T
oS ) < L - (v D Alts)gla(s))
s=to s=t—r—1
-1
x D(x+ Y Al s)g((s))
s=t—r—1

t—1

212+ Dl (je + Y A(t,s)g(x(s))]>2§[(,

s=t—r—1

IN
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from which we deduce that |z(t)|* € I([to, 00) N Z). O

Due to our previous remark, it is straight forward to extend Theorem 2.2 and Corol-
lary 2.3 to (2.2) by taking the coefficient matrix P = 0.

Theorem 2.4. Let (2.3) and (2.4) hold for P = 0 matrix. Assume (2.5) and suppose
there are constants v > 0 and o > 0 so that

—H1 — M2 + ’}/7“/\2’A(Zf + 17t)’ + ()‘|AT(t + 1>t>D‘

t—1
+ D) > IA(t s)] < —a, 2.17)
t—r
—y+ ANAL(t+1,4)D| +|D| <0, (2.18)
and
t—1
L= ) JAts)>0 (2.19)
s=t—r—1

then, the zero solution of (2.2) is stable and |z(t)|* € I([to, 00) N Z)

Proof. The proof is immediate consequence of Theorem 2.2 and Corollary 2.3 by taking
the matrix P to be the zero matrix which implies that ) = I. [

Next, we resort to fundamental matrix solution to characterize solutions of (1.1) and
then compare both results. We begin by considering the homogenous system,

o(t+ 1) = A(t)z(t) (2.20)

where A(t) = (a;;(t) is n x n nonsingular matrix function. Then if ®(¢) is a matrix that
is nonsingular for all ¢ > ¢, and satisfies (2.20), then it is said to be a fundamental matrix
for (2.20). Also, it is known that if all eigenvalues of A(t) reside inside the unit circle,
then there exist positive constants [ and 7 € (0,1) such that |®(£)® ' (ty)| < In'~".
For more on linearization of systems of the form of (2.20), we refer the reader to [4].
Suppose the function g is Lipschitz. That is, there exists a positive constant L such that

l9(z) — g(y)| < Llz -y (2.21)

for all = and y. Then (2.21) along with g(0) = 0 imply that |g(z)| < L|z|. Now we
remind the reader of the meaning of exponentially stable.

Definition 2.5. The zero solution of (1.1) is said to be exponentially stable if any solu-
tion x (¢, to, ¢) of (1.1) satisfies
2(t,t0,0)] < B(lloll,t0) ), forallt > to,

where ( is constant with 0 < ¢ < 1, B : RT x ZT — R™, and  is a positive constant.
The zero solution of (1.1) is said to be uniformly exponentially stable if B is independent
of tg.
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Theorem 2.6. Assume all eigenvalues of A(t) of system (2.20) reside inside the unit
circle. Also, assume (2.21) along with g(0) = 0. In addition we ask that for some
positive constant R

> |C(u,s)| < R, (2.22)

s=—r

1 —
then the zero solution of (1.1) is exponentially stable provided that RL < Tn

Proof. Let ®(t) be the fundamental matrix for (2.20). For a given initial function ¢ :
[—7,00) N Z — R", by using the Variation of parameters, we have that

z(t) = () (to)o(te) + i d(t)d w4+ 1) i C(u, s)g(x(s)). (2.23)

u=to s=u—r

Then z(t) given by (2.23) is a solution of (1.1), see [4] or [9]. Hence, for t > ty, we

have
t—1

[2()] < tn'~"|(to)] + RLI™ Y | (u)].

u=to

The rest of the proof follows along the line of Theorem 4.35 of [4], by invoking Gron-
wall’s inequality. [

Theorem 2.6 gives stronger type of stability since it requires the zero solution of
(2.20) to be exponentially stable.

3 Example

In this section, we furnish an example in which we show the power of our obtained
results. Let

P= (Vo ) ma cto= (V05 ) e

0 1/2 0 1/3
1
—(r—t+s+1) 0
Alt,s)=1] 3 1 and
0 g(r—t—i-s—i-l)
1
-r 0
At+1L,t)=| 3
0 =r

3
From PTDQ + Q"D = — 11, we obtain
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—9pto
4 T
S 0 8
D=3 4 .Letg(z) =
0 —m =92
3 T
8,&17’

Then
o' (PTDA(t+1,t) + DA(t + 1,1))g(z) = —pa (2} + 23) .

9
Hence (2.4) is satisfied. By letting o <A<
87y r(r+1)
For the sake of verifying (2.9), we note that

we have that |g(z)] < Az|.

1
At )] < glr —t+s+1 gg, fors € [t —r,t — 1].

Thus,
t—1

17" +1
Zts§Z§ >.

s=t—r—1

t—1

Thus, 1 — A Y [A(t,s)] > 0 for A < .
il r(r+1)

and (2.8). As before, by simple calculations one can easily show that (2.7) and (2.8)
correspond to

Left to verify conditions (2.7)

r ddrpy 2 1
=2 AL Sty < - 3.1
1 M2 + 1T 3+ 9 +3M1(3)_ a, (3.1)
and 4\ 2
—y+ g“ “+5m <0, (3.2)

respectively. Now inequalities (3.1) and (3.2) can be satisfied by the choice of appropri-
ate fi1, p1o and r. Thus we have shown that the zero solution of

— 9z
t—1

0= ("5 1 e - 2 (0 4s) o

s=t—r 9,“2
Spuqr

T

T2

is stable by invoking Theorem 2.2.

4 Open Problem

Extend the method of [10] to (1.1) to obtain exponential stability of the zero solution.

The paper of [10] dealt with scalar equations, unlike this paper which deals with
systems. Therefore, constructing a Lyapunov functional that is based on the idea of [10]
is not obvious and serious thinking has to be put in to it. The authors strongly believe
that solving this Open Problem will be very rewarding.
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