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Abstract

The aim of this paper is to investigate the global stability and the existence of

unbounded solutions of the difference equation
A+ Brp_2r—1

n=0,1,...
C—i—Daﬁfl_Ql

Tpt+1 =

where the initial values are nonnegative real numbers and A, B are nonnegative
real numbers, C; D > 0 and r, [, k are nonnegative integers.
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1 Introduction and Preliminaries

The mathematical modeling of a physical or economical problem very often leads to
difference equations (for partial review of the theory of difference equations and their

applications see [3,6,7,9]).

The study of nonlinear rational difference equations of higher order is of paramount
importance, since we still know so little about such equations. It is worthwhile to point
out that although several approaches have been developed for finding the global charac-
ter of difference equations, a relatively a large number of difference equations has not

been thoroughly understood yet [5,7,10, 11].

In [1], we have investigated the global asymptotic stability of the difference equation
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Also in [4], we have discussed the global asymptotic stability of the difference equation

o Axn—Zr—l
- )
B + Cl‘n—?ll‘n—Qk

Tpt1 n=20,1,...
In this paper, we study the global asymptotic stability and the existence of unbounded
solutions of the difference equation

A + B-rn—Zr—l

ST n=0,1,... (1.1)

Tp4+1 =

where A, B are nonnegative real numbers and C, D > 0 and r,[, k are nonnegative
integers.
When r = = 0 and k£ = 1, equation (1.1) is reduced to the difference equation

A + Bil?n_l

=0,1,...
C+D£L’n7 n ) Ly

Tpy1 =
which has been investigated in [10].
When r =1 = 0, k = 2, equation (1.1) is reduced to the equation

A + an—l

O+ Da? n=20,1,...

Tnt+1 =
which we have discussed in [2], where A, B are nonnegative real numbers and C, D >
0.

We give some preliminaries which will be needed in this paper. Consider the differ-
ence equation
Tn+1 :f<xn7xn717"'7xn7k)7 n:O,l,... (12)

where f : R*! - R.

Definition 1.1 (See [9]). An equilibrium point for equation (1.2) is a point £ € R such
that z = f(z,z,...,2).

Definition 1.2 (See [9]). 1. An equilibrium point Z for equation (1.2) is called lo-
cally stable if for every ¢ > 0, there exists a 6 > 0 such that every solution
{z,} with initial conditions x_y,~_jy1,...,2o €]T — §, T + [ is such that z,, €
|z —¢€,Z + €[ for all n € N. Otherwise Z is said to be unstable.

2. The equilibrium point z of equation (1.2) is called locally asymptotically stable
if it 1s locally stable and there exists v > 0 such that for any initial conditions
T gy Tgi1,---,To E]JT — 7, T + 7], the corresponding solution {z,,} tends to z,
and a global attractor if every solution {z, } converges to T as n — oc.

3. The equilibrium point x for equation (1.2) is called globally asymptotically stable
if it is locally asymptotically stable and global attractor.



Global Behavior of a Higher order 3

Suppose that f is continuously differentiable in some open neighborhood of Z.

Let of
a; = 8xn_i(j"”’j)’ for i=0,1,...,k
denote the partial derivatives of f(z,,z,_1,...,Z,_x) With respect to x,,_; evaluated at

the equilibrium point Z of equation (1.2). Then the equation

k
Tt = Y @iz, n=0,1,... (1.3)

i=0
is called the linearized equation associated with equation (1.2) about the equilibrium

point x, and the equation
k

A=y g\ =0 (1.4)
i=0
is called the characteristic equation associated with equation (1.3) about the equilibrium
point Z.
Theorem 1.3 (See [9]). Assume that f is a C" function and let T be an equilibrium
point of equation (1.2). Then the following statements are true:

1. If all roots of equation (1.4) lie in the open disk |\| < 1, then T is locally asymp-
totically stable.

2. If at least one root of equation (1.4) has absolute value greater than one, then T
is unstable.
k
Theorem 1.4 (See [8]). Assume that Z | a; |< 1. Then every root of equation (1.4)
i=0

has absolute value less than one.
Definition 1.5 (See [10]). A positive semicycle of a solution {z,}>° , of equation
(1.2) consists of a “string” of terms {x;, x;y1,. .., %}, all greater than or equal to the
equilibrium z, with [ > —k and m < oo and such that

either/= —k, orl>—kandz, | <7Z

and
eitherm =00, orm <ooandz,, 1 <.

Definition 1.6 (See [10]). A negative semicycle of a solution {z,}>> ., of equation
(1.2) consists of a “string” of terms {x;,x;41,..., 2}, all less than or equal to the
equilibrium z, with [ > —k and m < oo and such that

either[=—k, orl>—-kandz,_1>7

and
eitherm = oo, orm < ooand 11 > T.



4 R. Abo-Zeid

When k£ = 0, Equation (1.1) reduces to the linear nonhomogeneous difference equa-

tion
B A

Tp+1 = C Dﬂfn—zr—l + C+ D

n=0,1,...

The equilibrium point z = of this equation is globally asymptotically

C+D-B
stable when B < C' + D and unstable when B > C' + D.

e
When k£ > 1, the change of variables z,, = Y Eyn reduces equation (1.1) to the

difference equation

p+qyn72r71
g = el =01, 1.5
g L+yp o ! ()
A./D B
wherer= o\ o= o

When k£ = 1, equation (1.5) reduces to the difference equation

p + qYn—2r—1
n+l — —, n=01,...
Yot 1 + Yn—21
This equation was discussed in [7].
In the following, we assume that k£ > 2.

2 Linearized Stability Analysis

Now we determine the equilibrium points of equation (1.5) and discuss their local
asymptotic behavior. It is clear that the values of the equilibrium points depends on
p and q.

The equilibrium points of equation (1.5) are the zeros of the function f(z) = «
(1—q)z—p.

When ¢ > 1, equation (1.5) has a unique positive equilibrium point § > /¢ — 1.
When ¢ < 1, equation (1.5) has a unique positive equilibrium point 4 such that y >

I 1—q\ * I 1—q\
/1 — 4. —q _ /1 —4q. —q
f k|l —— do < f k| —— .
1P (k—l) MDY=\ P (k—l)
Now assume that 8 = max{2[,2r 4+ 1}. Also let ¢ be the largest nonnegative integer
such that 0 < 2t+1 < K and s be the largest nonnegative integer such that 0 < 2s < K.
The linearized equation associated with equation (1.5) about the positive equilibrium

y is

k+1
A

q ky*
Fn+l = rﬂkznﬂr*l + Tyﬂkznm =0, n=0,1,... (2.1)

The characteristic equation associated with this equation is

ki
A\ 4 s A2 29
1+ g T 2
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We summarize the results of this section in the following two theorems.

Theorem 2.1. Assume that 8 = 2l and let ij be the unique positive equilibrium point of
equation (1.5). Then the following statements are true.

1. If ¢ > 1, then y is an unstable equilibrium point.

2. If ¢ < 1, then we have the following:
k+1

1 _ k
(a) If p < k (k——?) , then i is locally asymptotically stable.

k+1

1—ag\ *
(b) If p >k (k—Li) , then i is an unstable equilibrium point.
Proof. When R = 21, the associated characteristic equation (2.2) becomes
A+ _ 4 ez ky" —0 2.3)
1+ gk I1+gF '

1. If ¢ > 1, then § > +/q — 1. It follows that the characteristic equation (2.3) has a
root in the interval (—oo, —1) and so ¥ is an unstable equilibrium point.

2. Assume that ¢ < 1 and let § be the positive equilibrium point of equation (1.5).
Then we have the following:

k+1
1—a\ * 1—
(@) Ifp <k (k—(i> ,then § < {/ k—(i By Theorem (1.4), we have

ky® + ki
¢ R _atky

= <1
L+gk  1+gF  1+g

and the result follows.

k+1
1— 1—¢q

k
(b) If p > k (k (i) ,theny > { P Therefore, equation (2.3) has a

root A < —1 with |A| > 1 and so ¢ is an unstable equilibrium point.
]

Theorem 2.2. Assume that & = 2r + 1 and let y be the unique positive equilibrium
point of equation (1.5). Then the following statements are true.

1. If ¢ > 1, then y is a saddle point.

2. If ¢ < 1, then we have the following:
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k+1
1—g\ *
_q) , then y is locally asymptotically stable.

(a) pr<k‘(k_1

k+1

1—qg\
(b) If p > k (k——(i) , then ¥ is a saddle point.

Proof. When K = 2r + 1, the associated characteristic equation (2.2) becomes

ky q
)\27"4-2 /\2T+1—2l o — 0 24
T T L+ gk (24

1. If ¢ > 1, then j > +/q — 1. It is sufficient to see that the characteristic equation
(2.4) has a root in the interval (0, 1) and a other root in the interval (—oo, —1).

2. Assume that ¢ < 1 and let y be the positive equilibrium point of equation (1.5).
Then we have the following:

k+1
1—a\ * 1 —
(@) Ifp <k (k—(i> ,then § < {/ k—(i By Theorem (1.4), we have

a_ ki* g+ kg

<1

and the result follows.
k+1

1—g\ * 1 —
(b) Ifp > k (k—(ll) ,then § > ¢ k—z Therefore, the characteristic
equation (2.4) has a root in the interval (0, 1) and a other root in the interval

(—o0, —1).
]

3 Global Behavior of (1.5)

In this section, we show that under a certain conditions, a solution of equation (1.5)
oscillates with semicycles of length one. We study the global stability of the positive
equilibrium point . Also we show the existence of unbounded solutions.

Theorem 3.1. Assume that y denote the unique positive equilibrium of equation (1.5)
and let {y,}o> _a be a nontrivial solution of equation (1.5). If either one of the condi-
tions

(CY—2t-1,Y=2041, -1 Y=1 < Y < Y26, Y—25425 - -, Yo
or

(02) Y—2s,Y-2542,---5Y0 < g S Y—2t—1,Y—2t4+15-- -, Y-1
is satisfied, then {y,}>> _ s oscillates about yj with semicycles of length one.
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k41

1—q\ * . -
— . Then the positive equilib-

Theorem 3.2. Assume that ¢ < 1 and p < k ( R
v/ 1—q
k—1

rium point ) < y < is globally asymptotically stable.

Proof. Let {y, }.° _ be a solution of equation (1.5). Then

b + qYn—2r—1
Ynp1 = —F— 5 <P+ qYn-2,—1, n=01,....
L+yn_y
Then there exists a real number S > 0 such that y,, < 3, n = 1,2,.... This implies that

D+ qYn- > p
L+yF ., 1+ Bk

Yn+1 =

Let A\ = liminf y,, and A = lim sup y,,. Hence we have

This implies that
p+ar < A+ AN

and
A+ AN < p+qA.
Then
PATE 4 gAR < AP AFAR
and

AF £ AFAE < pAFL 4 gAF.
Then we get that
PATTE N (g = 1) < pAFT A AR(g - 1),
That is
(1= @)X = pA ™ > (1 — g)A" — pAF (3.1)
Consider the function h(z) = (1 — ¢)2z" — pz"~'. We claim that

p(k—1)

k@—Q)<g
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Proof of the claim: We have that, the equilibrium point ¢ is the positive zero of the
function f(r) = 2"t + (1 — ¢)x — p. Now,

p(k—1) Pk —1) i p(k—1)
f = T +(l-g —p
Wia) " Gag) Tk
p(k—1) p(k—1)
= (o) —p
k(1 —q) k
_ <p(/£ - 1)>k+1 p
k(1 —q) k
PP k=10
=-((=)"(—— 1
ACOREE RS
1—qo. k-1 1—g\ *
Pt Zq ks F— Lk -
- —-1)= — .
GG -n=0 e<k(34) )
As the function f(x) is increasing everywhere when g < 1, we get
pk=1) _
—F < Y.
K1—q) 7
The claim is proved.
k—1 1— k—1
Now, we have o ) <y <y 7 and h(x) is increasing on <p( ) 00).

Ri—q) YT VE—1 K1—q)’
In view of equation (3.1), we have a contradiction. Therefore A\ = A = gy and  is a
global attractor. In view of Theorem (2.1) and Theorem (2.2),  is globally asymptoti-
cally stable. This completes the proof. [

Lemma 3.3. Assume that ¢ > 2 and p > 0. Then the following statements are true:

p p
1. Ifr > /qg—1 , then 3/q—1> ————.
fo= Va1t g=pthenVa-1> 5=
K/ p p+aqy
2. Ifl'> q—landy>xk_—q+1,theny>1+xk

Theorem 3.4. Assume that q > 2. Then equation (1.5) has solutions which are neither
bounded nor persist.

Proof. Let {y, },° _ be a solution of equation (1.5) with initial conditions

p &
<Y 2 <Y a2 <...<yo < vVqg—1
Yy 1 —aq+1

and »
vVa—1+ <Yo1 <Y1 <...<Y1.

kq_l
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Then N N
P qYy—2r—1 PTqYy—2r—1 p
Yy = > ==—+Y-2-1,
1+ yky, q q
where y_o; < v/q — 1,
1+ yﬁQH—l
b p

where y_ > /g —1and y_o, > > .
Yo 4 v YVogr—aq+1 " Yy —q+1

Now consider the subsequences {y(2,42)n—2r+2j—1 fneo a0 {Y(2r+2)n—2r+2; } gy 0 <
<.

We claim that for each integer j such that 0 < j < 7, {y@r42)n—2r42j—1neo 18
monotonically increasing subsequence of {y, }r—_ s and {y(2,42)n—2r42; fnep iS MoNO-
tonically decreasing subsequence of {y,, }>" .

Proof of the claim:

Consider the case when 0 < r < [. Forn = 1, we have for 0 < j < r

D+ qYy2j—2r—1 _ P+ QqY25-20—1 P
Y2541 = > = =+ Y2j-2r—1,
’ L+ yb; o q g

where Yoj—21 < \k/ q— 1,

D+ qY2j—2r

Yojr2 = T < Y25-2r;
1+ ylzcijZH
k p p

where ya; 0111 > v/q — 1, and yo; 2 > — >

Yy —q+1 7 ys g —q+ 1
Also, we have the following:

P+ qYa—2r—1 _ P+ qYou—2,—1 P
P =~ + Ya—2r—1,
L+ g q q

Y141 =

where yo < v/q — 1,

P+ qya—2r P+ qY@i-2r)—2r—2
L+yp L+yhy,

You+2 = = Ya1—2r,

where y1 > y_ 2,1 and Yo 2, < Y2-2r)-2—2
Now suppose that for a certain n we have

p
Vag—1+ Vg =1 < Y@r+2)(n—1)—2r+2j—1 < Y(2r+2)n—2r+2j—1

and
Yer+2n—2r+25 < Y@r+2)(n—1)—2r+25 < Va—1.
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Then
y Dt qY@r+2m—2r2j—-1
2r+2)(n+1)—2r4+25—1 —
(2r42)(n+1)—2r+2; 1+ Yorsoymi 2
- D+ QY©r+2)(n—1)—2r1+2j-1
I+ yers2)(n-1)+2j-2
= Y2r+2)n—2r+2j—1,
and

P+ qYrr2yn—2r+2;

y(2r+2)(n+1)72r+2j = 1 _|_ y(2r+2)n+2j72l+1

< D+ qY2r+2)(n—1)—2r+2j

1+ y@rt2)(n—1)+2j—2041

= Y2r+2)n—2r+2;-

In the case when 0 < [ < r, there exist integers < and m withm > 1 and 0 < ¢ < [ such
that » = ml + 4. The proof of the claim in this case is similar and will be omitted. This
completes the proof of the claim.

It follows by induction from the claim that for each nonnegative integer j with 0 <
J<r

b p
Y(@r+2)n—2r+2j—1 > a + Y@r+2)(n—1)—2r+2j—1 > > na + Y—2r42j-1-

This implies that

r}g{)lo Y@r+2)n—2r+2j—1 = 00, 0<jy<m,

and so

nh_g)lo Yer+2)n—2r+25 = 0, 0<j<r
Therefore

lim 45, 1 =00 and lim yy, = 0.

n—oo n—oo
This completes the proof. ]
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