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Abstract

In this paper, applying a canonical system with field rotation parameters and
using geometric properties of the spirals filling the interior and exterior domains
of limit cycles, we solve first the problem on the maximum number of limit cy-
cles surrounding a unique singular point for an arbitrary polynomial system. Then,
by means of the same bifurcationally geometric approach, we solve the limit cy-
cle problem for a Liénard system with cubic restoring and polynomial damping
functions.

AMS Subject Classifications: 34C05, 34C07, 34C23, 37G05, 37G10, 37G15.
Keywords: Planar polynomial dynamical system, Liénard system, bifurcation, field
rotation parameter, singular point, limit cycle.

1 Introduction
Liénard equations of the form

I+ f(x)i+g(x)=0 (1.1)
and the corresponding dynamical systems

T=y, y=-—gx) - f(x)y (1.2)

are considered in this paper.
There are many examples in the natural sciences and technology in which such equa-
tions and related systems are applied [1,2, 16-24]. They are often used to model either
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mechanical or electrical, or biomedical systems, and in the literature, many systems are
transformed into Liénard type to aid in the investigations. They can be used, e. g., in
certain mechanical systems, where f(z) represents a coefficient of the damping force
and g(x) represents the restoring force or stiffness, when modeling wind rock phenom-
ena and surge in jet engines [1,21]. Such systems can be also used to model resistor-
inductor-capacitor circuits with nonlinear circuit elements. Recently, e. g., the Liénard
system (1.2) has been shown to describe the operation of an optoelectronics circuit that
uses a resonant tunnelling diode to drive a laser diode to make an optoelectronic voltage
controlled oscillator [23]. There are also some examples of using Liénard type systems
in ecology and epidemiology [20].

In this paper, we suppose that system (1.2), where g(z) is cubic and f(z) is arbitrary
polynomial, has an anti-saddle (a node or a focus, or a center) at the origin and write it
in the form

T =y, y:—x(l—i—ﬁlx—i—ﬂng)+y(a0+a1x+...+a2kx2k). (1.3)

Note that for g(z) = =z, by the change of variables X = x and Y = y + F(x), where
F(z)= [ f(s)ds, (1.3)is reduced to an equivalent system
0

X=Y-FX), Y=-X (1.4)
which can be written in the form

t=y, y=-—z+F(y) (1.5)
or

i=y, y=—-c+ny+ny+pry’+. .+ + vy (1.6)

Therefore, we can conclude that our previous results [9, 10] agree with the conjecture
of [18] on the maximum number of limit cycles for the classical Liénard polynomial
system (1.6). In [9,10], we have presented a solution of Smale’s thirteenth problem [24]
proving that the Liénard system (1.6) with a polynomial of degree 2k + 1 can have at
most £ limit cycles. In [4-8,11], we have also presented a solution of Hilbert’s sixteenth
problem in the quadratic case of polynomial systems proving that for quadratic systems
four is really the maximum number of limit cycles and (3 : 1) is their only possible
distribution. We have established some preliminary results on generalizing our ideas
and methods to special cubic, quartic and other polynomial dynamical systems as well.
In [13], e.g., we have constructed a canonical cubic dynamical system of Kukles type
and have carried out the global qualitative analysis of its special case corresponding to
a generalized Liénard equation. In particular, it has been shown that the foci of such a
Liénard system can be at most of second order and that such system can have at most
three limit cycles in the whole phase plane. Moreover, unlike all previous works on the
Kukles-type systems, global bifurcations of limit and separatrix cycles using arbitrary
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(including as large as possible) field rotation parameters of the canonical system have
been studied. As a result, a classification of all possible types of separatrix cycles for the
generalized Liénard system has been obtained and all possible distributions of its limit
cycles have been found. In [14, 15], we have completed the global qualitative analysis
of a planar Liénard-type dynamical system with a piecewise linear function containing
an arbitrary number of dropping sections and approximating an arbitrary polynomial
function. In [3], we have also completed the global qualitative analysis of a quartic
dynamical system which models the dynamics of the populations of predators and their
prey in a given ecological system. In [12], we have studied of multiple limit cycle
bifurcations in the well-known FitzHugh—Nagumo neuronal model.

We use the obtained results and develop our methods for studying limit cycle bifur-
cations of polynomial dynamical systems in this paper as well. In Section 2, applying
a canonical system with field rotation parameters and using geometric properties of the
spirals filling the interior and exterior domains of limit cycles, we solve first the prob-
lem on the maximum number of limit cycles surrounding a unique singular point for
an arbitrary polynomial system. Then, in Section 3, by means of the same bifurca-
tionally geometric approach, we solve the limit cycle problem for the special Liénard
system (1.3) with at most three finite singularities proving that this system can have at
most k£ + 1 limit cycles in (k : 1)-distribution. This is related to the solution of Hil-
bert’s sixteenth problem on the maximum number and relative position of limit cycles
for planar polynomial dynamical systems.

2 Limit Cycles Surrounding a Unique Singular Point

Consider first an arbitrary dynamical system

ian(xay7ﬂ17"'7uk)7 y:Qn(mvgﬁﬂla"-muk)a (21)

where P, and (),, are polynomials in the real variables x, y and not greater than n-th
degree containing k field rotation parameters, i1, . . ., ik, and having an anti-saddle (a
center or a fucus, or a node) at the origin. We prove the following theorem.

Theorem 2.1. The polynomial system (2.1) containing k field rotation parameters and
having a singular point of center type at the origin for the zero values of these parame-
ters can have at most k — 1 limit cycles surrounding the origin.

Proof. Let all the parameters of (2.1) vanish and suppose that the obtained system

x:Pn('r7yaO)70)7 y:Qn(I7y70770) (22)
has a singular point of center type at the origin.
Input successively the field rotation parameters, (1, ..., li, into this system (see

[9,10]). Suppose, e.g., that ;11 > 0 and that the vector field of the system
l“:Pn(’:C7y7/”L1’O7"‘7O)7 y:Qn(x7ya,u170a"'70) (2'3)
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is rotated counterclockwise turning the origin into a stable focus under increasing the
parameter 4 [2,9,10].
Fix 1; and input the parameter yi5 into (2.3) changing it so that the field of the system

j:‘:Pn(x7y7/vL17M2707"'70)7 y:Qn(x7y7:u17,u2707"'70) (24)

would be rotated in the opposite direction (clockwise). Suppose this occurs for py < 0.
Then, for some value of this parameter, a limit cycle will appear in system (2.4). There
are three logical possibilities for such a bifurcation: 1) the limit cycle appears from the
focus at the origin; 2) it can also appear from some separatrix cycle surrounding the
origin; 3) the limit cycle appears from a so-called “trajectory concentration”. In the
last case, the limit cycle is semi-stable and, under further decreasing pio, it splits into
two limit cycles (stable and unstable) one of which then disappears at (or tends to) the
origin and the other disappears on (or tends to) some separatrix cycle surrounding this
point. But since the stability character of both a singular point and a separatrix cycle is
quite easily controlled [6], this logical possibility can be excluded. Let us choose one of
the two other possibilities: e.g., the first one, the so-called Andronov—Hopf bifurcation.
Suppose that, for some value of 15, the focus at the origin becomes non-rough, changes
the character of its stability and generates a stable limit cycle, I';.

Under further decreasing 1o, three new logical possibilities can arise: 1) the limit cy-
cle I'; disappears on some separatrix cycle surrounding the origin; 2) a separatrix cycle
can be formed earlier than I'; disappears on it and then it generates one more (unstable)
limit cycle, ['s, which joins with I'; forming a semi-stable limit cycle, I'y,, disappearing
in a “trajectory concentration” under further decreasing (i5; 3) in the domain D, outside
the cycle I'; or in the domain D, inside I', a semi-stable limit cycle appears from a “tra-
jectory concentration” and then splits into two limit cycles (logically, the appearance of
such semi-stable limit cycles can be repeated).

Let us consider the third case. It is clear that, under decreasing i, a semi-stable
limit cycle cannot appear in the domain D5, since the focus spirals filling this domain
will untwist and the distance between their coils will increase because of the vector field
rotation. By contradiction, we can prove that a semi-stable limit cycle cannot appear in
the domain D;.

Suppose it appears in this domain for some values of the parameters p; > 0 and
us < 0. Return to system (2.2) and change the inputting order for the field rotation
parameters. Input first the parameter po < O:

:t:Pn(xay7/~L2707“'70>7 y:Qn(x7y’M2707”'70)' (25)

Fix it under p5 = p3. The vector field of (2.5) is rotated clockwise and the origin turns
into an unstable focus. Inputting the parameter ;1 > 0 into (2.5), we get again system
(2.4) the vector field of which is rotated counterclockwise. Under this rotation, a stable
limit cycle, I';, will appear from some separatrix cycle. The limit cycle I'; will contract,
the outside spirals winding onto this cycle will untwist and the distance between their
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coils will increase under increasing y; to the value p. It follows that there are no values
of u5 < 0and py > 0 for which a semi-stable limit cycle could appear in the domain D;.

The second logical possibility can be excluded by controlling the stability character
of the separatrix cycle [6]. Thus, only the first possibility is valid, i.e., system (2.4) has
at most one limit cycle.

Let system (2.4) have the unique limit cycle I';. Fix the parameters p; > 0, g2 < 0
and input the third parameter, pu3 > 0, into this system supposing that p3 rotates its
vector field counterclockwise:

l":Pn(x7y7:u17,u27,u3707"'70)7 y:Qn(xay7ul7u27l’[’3707"'70)' (26)

Here we can have two basic possibilities: 1) the limit cycle I'; disappears at the ori-
gin; 2) the second (unstable) limit cycle, I's, appears from the origin and, under further
increasing the parameter p3, the cycle I'; joins with I'; forming a semi-stable limit
cycle, I'15, which disappears in a “trajectory concentration” surrounding the origin. Be-
sides, we can also suggest that: 3) in the domain D, bounded by the origin and I'y,
a semi-stable limit cycle, ['53, appears from a “trajectory concentration”, splits into an
unstable cycle, I's, and a stable cycle, I'3, and then the cycles 'y, I's disappear through
a semi-stable limit cycle, I'12, and the cycle I's disappears through an Andronov—Hopf
bifurcation; 4) a semi-stable limit cycle, I's4, appears in the domain D, bounded by the
cycles I'y, I's and, for some set of values of the parameters, y, (5, (15, system (2.6) has
at least four limit cycles.

Let us consider the last, fourth case. It is clear that a semi-stable limit cycle cannot
appear either in the domain D; bounded on the inside by the cycle I'; or in the domain
D3 bounded by the origin and I's because of the increasing distance between the spiral
coils filling these domains under increasing the parameter y3. To prove the impossibility
of the appearance of a semi-stable limit cycle in the domain D5, suppose the contrary,
i.e., for some set of values of the parameters, pj > 0, 5 < 0, and p5 > 0, such a semi-
stable cycle exists. Return to system (2.2) again and input first the parameters 3 > 0,
H1 > 0:

'Zt:Pn(xuynul?Mfi?OW"aO)a y:Qn(x7y’Mlaﬂ370)"'70)' (27)

Fix these parameters under p3 = u3, 11 = pf and input the parameter p2 < 0 into (2.7)
getting again system (2.6). Since, by our assumption, this system has two limit cycles
for us > p, there exists some value of the parameter, u5> (15 < 5> < 0), for which a
semi-stable limit cycle, I'15, appears in system (2.6) and then splits into a stable cycle,
I';, and an unstable cycle, I's, under further decreasing jio. The formed domain D-
bounded by the limit cycles I'y, I's and filled by the spirals will enlarge, since, by the
properties of a field rotation parameter, the interior unstable limit cycle I's will contract
and the exterior stable limit cycle I'; will expand under decreasing p». The distance
between the spirals of the domain D, will naturally increase, what will prevent the
appearance of a semi-stable limit cycle in this domain for y; < p32.
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Thus, there are no such values of the parameters, i > 0, 5 < 0, u3 > 0, for which
system (2.6) would have an additional semi-stable limit cycle. Therefore, the fourth
case cannot be realized. The third case is considered absolutely similarly. It follows
from the first two cases that system (2.6) can have at most two limit cycles.

Suppose that system (2.6) has two limit cycles, I'; and 'y, fix the parameters y; > 0,
e < 0, ug > 0 and input the fourth parameter, 14 < 0, into this system supposing that
44 Totates its vector field clockwise:

i.:Pn(xayvul7"'7u4707'"70>7 y:Qn<x7y7,u17"'7u4707"'70)- (28)

The most interesting logical possibility here is that when the third (stable) limit cycle,
I's, appears from the origin and then, under preservation of the cycles I'y and I's, in
the domain D3 bounded on the inside by the cycle I'3 and on the outside by the cycle
I'5, a semi-stable limit cycle, I'y5, appears and then splits into a stable cycle, I'y, and
an unstable cycle, ', i.e., when system (2.8) for some set of values of the parameters,
[y, M5, H3, fiy, has at least five limit cycles. Logically, such a semi-stable limit cycle
could also appear in the domain D; bounded on the inside by the cycle I'y, since, under
decreasing ji4, the spirals of the trajectories of (2.8) will twist and the distance between
their coils will decrease. On the other hand, in the domain D, bounded on the inside
by the cycle I'; and on the outside by the cycle I'; and also in the domain D4 bounded
by the origin and I's, a semi-stable limit cycle cannot appear, since, under decreasing
144, the spirals will untwist and the distance between their coils will increase. To prove
the impossibility of the appearance of a semi-stable limit cycle in the domains D3 and
D, suppose the contrary, i.e., for some set of values of the parameters, pj > 0, u5 < 0,
ps > 0, and g5 < 0, such a semi-stable cycle exists.

Return to system (2.2) again, input first the parameters 14 < 0, o < 0 and then the
parameter p; > 0:

i:Pn(%%#la#%ﬂﬁlﬁa--‘»0)7 ?J:Qn(%%ﬂhﬂ%ﬂ%&---70)- (29)

Fix the parameters /14, 115 under the values p, u3, respectively. Under increasing pi1, a
separatrix cycle is formed around the origin generating a stable limit cycle, [';. Fix
under the value x4 and input the parameter 3 > 0 into (2.9) getting system (2.8).

Since, by our assumption, system (2.8) has three limit cycles for p3 < p3, there
exists some value of the parameter 3° (0 < p3® < p) for which a semi-stable limit
cycle, I'y3, appears in this system and then splits into an unstable cycle, ['s, and a stable
cycle, I's, under further increasing 3. The formed domain D3 bounded by the limit
cycles I'y, I's and also the domain D, bounded on the inside by the limit cycle I'; will
enlarge and the spirals filling these domains will untwist excluding a possibility of the
appearance of a semi-stable limit cycle there.

All other combinations of the parameters (i1, o, s, and py are considered in a
similar way. It follows that system (2.8) has at most three limit cycles. If we continue
the procedure of successive inputting the field rotation parameters, ps, (g, - - . , [k, INtO
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system (2.2), it is possible to conclude that system (2.1) can have at most £ — 1 limit
cycles surrounding the origin. The theorem is proved. 0

3 Limit Cycles of a Special Liénard Polynomial System

By means of the same bifurcationally geometric approach, we will consider now the
special Liénard polynomial system (1.3). The study of singular points of system (1.3)
will use two index theorems by H.Poincaré, see [2]. The definition of the Poincaré
index is the following [2].

Definition 3.1. Let .S be a simple closed curve in the phase plane not passing through a
singular point of the system

&= P(z,y), 9=Q(,y), (3.1)

where P(z,y) and Q(x,y) are continuous functions (for example, polynomials), and M
be some point on S. If the point M goes around the curve S in the positive direction
(counterclockwise) one time, then the vector coinciding with the direction of a tangent
to the trajectory passing through the point M is rotated through the angle 27 (j =
0,£1,42,...). The integer j is called the Poincaré index of the closed curve S relative
to the vector field of system (3.1) and has the expression

1 [ PdQ—QdP

= 3.2
j 27T S P2+Q2 ( )

According to this definition, the index of a node or a focus, or a center is equal to +1
and the index of a saddle is —1. The following Poincaré index theorems are valid [2].

Theorem 3.2. If N, N¢, N., and C are respectively the number of nodes, foci, centers,
and saddles in a finite part of the phase plane and N' and C' are the number of nodes
and saddles at infinity, then it is valid the formula

N+N;+N.4+N=C+C"+1. (3.3)

Theorem 3.3. If all singular points are simple, then along an isocline without multiple
points lying in a Poincaré hemisphere which is obtained by a stereographic projection
of the phase plane, the singular points are distributed so that a saddle is followed by a
node or a focus, or a center and vice versa. If two points are separated by the equator
of the Poincaré sphere, then a saddle will be followed by a saddle again and a node or
a focus, or a center will be followed by a node or a focus, or a center.

Consider system (1.3). Its finite singularities are determined by the algebraic system

(14 1o+ Boz®) =0, y=0. (3.4)
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It always has an anti-saddle at the origin and, in general, can have at most three finite
singularities which lie on the x-axis: a saddle and two anti-saddles or two saddles and
an anti-saddle, or a saddle-node and an anti-saddle, or a saddle and an anti-saddle, or
a unique anti-saddle at the origin. At infinity, system (1.3) has two singular points:
a node at the “ends” of the x-axis and a saddle at the “ends” of the y-axis. For studying
the infinite singularities, the methods applied in [2] for Rayleigh’s and van der Pol’s
equations and also Erugin’s two-isocline method developed in [6] can be used [9, 10].

Following [6], we will study limit cycle bifurcations of (1.3) by means of a canonical
system containing field rotation parameters of (1.3) [2, 6].

Theorem 3.4. The special Liénard polynomial system (1.3) with limit cycles can be
reduced to the canonical form

& =y=P,y),
y=—z(l+ fx +2?) (3.5)
ylag+ = + agz® + ...+ 227 + age®™) = Q(,y),

where [31 is fixed and o, Q. . . ., aoy, are field rotation parameters of (3.5).
Proof. Let all the parameters «;, ¢ = 0, 1, ..., 2k, vanish in system (3.5),

P=y, §=-2(1+pw+ Br?), (3.6)
and consider the corresponding equation

@ B —l‘(l + 511‘ + 521‘2)

o ” F(z,y). (3.7)
Since F(z,—y) = —F(z,y), the direction field of (3.7) (and the vector field of (3.6)
as well) is symmetric with respect to the z-axis. It follows that for arbitrary values
of the parameters [3; and (3, system (3.6) has centers as anti-saddles and cannot have
limit cycles surrounding these points. Therefore, without loss of generality, the even
parameter (3, of system (1.3) can be supposed to be equal, e.g., to £1: 3y = *1.

Let now all the parameters «; with even indexes and the odd parameter [3; vanish in
system (3.5),

i=y, v=—-o(1+t2?)+ylox+asz®+. .. + a2, (3.8)
and consider the corresponding equation

dy —xz(1£2?) +ylone + aza® + ...+ agqa®?)
dr Y

G(z,y). (3.9

Since G(—x,y) = —G(x,y), the direction field of (3.9) (and the vector field of (3.8) as
well) is symmetric with respect to the y-axis. It follows that for arbitrary values of the
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parameters a, o, . . ., Qo1 System (3.6) has centers as anti-saddles and cannot have
limit cycles surrounding these points. Therefore, without loss of generality, all the odd
parameters «; of system (1.3) can be supposed to be equal, e.g.,to 1: ay = a3 = ... =
aop—1 = 1.

Inputting the odd parameter ; into system (3.8),

(3.10)

and calculating the determinant
Ag, = RS — SR, = -1y,

we can see that the vector field of (3.10) is rotated symmetrically (in opposite directions)
with respect to the x-axis and that the finite singularities (centers and saddles) of (3.10)
moving along the z-axis (except the center at the origin) do not change their type or join
in saddle-nodes. Therefore, we can fix the odd parameter 3; in system (3.5), fixing the
position of its finite singularities on the x-axis.

To prove that the even parameters o, oo, . . ., agy rotate the vector field of (3.5), let
us calculate the following determinants:

Doy = PQ,,, — QP =y* >0,

By definition of a field rotation parameter [2, 6], for increasing each of the parameters
g, Qa, ..., agk, under the fixed others, the vector field of system (3.5) is rotated in
the positive direction (counterclockwise) in the whole phase plane; and, conversely, for
decreasing each of these parameters, the vector field of (3.5) is rotated in the negative
direction (clockwise).

Thus, for studying limit cycle bifurcations of (1.3), it is sufficient to consider the
canonical system (3.5) containing only its even parameters o, Qwa, . . . , (roy, Which rotate
the vector field of (3.5) under the fixed parameter ;. ]

By means of the canonical system (3.5), let us study global limit cycle bifurcations
of (1.3) and prove the following theorem.

Theorem 3.5. The special Liénard polynomial system (1.3) can have at most k + 1 limit
cycles in (k : 1)-distribution.
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Proof. According to Theorem 3.4, for the study of limit cycle bifurcations of sys-
tem (1.3), it is sufficient to consider the canonical system (3.5) containing the field
rotation parameters oy, Quo, . . . , o of (1.3) under the fixed parameter f3;.

Let all these parameters vanish:

b=y, y=-c(1+2®) +ylz+a®+.. . +22"). (3.11)

Suppose that (3.11) has three finite singularities: a saddle, .S, and two anti-saddles, O
at the origin and A on the z-axis (all other cases are considered absolutely similarly).
System (3.11) is symmetric with respect to the y-axis and has centers as anti-saddles. Its
center domains are bounded by separatrix loops of the saddle S lying on the x-axis be-
tween O and A. If to input the parameter 3; into (3.11), we will get again system (3.10)
the vector field of which is rotated symmetrically (in opposite directions) with respect
to the z-axis. The finite singularities S, O, and A of (3.10) do not change their type
and the center domains of O and A will be bounded by separatrix loops of the saddle S
of (3.10) [2,6].

Let us input successively the field rotation parameters g, o, ..., Qg INtO Sys-
tem (3.10) beginning with the parameters at the highest degrees of = and alternating
with their signs (see [9, 10]). So, begin with the parameter a;, and let, for definiteness,
Qo > 0::

T =y,
y=—o(l+ fiz+27) (3.12)
+y(r +2® + .. 4+ 2 4 agr®).

In this case, the vector field of (3.12) is rotated in the positive direction (counterclock-
wise) turning the center O at the origin into a nonrough (weak) unstable focus. The
other center A becomes a rough unstable focus [2,6].

Fix ag and input the parameter oo < 0 into (3.12):

T =y,
g =—z(1+ iz + 1% (3.13)
ylx + 2% 4+ .. 4 g0z 2 + 2% 4 g,

Then the vector field of (3.13) is rotated in the opposite direction (clockwise) and the
focus O immediately changes the character of its stability (since its degree of non-
roughness decreases and the sign of the field rotation parameter at the lower degree of x
changes) generating a stable limit cycle. The focus A will also generate a stable limit
cycle for some value of ay;_» after changing the character of its stability. Under fur-
ther decreasing oo, both limit cycles will expand disappearing on separatrix loops
of (3.13) [2,6].

Denote the limit cycle surrounding the origin by I'y, the domain outside the cycle by
D, the domain inside the cycle by D5 and consider logical possibilities of the appear-
ance of other (semi-stable) limit cycles from a “trajectory concentration” surrounding
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this singular point. It is clear that, under decreasing the parameter a2, a semi-stable
limit cycle cannot appear in the domain D5, since the focus spirals filling this domain
will untwist and the distance between their coils will increase because of the vector field
rotation [9, 10].

By contradiction, we can also prove that a semi-stable limit cycle cannot appear in
the domain D;. Suppose it appears in this domain for some values of the parameters
ay, > 0and aj;,_, < 0. Return to system (3.10) and change the inputting order for the
field rotation parameters. Input first the parameter aig,_o < 0:

T =y,
j=—a(1+ iz £ 2?) (3.14)
Fylx 4+ 2% 4 .. 4 agp_ox® 2 4 %),

Fix it under a2 = a3 _,. The vector field of (3.14) is rotated clockwise and the origin
turns into a nonrough stable focus. Inputting the parameter ao;, > 0 into (3.14), we get
again system (3.13) the vector field of which is rotated counterclockwise. Under this
rotation, a stable limit cycle I'; will appear from a separatrix loop for some value of
aai. This cycle will contract, the outside spirals winding onto the cycle will untwist and
the distance between their coils will increase under increasing ay, to the value ;. It
follows that there are no values of a5, _, < 0 and a3, > 0 for which a semi-stable limit
cycle could appear in the domain D; .

This contradiction proves the uniqueness of a limit cycle surrounding the origin
O in system (3.13) for any values of the parameters oo and awy, of different signs.
Obviously, if these parameters have the same sign, system (3.13) has no limit cycles
surrounding the origin at all. On the same reason, this system cannot have more than
one limit cycle surrounding the other its singular point A.

Let system (3.13) have the unique limit cycle I'; surrounding the origin O and a
unique limit cycle surrounding A. Fix the parameters ai, > 0, ag,_o < 0 and input the
third parameter, a4 > 0, into this system:

T =y,
y=—x(1+pix+£2®) +ylz+2°+. .. (3.15)
+062k_4l’2k_4 + ()éQk_QJ,’2k—2 + Izk_l + Oégkx2k).

The vector field of (3.15) is rotated counterclockwise, the focus at the origin O changes
the character of its stability and the second (unstable) limit cycle, I's, immediately ap-
pears from this point. The limit cycle surrounding A can only disappear in this point
(because of its roughness) under increasing the parameter ;4. Under further increas-
ing x4, the limit cycle I'y will join with 'y forming a semi-stable limit cycle, "5,
which will disappear in a “trajectory concentration” surrounding the origin. Can another
semi-stable limit cycle appear around the origin in addition to I'15? It is clear that such a
limit cycle cannot appear either in the domain D, bounded on the inside by the cycle I';
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or in the domain D3 bounded by the origin and I's because of the increasing distance be-
tween the spiral coils filling these domains under increasing the parameter a4 [9,10].

To prove the impossibility of the appearance of a semi-stable limit cycle in the do-
main Dy bounded by the cycles I'; and I'y (before their joining), suppose the contrary,
i.e., that for some set of values of the parameters, a5, > 0, a5, < 0, and a3,_, > 0,
such a semi-stable cycle exists. Return to system (3.10) again and input first the param-
eters ao,_g > 0 and gy, > 0:

T =1y,
j = —x(1+ fz + 2?) (3.16)
ty(z+ 23 +.. .+ Qopgx?F 4 4 %3 4 O{le'2k).

Both parameters act in a similar way: they rotate the vector field of (3.16) counterclock-
wise turning the origin into a nonrough unstable focus.

Fix these parameters under awoy_4 = b, 4, Qo = @5, and input the parameter
aor—o < 01into (3.16) getting again system (3.15). Since, by our assumption, this system
has two limit cycles surrounding the origin for awy_o > a3, _,, there exists some value
of the parameter, a; , (%), 5 < agp_o < 0), for which a semi-stable limit cycle, T2,
appears in system (3.15) and then splits into a stable cycle, I';, and an unstable cycle,
['s, under further decreasing ooy _s. The formed domain D, bounded by the limit cycles
I'y, I's and filled by the spirals will enlarge since, on the properties of a field rotation
parameter, the interior unstable limit cycle I'y will contract and the exterior stable limit
cycle I'y will expand under decreasing as;_o. The distance between the spirals of the
domain D, will naturally increase, which will prevent the appearance of a semi-stable
limit cycle in this domain for ao, o < ag;_, [9,10].

Thus, there are no such values of the parameters, oz, > 0, a5, < 0, ag,_, > 0,
for which system (3.15) would have an additional semi-stable limit cycle surrounding
the origin O. Obviously, there are no other values of the parameters cwy, qop_o, and
aar_4 for which system (3.15) would have more than two limit cycles surrounding this
singular point. On the same reason, additional semi-stable limit cycles cannot appear
around the other singular point A of (3.15). Therefore, three in (2 : 1)-distribution is
the maximum number of limit cycles in system (3.15).

Suppose that system (3.15) has two limit cycles, I'; and I'y, surrounding the origin
O and a unique limit cycle surrounding A (this is always possible if qgp > —op_o >
aai_4 > 0). Fix the parameters cwy,, g2, (iox_4 and consider a more general system
inputting the fourth parameter, ao;_¢ < 0, into (3.15):

T =y,
j=—x(1+4 prx £ 2% (3.17)
dylr +2* 4+ . 4 agex® 0+ 2?0 4+ agr®).

For decreasing a_¢, the vector field of (3.17) will be rotated clockwise and the focus
at the origin will immediately change the character of its stability generating a third
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(stable) limit cycle, I's. With further decreasing asy_g, I's will join with I'y forming
a semi-stable limit cycle, I'53, which will disappear in a “trajectory concentration” sur-
rounding the origin; the cycle I'; will expand disappearing on a separatrix loop of (3.17).

Let system (3.17) have three limit cycles surrounding the origin O: T'y, I'y, T's.
Could an additional semi-stable limit cycle appear with decreasing awy_¢ after splitting
of which system (3.17) would have five limit cycles around the origin? It is clear that
such a limit cycle cannot appear either in the domain D, bounded by the cycles I'; and
I's or in the domain D, bounded by the origin and I'5 because of the increasing distance
between the spiral coils filling these domains after decreasing awy . Consider two other
domains: D bounded on the inside by the cycle I'y and D3 bounded by the cycles I's
and I'3. As before, we will prove the impossibility of the appearance of a semi-stable
limit cycle in these domains by contradiction.

Suppose that for some set of values of the parameters a5, > 0, a5, o, < 0, a5, >
0, and a3, _4 < 0 such a semi-stable cycle exists. Return to system (3.10) again, input
first the parameters o _g < 0, agr_o < 0 and then the parameter oy, > 0:

T =1y,
y=—x(1+pxt2®) +ylx+a2°+. .. (3.18)

2%k—6 2%-2 | . 2k—3 2%
+aop_6T + ...+ agp_ox +x + o).

Fix the parameters g, op—o under the values a3, ¢, a5, o, respectively. With in-
creasing oy, a separatrix loop formed around the origin will generate a stable limit
cycle, I';. Fix ag under the value o5, and input the parameter a4 > 0 into (3.18)
getting system (3.17).

Since, by our assumption, (3.17) has three limit cycles for aoy_4 < o34, there
exists some value of the parameter a3, , (0 < a3;_, < aj;,_4) for which a semi-stable
limit cycle, ['93, appears in this system and then splits into an unstable cycle, I';, and a
stable cycle, I's, with further increasing awy_4. The formed domain D3 bounded by the
limit cycles I'y, I's and also the domain D, bounded on the inside by the limit cycle '
will enlarge and the spirals filling these domains will untwist excluding a possibility of
the appearance of a semi-stable limit cycle there [9, 10].

All other combinations of the parameters awy, (oo, o4, and i are consid-
ered in a similar way. It follows that system (3.17) can have at most four limit cycles in
(3 : 1)-distribution.

If we continue the procedure of successive inputting the even parameters, ooy, . . .,
Qe ayp, into system (3.10), it is possible first to obtain k& limit cycles surrounding the
origin (qop > —ap_9 > Qop_g > —Qa_g > Qorp_g > . ..) and then to conclude that
the canonical system (3.5) (i.e., the special Liénard polynomial system (1.3) as well)
can have at most k + 1 limit cycles in (k : 1)-distribution. The theorem is proved. [



122 Valery A. Gaiko

Acknowledgements

This work was supported by the DAAD, MPG (Germany), [HES (France), and NWO
(Netherlands).

References

[1] A.Agarwal, N. Ananthkrishnan, Bifurcation analysis for onset and cessation of
surge in axial flow compressors, Int. J. Turbo Jet-Eng. 17 (2000), 207-217.

[2] N.N.Bautin, E. A. Leontovich, Methods and Examples of the Qualitative Analysis
of Dynamical Systems in a Plane, Nauka, Moscow, 1990 (in Russian).

[3] H. W.Broer, V. A. Gaiko, Global qualitative analysis of a quartic ecological model,
Nonlinear Anal. 72 (2010), 628-634.

[4] V. A.Gaiko, Qualitative theory of two-dimensional polynomial dynamical sys-
tems: problems, approaches, conjectures, Nonlinear Anal. 30 (1997), 1385-1394.

[5] V. A.Gaiko, Hilbert’s sixteenth problem and global bifurcations of limit cycles,
Nonlinear Anal. 47 (2001), 4455-4466.

[6] V. A.Gaiko, Global Bifurcation Theory and Hilbert’s Sixteenth Problem, Kluwer,
Boston, 2003.

[7] V. A. Gaiko, Wintner—Perko termination principle, parameters rotating a field, and
limit-cycle problem, J. Math. Sci. 126 (2005), 1259-1266.

[8] V.A.Gaiko, Limit cycles of quadratic systems, Nonlinear Anal. 69 (2008),
2150-2157.

[9] V.A.Gaiko, Limit cycles of Liénard-type dynamical systems, Cubo 10 (2008),
115-132.

[10] V. A.Gaiko, On the geometry of polynomial dynamical systems, J. Math. Sci. 157
(2009), 400-412.

[11] V.A.Gaiko, A quadratic system with two parallel straight-line-isoclines, Non-
linear Anal. 71 (2009), 5860-5865.

[12] V. A. Gaiko, Multiple limit cycle bifurcations of the FitzHugh—Nagumo neuronal
model, Nonlinear Anal. 74 (2011), 7532-7542.

[13] V.A.Gaiko and W.T. van Horssen, Global bifurcations of limit and separatrix
cycles in a generalized Liénard system, Nonlinear Anal. 59 (2004), 189-198.



Limit Cycle Bifurcations of a Special Liénard Polynomial System 123

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

V. A. Gaiko and W.T.van Horssen, A piecewise linear dynamical system with
two dropping sections, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 19 (2009),
1367-1372.

V. A. Gaiko, W. T. van Horssen, Global analysis of a piecewise linear Liénard-type
dynamical system, Int. J. Dyn. Syst. Differ. Equ. 2 (2009), 115-128.

A. Gasull and J. Torregrosa, Small-amplitude limit cycles in Liénard systems via
multiplicity, J. Differential Equations 159 (1999), 186-211.

J.Jing, M. Han, P. Yu, S.Lynch, Limit cycles in two types of symmetric Liénard
systems, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 17 (2007), 2169-2174.

A.Lins, W.de Melo, C. C. Pugh, On Liénard’s equation, Lecture Notes in Mathe-
matics 597 (1977), Springer, Berlin, 335-357.

N.G.Lloyd, Liénard systems with several limit cycles, Math. Proc. Cambridge
Philos. Soc. 102 (1987), 565-572.

H.N. Moreira, Liénard-type equations and the epidemiology of maleria, Ecologi-
cal Model. 60 (1992), 139-150.

D.B.Owens, E.J.Capone, R. M. Hall, J. M. Brandon, J.R.Chambers, Transonic
free-to-roll analysis of abrupt wing stall on military aircraft, J. Aircraft 41 (2004),
474-484.

G. S.Rychkov, The maximal number of limit cycles of the system y = —z,
2

i =y— Y a;z"""is equal to two, Differ: Equ. 11 (1975), 301-302.

=0
T.J. Slight, B. Romeira, W. Liquan, J. M. L. Figueiredo, E. Wasige, C. N. A. Iron-
side, Liénard oscillator resonant tunnelling diode-laser diode hybrid integrated

circuit: model and experiment, I[EEE J. Quantum Electronics 44 (2008),
1158-1163.

S.Smale, Mathematical problems for the next century, Math. Intelligencer 20
(1998), 7-15.



