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Abstract
The aim of this paper is to investigate the global stability and the existence of

unbounded solutions of the difference equation

xn+1 =
A+Bxn−2r−1

C +Dxkn−2l
n = 0, 1, . . .

where the initial values are nonnegative real numbers and A,B are nonnegative
real numbers, C,D > 0 and r, l, k are nonnegative integers.

AMS Subject Classifications: 39A20, 39A21, 39A30.
Keywords: Difference equation, periodic solution, unbounded solution.

1 Introduction and Preliminaries
The mathematical modeling of a physical or economical problem very often leads to
difference equations (for partial review of the theory of difference equations and their
applications see [3, 6, 7, 9]).

The study of nonlinear rational difference equations of higher order is of paramount
importance, since we still know so little about such equations. It is worthwhile to point
out that although several approaches have been developed for finding the global charac-
ter of difference equations, a relatively a large number of difference equations has not
been thoroughly understood yet [5, 7, 10, 11].

In [1], we have investigated the global asymptotic stability of the difference equation

xn+1 =
Bxn−2k−1

C +D
∏k

i=l xn−2i
, n = 0, 1, . . .
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Also in [4], we have discussed the global asymptotic stability of the difference equation

xn+1 =
Axn−2r−1

B + Cxn−2lxn−2k
, n = 0, 1, . . .

In this paper, we study the global asymptotic stability and the existence of unbounded
solutions of the difference equation

xn+1 =
A+Bxn−2r−1
C +Dxkn−2l

, n = 0, 1, . . . (1.1)

where A,B are nonnegative real numbers and C,D > 0 and r, l, k are nonnegative
integers.

When r = l = 0 and k = 1, equation (1.1) is reduced to the difference equation

xn+1 =
A+Bxn−1
C +Dxn

, n = 0, 1, . . .

which has been investigated in [10].
When r = l = 0, k = 2, equation (1.1) is reduced to the equation

xn+1 =
A+Bxn−1
C +Dx2n

, n = 0, 1, . . .

which we have discussed in [2], where A,B are nonnegative real numbers and C,D >
0.

We give some preliminaries which will be needed in this paper. Consider the differ-
ence equation

xn+1 = f(xn, xn−1, . . . , xn−k), n = 0, 1, . . . (1.2)

where f : Rk+1 → R.

Definition 1.1 (See [9]). An equilibrium point for equation (1.2) is a point x̄ ∈ R such
that x̄ = f(x̄, x̄, . . . , x̄).

Definition 1.2 (See [9]). 1. An equilibrium point x̄ for equation (1.2) is called lo-
cally stable if for every ε > 0, there exists a δ > 0 such that every solution
{xn} with initial conditions x−k, x−k+1,. . . , x0 ∈]x̄ − δ, x̄ + δ[ is such that xn ∈
]x̄− ε, x̄+ ε[ for all n ∈ N. Otherwise x̄ is said to be unstable.

2. The equilibrium point x̄ of equation (1.2) is called locally asymptotically stable
if it is locally stable and there exists γ > 0 such that for any initial conditions
x−k, x−k+1, . . . , x0 ∈]x̄ − γ, x̄ + γ[, the corresponding solution {xn} tends to x̄,
and a global attractor if every solution {xn} converges to x̄ as n→∞.

3. The equilibrium point x̄ for equation (1.2) is called globally asymptotically stable
if it is locally asymptotically stable and global attractor.
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Suppose that f is continuously differentiable in some open neighborhood of x̄.
Let

ai =
∂f

∂xn−i
(x̄, . . . , x̄), for i = 0, 1, . . . , k

denote the partial derivatives of f(xn, xn−1, . . . , xn−k) with respect to xn−i evaluated at
the equilibrium point x̄ of equation (1.2). Then the equation

zn+1 =
k∑

i=0

aizn−i, n = 0, 1, . . . (1.3)

is called the linearized equation associated with equation (1.2) about the equilibrium
point x̄, and the equation

λk+1 −
k∑

i=0

aiλ
k−i = 0 (1.4)

is called the characteristic equation associated with equation (1.3) about the equilibrium
point x̄.

Theorem 1.3 (See [9]). Assume that f is a C1 function and let x̄ be an equilibrium
point of equation (1.2). Then the following statements are true:

1. If all roots of equation (1.4) lie in the open disk |λ| < 1, then x̄ is locally asymp-
totically stable.

2. If at least one root of equation (1.4) has absolute value greater than one, then x̄
is unstable.

Theorem 1.4 (See [8]). Assume that
k∑

i=0

| ai |< 1. Then every root of equation (1.4)

has absolute value less than one.

Definition 1.5 (See [10]). A positive semicycle of a solution {xn}∞n=−k of equation
(1.2) consists of a “string” of terms {xl, xl+1, . . . , xm}, all greater than or equal to the
equilibrium x̄, with l ≥ −k and m ≤ ∞ and such that

either l = −k, or l > −k and xl−1 < x̄

and
either m =∞, or m <∞ and xm+1 < x̄.

Definition 1.6 (See [10]). A negative semicycle of a solution {xn}∞n=−k of equation
(1.2) consists of a “string” of terms {xl, xl+1, . . . , xm}, all less than or equal to the
equilibrium x̄, with l ≥ −k and m ≤ ∞ and such that

either l = −k, or l > −k and xl−1 ≥ x̄

and
either m =∞, or m <∞ and xm+1 ≥ x̄.
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When k = 0, Equation (1.1) reduces to the linear nonhomogeneous difference equa-
tion

xn+1 =
B

C +D
xn−2r−1 +

A

C +D
, n = 0, 1, . . .

The equilibrium point x̄ =
A

C +D −B
of this equation is globally asymptotically

stable when B < C +D and unstable when B ≥ C +D.

When k ≥ 1, the change of variables xn =
k

√
C

D
yn reduces equation (1.1) to the

difference equation

yn+1 =
p+ qyn−2r−1

1 + ykn−2l
, n = 0, 1, . . . (1.5)

where p =
A

C
k

√
D

C
, q =

B

C
.

When k = 1, equation (1.5) reduces to the difference equation

yn+1 =
p+ qyn−2r−1

1 + yn−2l
, n = 0, 1, . . .

This equation was discussed in [7].
In the following, we assume that k ≥ 2.

2 Linearized Stability Analysis
Now we determine the equilibrium points of equation (1.5) and discuss their local
asymptotic behavior. It is clear that the values of the equilibrium points depends on
p and q.

The equilibrium points of equation (1.5) are the zeros of the function f(x) = xk+1+
(1− q)x− p.

When q > 1, equation (1.5) has a unique positive equilibrium point ȳ > k
√
q − 1.

When q < 1, equation (1.5) has a unique positive equilibrium point ȳ such that ȳ >

k

√
1− q
k − 1

if p > k

(
1− q
k − 1

) k+1
k

and 0 < ȳ < k

√
1− q
k − 1

if p < k

(
1− q
k − 1

) k+1
k

.

Now assume that K = max{2l, 2r+ 1}. Also let t be the largest nonnegative integer
such that 0 < 2t+1 ≤ K and s be the largest nonnegative integer such that 0 ≤ 2s ≤ K.

The linearized equation associated with equation (1.5) about the positive equilibrium
ȳ is

zn+1 −
q

1 + ȳk
zn−2r−1 +

kȳk

1 + ȳk
zn−2l = 0, n = 0, 1, . . . (2.1)

The characteristic equation associated with this equation is

λK+1 − q

1 + ȳk
λK−2r−1 +

kȳk

1 + ȳk
λK−2l = 0. (2.2)
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We summarize the results of this section in the following two theorems.

Theorem 2.1. Assume that K = 2l and let ȳ be the unique positive equilibrium point of
equation (1.5). Then the following statements are true.

1. If q > 1, then ȳ is an unstable equilibrium point.

2. If q < 1, then we have the following:

(a) If p < k

(
1− q
k − 1

) k+1
k

, then ȳ is locally asymptotically stable.

(b) If p > k

(
1− q
k − 1

) k+1
k

, then ȳ is an unstable equilibrium point.

Proof. When K = 2l, the associated characteristic equation (2.2) becomes

λ2l+1 − q

1 + ȳk
λ2l−2r−1 +

kȳk

1 + ȳk
= 0. (2.3)

1. If q > 1, then ȳ > k
√
q − 1. It follows that the characteristic equation (2.3) has a

root in the interval (−∞,−1) and so ȳ is an unstable equilibrium point.

2. Assume that q < 1 and let ȳ be the positive equilibrium point of equation (1.5).
Then we have the following:

(a) If p < k

(
1− q
k − 1

) k+1
k

, then ȳ < k

√
1− q
k − 1

. By Theorem (1.4), we have

q

1 + ȳk
+

kȳk

1 + ȳk
=
q + kȳk

1 + ȳk
< 1

and the result follows.

(b) If p > k

(
1− q
k − 1

) k+1
k

, then ȳ > k

√
1− q
k − 1

. Therefore, equation (2.3) has a

root λ < −1 with |λ| > 1 and so ȳ is an unstable equilibrium point.

Theorem 2.2. Assume that K = 2r + 1 and let ȳ be the unique positive equilibrium
point of equation (1.5). Then the following statements are true.

1. If q > 1, then ȳ is a saddle point.

2. If q < 1, then we have the following:
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(a) If p < k

(
1− q
k − 1

) k+1
k

, then ȳ is locally asymptotically stable.

(b) If p > k

(
1− q
k − 1

) k+1
k

, then ȳ is a saddle point.

Proof. When K = 2r + 1, the associated characteristic equation (2.2) becomes

λ2r+2 +
kȳk

1 + ȳk
λ2r+1−2l − q

1 + ȳk
= 0. (2.4)

1. If q > 1, then ȳ > k
√
q − 1. It is sufficient to see that the characteristic equation

(2.4) has a root in the interval (0, 1) and a other root in the interval (−∞,−1).

2. Assume that q < 1 and let ȳ be the positive equilibrium point of equation (1.5).
Then we have the following:

(a) If p < k

(
1− q
k − 1

) k+1
k

, then ȳ < k

√
1− q
k − 1

. By Theorem (1.4), we have

q

1 + ȳk
+

kȳk

1 + ȳk
=
q + kȳk

1 + ȳk
< 1

and the result follows.

(b) If p > k

(
1− q
k − 1

) k+1
k

, then ȳ > k

√
1− q
k − 1

. Therefore, the characteristic

equation (2.4) has a root in the interval (0, 1) and a other root in the interval
(−∞,−1).

3 Global Behavior of (1.5)

In this section, we show that under a certain conditions, a solution of equation (1.5)
oscillates with semicycles of length one. We study the global stability of the positive
equilibrium point ȳ. Also we show the existence of unbounded solutions.

Theorem 3.1. Assume that ȳ denote the unique positive equilibrium of equation (1.5)
and let {yn}∞n=−K be a nontrivial solution of equation (1.5). If either one of the condi-
tions

(C1)y−2t−1, y−2t+1, . . . , y−1 < ȳ ≤ y−2s, y−2s+2, . . . , y0
or

(C2) y−2s, y−2s+2, . . . , y0 < ȳ ≤ y−2t−1, y−2t+1, . . . , y−1
is satisfied, then {yn}∞n=−K oscillates about ȳ with semicycles of length one.
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Theorem 3.2. Assume that q < 1 and p < k

(
1− q
k − 1

) k+1
k

. Then the positive equilib-

rium point 0 < ȳ < k

√
1− q
k − 1

is globally asymptotically stable.

Proof. Let {yn}∞n=−K be a solution of equation (1.5). Then

yn+1 =
p+ qyn−2r−1

1 + ykn−2l
< p+ qyn−2r−1, n = 0, 1, . . . .

Then there exists a real number β > 0 such that yn < β, n = 1, 2, . . .. This implies that

yn+1 =
p+ qyn−1
1 + ykn−2l

>
p

1 + βk
.

Let λ = lim inf yn and Λ = lim sup yn. Hence we have

p+ qλ

1 + Λk
≤ λ ≤ Λ ≤ p+ qΛ

1 + λk
.

This implies that

p+ qλ ≤ λ+ λΛk

and

Λ + Λλk ≤ p+ qΛ.

Then

pλk−1 + qλk ≤ λk + λkΛk

and

Λk + Λkλk ≤ pΛk−1 + qΛk.

Then we get that

pλk−1 + λk(q − 1) ≤ pΛk−1 + Λk(q − 1).

That is

(1− q)λk − pλk−1 ≥ (1− q)Λk − pΛk−1. (3.1)

Consider the function h(x) = (1− q)xk − pxk−1. We claim that

p(k − 1)

k(1− q)
< ȳ.
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Proof of the claim: We have that, the equilibrium point ȳ is the positive zero of the
function f(x) = xk+1 + (1− q)x− p. Now,

f(
p(k − 1)

k(1− q)
) = (

p(k − 1)

k(1− q)
)k+1 + (1− q)p(k − 1)

k(1− q)
− p

= (
p(k − 1)

k(1− q)
)k+1 +

p(k − 1)

k
− p

= (
p(k − 1)

k(1− q)
)k+1 − p

k

=
p

k
((
p

k
)k(

k − 1

1− q
)k+1 − 1)

<
p

k
((

1− q
k − 1

)k+1(
k − 1

1− q
)k+1 − 1) = 0, (p < k

(
1− q
k − 1

) k+1
k

).

As the function f(x) is increasing everywhere when q < 1, we get

p(k − 1)

k(1− q)
< ȳ.

The claim is proved.

Now, we have
p(k − 1)

k(1− q)
< ȳ < k

√
1− q
k − 1

and h(x) is increasing on (
p(k − 1)

k(1− q)
,∞).

In view of equation (3.1), we have a contradiction. Therefore λ = Λ = ȳ and ȳ is a
global attractor. In view of Theorem (2.1) and Theorem (2.2), ȳ is globally asymptoti-
cally stable. This completes the proof.

Lemma 3.3. Assume that q > 2 and p > 0. Then the following statements are true:

1. If x > k
√
q − 1 +

p
k
√
q − 1

, then k
√
q − 1 >

p

xk − q + 1
.

2. If x > k
√
q − 1 and y >

p

xk − q + 1
, then y >

p+ qy

1 + xk
.

Theorem 3.4. Assume that q > 2. Then equation (1.5) has solutions which are neither
bounded nor persist.

Proof. Let {yn}∞n=−K be a solution of equation (1.5) with initial conditions

p

yk−2t−1 − q + 1
< y−2s < y−2s+2 < . . . < y0 <

k
√
q − 1

and
k
√
q − 1 +

p
k
√
q − 1

< y−2t−1 < y−2t+1 < . . . < y−1.
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Then
y1 =

p+ qy−2r−1
1 + yk−2l

>
p+ qy−2r−1

q
=
p

q
+ y−2r−1,

where y−2l < k
√
q − 1,

y2 =
p+ qy−2r
1 + yk−2l+1

< y−2r

where y−2l+1 >
k
√
q − 1 and y−2r >

p

yk−2t−1 − q + 1
>

p

yk−2l+1 − q + 1
.

Now consider the subsequences {y(2r+2)n−2r+2j−1}∞n=0 and {y(2r+2)n−2r+2j}∞n=0, 0 ≤
j ≤ r.

We claim that for each integer j such that 0 ≤ j ≤ r, {y(2r+2)n−2r+2j−1}∞n=0 is
monotonically increasing subsequence of {yn}∞n=−K and {y(2r+2)n−2r+2j}∞n=0 is mono-
tonically decreasing subsequence of {yn}∞n=−K.

Proof of the claim:
Consider the case when 0 ≤ r < l. For n = 1, we have for 0 ≤ j ≤ r

y2j+1 =
p+ qy2j−2r−1

1 + yk2j−2l
>
p+ qy2j−2r−1

q
=
p

q
+ y2j−2r−1,

where y2j−2l < k
√
q − 1,

y2j+2 =
p+ qy2j−2r
1 + yk2j−2l+1

< y2j−2r,

where y2j−2l+1 >
k
√
q − 1, and y2j−2r >

p

yk−2t−1 − q + 1
>

p

yk2j−2l+1 − q + 1
.

Also, we have the following:

y2l+1 =
p+ qy2l−2r−1

1 + yk0
>
p+ qy2l−2r−1

q
=
p

q
+ y2l−2r−1,

where y0 < k
√
q − 1,

y2l+2 =
p+ qy2l−2r

1 + yk1
<
p+ qy(2l−2r)−2r−2

1 + yk−2r−1
= y2l−2r,

where y1 > y−2r−1 and y2l−2r < y(2l−2r)−2r−2.
Now suppose that for a certain n we have

k
√
q − 1 +

p
k
√
q − 1

< y(2r+2)(n−1)−2r+2j−1 < y(2r+2)n−2r+2j−1

and
y(2r+2)n−2r+2j < y(2r+2)(n−1)−2r+2j <

k
√
q − 1.
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Then

y(2r+2)(n+1)−2r+2j−1 =
p+ qy(2r+2)n−2r+2j−1

1 + y(2r+2)n+2j−2l

>
p+ qy(2r+2)(n−1)−2r+2j−1

1 + y(2r+2)(n−1)+2j−2l

= y(2r+2)n−2r+2j−1,

and

y(2r+2)(n+1)−2r+2j =
p+ qy(2r+2)n−2r+2j

1 + y(2r+2)n+2j−2l+1

<
p+ qy(2r+2)(n−1)−2r+2j

1 + y(2r+2)(n−1)+2j−2l+1

= y(2r+2)n−2r+2j.

In the case when 0 ≤ l < r, there exist integers i and m with m ≥ 1 and 0 ≤ i < l such
that r = ml + i. The proof of the claim in this case is similar and will be omitted. This
completes the proof of the claim.

It follows by induction from the claim that for each nonnegative integer j with 0 ≤
j ≤ r

y(2r+2)n−2r+2j−1 >
p

q
+ y(2r+2)(n−1)−2r+2j−1 > · · · > n

p

q
+ y−2r+2j−1.

This implies that

lim
n→∞

y(2r+2)n−2r+2j−1 =∞, 0 ≤ j ≤ r,

and so
lim
n→∞

y(2r+2)n−2r+2j = 0, 0 ≤ j ≤ r.

Therefore
lim
n→∞

y2n−1 =∞ and lim
n→∞

y2n = 0.

This completes the proof.
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