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Abstract

In this paper, the existence of positive periodic solutions of periodic neutral
logistic equation with delays and feedback control is studied by applying a fixed
point theorem of strict-set-contraction. Some counterexamples are given to show
that the main results in [10, 12, 14] for the existence of positive periodic solutions
of neutral Lotka–Volterra systems are incorrect.
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1 Introduction
In this paper, we consider the following system of neutral logistic equation with delays
and feedback control

ẋ(t) = x(t)

[
a(t)− b(t)x(t)−

n∑
j=1

cj(t)x(t− τ 1j (t, x(t))) (1.1)

−
n∑
j=1

dj(t)ẋ(t− τ 2j (t, x(t)))−
n∑
j=1

ej(t)

0∫
−T

kj(θ)x(t+ θ)dθ

−
n∑
j=1

fj(t)

0∫
−T

hj(θ)ẋ(t+ θ)dθ − α(t)u(t)
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−
n∑
j=1

gj(t)u(t− σ1
j (t, x(t)))−

n∑
j=1

lj(t)

0∫
−T

vj(θ)u(t+ θ)dθ

 ,
u̇(t) = − β(t)u(t) + γ(t)x(t) +

n∑
j=1

pj(t)x(t− σ2
j (t, x(t)))

+
n∑
j=1

qj(t)

0∫
−T

wj(θ)x(t+ θ)dθ,

where a, b, cj, dj, ej, fj, gj, lj, pj, qj, α, β, γ ∈ C0(R,R+) are ω-periodic functions for
some positive constant ω; τ 1j , τ

2
j , σ

1
j , σ

2
j ∈ C0(R2,R) are ω-periodic with respect to their

first arguments; T is a positive constant; kj, hj, vj, wj : [−T, 0] → R+ are piecewise
continuous satisfying

0∫
−T

kj(θ)dθ = 1,

0∫
−T

hj(θ)dθ = 1,

0∫
−T

vj(θ)dθ = 1,

0∫
−T

wj(θ)dθ = 1, j = 1, 2, . . . , n.

To facilitate in presenting, we use the notation

v̄ =
1

ω

ω∫
0

v(s)ds, vM = max
t∈[0,ω]

v(t), vL = min
t∈[0,ω]

v(t),

where v : R→ R is a continuous ω-periodic function.
In recent years, the existence of positive periodic solutions of neutral delay differ-

ential equations in population dynamics has been intensively studied. By using a fixed
point theorem of strict-set-contraction, Li et al. [13] studied the existence of positive
periodic solutions for the following neutral logistic equation with distributed delays

ẋ(t) = x(t)

a(t)−
n∑
i=1

ei(t)

0∫
−Ti

x(t+ θ)dµi(θ)−
m∑
j=1

fj(t)

0∫
−T̂j

ẋ(t+ θ)dνj(θ)

 ,
where a, ei, fj ∈ C0(R,R+) are ω-periodic functions; Ti, T̂j are positive constants;

µi : [−Ti, 0] → R+, νj : [−T̂j, 0] → R+ are nondecreasing functions and

0∫
−Ti

dµi = 1,

0∫
−T̂j

dνj = 1, i = 1, 2, . . . , n, j = 1, 2, . . . ,m. By using an abstract continuation

theorem of k-set contractive operator, Lu [16] obtained a set of sufficient conditions
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for the existence of positive periodic solutions of the following neutral logistic equation
with multiple delays

ẋ(t) = x(t)

[
a(t)− b(t)x(t)−

n∑
i=1

ci(t)x(t− τ 1i (t))−
m∑
j=1

dj(t)ẋ(t− τ 2j (t))

]
,

where a, b, ci, dj ∈ C0(R,R) are ω-periodic functions; τ 1i (t) ∈ C1(R,R+) and τ 2j (t) ∈
C2(R,R+) are ω-periodic functions with τ̇ 1i (t) < 1, τ̇ 2j (t) < 1, i = 1, 2, . . . , n, j =
1, 2, . . . ,m.

Recently, many authors have studied the existence of positive periodic solutions of
various neutral delays models of multi-species populations (see the cited references
therein). Li [10] considered the following neutral Lotka–Volterra system with dis-
tributed delays

ẋi(t) =xi(t)

ri(t)− n∑
j=1

dij(t)

0∫
−Tij

kij(θ)xj(t+ θ)dθ

−
n∑
j=1

eij(t)

0∫
−T̂ij

k̂ij(θ)ẋj(t+ θ)dθ

 , i = 1, 2, . . . , n,

(1.2)

where ri, dij, eij : R → R+ are continuous ω-periodic functions (ω is a fixed positive
number); Tij, T̂ij are positive numbers; kij : [−Tij, 0] → R+ and k̂ij : [−T̂ij, 0] → R+

are integrable with

0∫
−Tij

kij(θ)dθ = 1,

0∫
−T̂ij

k̂ij(θ)dθ = 1, i, j = 1, 2, . . . , n. By using a

fixed point theorem of a strict-set-contraction, Li [10] established the following result.

Theorem 1.1 (See [10]). Suppose that

δi = exp{−r̄iω} < 1, αij := (δj d̄ij − ēij)ω > 0, i, j = 1, 2, . . . , n,

δjdij(t)− eij(t) ≥ 0, i, j = 1, 2, . . . , n,

(1 + rLi )
δ2i αij
1− δi

≥ max
t∈[0,ω]

{dij(t) + eij(t)}, i, j = 1, 2, . . . , n,

min
1≤i,j≤n

δ2i
1− δi

αij > max
1≤i≤n

n∑
j=1

eMij .

(i) If max
1≤i≤n

rMi ≤ 1, then system (1.2) has at least one positive ω-periodic solution.

(ii) If min
1≤i≤n

rMi > 1 and
βij(r

M
i − 1)

δi(1− δi)
≤ min

t∈[0,ω]
{δjdij(t) − eij(t)}, i, j = 1, 2, . . . , n,

where βij = (d̄ij + ēij)ω, then system (1.2) has at least one positive ω-periodic
solution.
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Unfortunately, the above theorem is incorrect. Please see Example 4.1 and 4.2 in
Section 4 in this paper.

Li [11] considered the following neutral Lotka–Volterra system with state-dependent
delays

ẋi(t) =xi(t)

[
ri(t)−

n∑
j=1

aij(t)xj(t)−
n∑
j=1

bij(t)xj(t− τij(t, x1(t), . . . , xn(t)))

−
n∑
j=1

cij(t)ẋj(t− σij(t, x1(t), . . . , xn(t)))

]
, i = 1, 2, . . . , n,

(1.3)
where ri, aij, bij, cij : R → R+, i, j = 1, 2, . . . , n, are continuous ω-periodic (ω is a
fixed positive number); τij, σij : Rn+1 → R, i, j = 1, 2, . . . , n, are continuous and
ω-periodic with respect to their first arguments. By using a fixed point theorem of a
strict-set-contraction, Li [11] established the following result.

Theorem 1.2 (See [11]). Suppose that

δi = exp{−r̄iω} < 1, δj[aij(t) + bij(t)]− cij(t) ≥ 0, i, j = 1, 2, . . . , n,

(1 + rLi )
δ2i [δj(āij + b̄ij)− c̄ij]ω

1− δi
≥ max

t∈[0,ω]
{aij(t) + bij(t) + cij(t)}, i, j = 1, 2, . . . , n,

min
1≤i,j≤n

δ2i
1− δi

δj(āij + b̄ij)− c̄ij}ω > max
1≤i≤n

n∑
j=1

cMij .

(i) If max
1≤i≤n

rMi ≤ 1, then system (1.3) has at least one positive ω-periodic solution.

(ii) If min
1≤i≤n

rMi > 1 and

(āij + b̄ij + c̄ij)ω(rMi − 1)

δi(1− δi)
≤ min

t∈[0,ω]
{δj[aij(t)+bij(t)]−cij(t)}, i, j = 1, 2, . . . , n,

then system (1.3) has at least one positive ω-periodic solution.

In the case of τij(t, x1(t), . . . , xn(t)) = τij(t) and σij(t, x1(t), . . . , xn(t)) = σij(t),
Theorem 1.2 was proved in [14]. The above theorem is incorrect by Example 4.3 and
4.4 in Section 4 in this paper.

Li and Zhao [12] considered the following neutral Lotka–Volterra system with state-
dependent delays

ẋi(t) = xi(t)

[
ri(t)−

n∑
j=1

aij(t)xj(t) +
n∑
j=1

bij(t)xj(t− τij(t, x1(t), . . . , xn(t)))

+
n∑
j=1

cij(t)ẋj(t− σij(t, x1(t), . . . , xn(t)))

]
, i = 1, 2, . . . , n,

(1.4)



Positive Periodic Solutions of Neutral Logistic Equations 35

where ri, aij : R → R+, bij, cij : R → R, i, j = 1, 2, . . . , n, are continuous ω-periodic
(ω is a fixed positive number); τij, σij : Rn+1 → R, i, j = 1, 2, . . . , n, are continuous
and ω-periodic with respect to their first arguments. By using a fixed point theorem of a
strict-set-contraction, Li and Zhao [12] established the following result.

Theorem 1.3 (See [12]). Suppose that

δi = exp{−r̄iω} < 1, δjaij(t)− |bij(t)| − |cij(t)| ≥ 0, i, j = 1, 2, . . . , n,

(1 + rLi )
δ2i

[
δj āij − |bij| − |cij|

]
ω

1− δi
≥ max

t∈[0,ω]
{aij(t) + |bij(t)|+ |cij(t)|} ,

i, j = 1, 2, . . . , n,

min
1≤i,j≤n

δ2i
1− δi

[
δj āij − |bij| − |cij|

]
ω > max

1≤i≤n

n∑
j=1

|cij|M .

(i) If max
1≤i≤n

rMi ≤ 1, then system (1.4) has at least one positive ω-periodic solution.

(ii) If min
1≤i≤n

rMi > 1 and
(āij + |bij|+ |cij|)ω(rMi − 1)

δi(1− δi)
≤ min

t∈[0,ω]
{δjaij(t) − |bij(t)| −

|cij(t)|}, i, j = 1, 2, . . . , n, then system (1.4) has at least one positive ω-periodic
solution.

The above theorem is also wrong. Please see Example 4.5 and 4.6 in Section 4 in
this paper.

In the proofs of Theorem 1.1 in [10], Theorem 1.2 in [11, 14] and Theorem 1.3
in [12], the authors considered a map Φ : Kr,R → K, where K = {(x1, . . . , xn) ∈
C1
ω(R,Rn) : xi(t) ≥ δi‖xi‖1, i = 1, 2, . . . , n, t ∈ [0, ω]}, (δi = exp{−r̄iω}) is a cone

of the Banach space

C1
ω(R,Rn) = {x ∈ C1(R,Rn) : x(t+ ω) = x(t),∀t ∈ R}

with the norm ‖x‖1 =
n∑
i=1

‖xi‖1 (where ‖xi‖1 = max{max
t∈[0,ω]

|xi(t)|, max
t∈[0,ω]

|ẋi(t)|})

Kr,R = {x ∈ K : r ≤ ‖x‖1 ≤ R} (0 < r < R).

By using a fixed point theorem of a strict-set-contraction, under the conditions in The-
orem 1.1 (Theorem 1.2 and Theorem 1.3), it was proved in [10] (see [11, 14] and [12],
respectively) that Φ has at least one fixed point x∗ in Kr,R for some r and R, and then
it was concluded that x∗(t) is a positive ω-periodic solution of system (1.2) ((1.3) and
(1.4), respectively). The mistake in the proof of Theorem 1.1 in [10]) (Theorem 1.2
in [11,14]) and Theorem 1.3 in [12]), respectively) is that x∗ ∈ Kr,R does not imply that
x∗(t) is positive for n ≥ 2.
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Some authors in [2, 8, 19, 21] studied the existence of positive periodic solutions
for neutral delay differential equations in population dynamics by using the technique
of coincidence degree theory developed by Gains and Mawhin in [5]. However, the
verification of the important assumption of Gains and Mawhin’s continuation theorem
in [5] is that the operator N : Ω̄ → X is L-compact is incomplete. The reason is the
same as that pointed out by Lu and Ge [17]. So the main theorems in [2, 8, 19, 21] may
not be true.

Also, by using an existence theorem for neutral functional equations developed in
[3, 9], Fang [4] studied the existence of positive periodic solutions of neutral Lotka–
Volterra systems. Unfortunately, their proofs are incomplete. The reason is the same as
pointed out by Li [11]. So the main results in [4] may not be true.

Gui at al. [6] (and also Yang [20]), by using the continuation theorem for k-set con-
tractions in [5,15,18], obtained results on the existence of positive periodic solutions of
neutral Lotka–Volterra systems. But, according to their proof, it is regarded mistakenly
as {u : u ∈ KerL ∩ ∂Ω} = {u ∈ Rn : ‖u‖ = N3} = {u ≡ N3 or u ≡ −N3} for n ≥ 2,

where L =
d

dt
and N3 is a positive constant. Thus, they did not verify the assumption

(b) of [6, Lemma 1]. So the main result in [6] (and also [20]) may not be true.
Our purpose of this paper is by using a fixed point theorem of strict-set-contraction

[1,7] to study the existence of positive periodic solutions of system (1.1). The remainder
of this paper is organized as follows. Notation and some lemmas are introduced in
Section 2. Section 3 contains our main result on the existence of positive periodic
solutions of system (1.1). In Section 4 we give some counterexamples to show that
Theorem 1.1, 1.2 and 1.3 (given in [10–12], respectively) are incorrect.

2 Preliminaries
In this section, some basic definitions and lemmas need to be provided to make use of
a fixed point theorem of strict-set-contraction that will be used in the study of system
(1.1).

Let X be a Banach space and K is a cone in X . The semi-order introduced by the
cone K is denoted by “≤”. That is, x ≤ y if and only if y − x ∈ K. In addition, for a
bounded subsetA ⊂ X , let αX(A) denote the (Kuratowski) measure of noncompactness
defined by

αX(A) = inf {δ > 0 : there is a finite number of subsets Ai ⊂ A

such that A =
⋃
i

Ai and diam(Ai) ≤ δ

}
.

Let Φ : Ω̄ → Y be a continuous and bounded mapping, where Y is a Banach space
and Ω ⊂ X . The mapping Φ is called k-set contractive if for every bounded set S ⊂ Ω̄
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we have αY (Φ(S)) ≤ kαX(S). The mapping Φ is called strict-set-contractive if it is
k-set-contractive for some k such that 0 ≤ k < 1.

Lemma 2.1 (See [1,7]). Let K be a cone of the real Banach space X and Kr,R = {x ∈
K : r ≤ ‖x‖ ≤ R} with R > r > 0. Suppose that Φ : Kr,R → K is strict-set-
contractive such that one of the following two conditions is satisfied

(i) Φx � x for all x ∈ K, ‖x‖ = r and Φx � x for all x ∈ K, ‖x‖ = R.

(ii) Φx � x for all x ∈ K, ‖x‖ = r and Φx � x for all x ∈ K, ‖x‖ = R.

Then Φ has at least one fixed point in Kr,R.

For convenience, let us denote

λ = exp{−āω}, δ = exp{β̄ω},

P =
ω

δ − 1

[
γ̄ +

n∑
j=1

(p̄j + q̄j)

]
, Q =

δω

δ − 1

[
γM +

n∑
j=1

(pMj + qMj )

]
,

∆(t) = λ

[
b(t) + Pα(t) +

n∑
j=1

(cj(t) + ej(t) + Pgj(t) + Plj(t))

]

−
n∑
j=1

(dj(t) + fj(t)) ,

Π(t) = b(t) +Qα(t) +
n∑
j=1

[cj(t) + ej(t) + dj(t) + fj(t) +Qgj(t) +Qlj(t)]

G(t, s) =

exp{
s∫
t

β(τ)dτ}

δ − 1
, H(t, s) =

exp{
s∫
t

−a(τ)dτ}

1− λ
, s ∈ [t, t+ ω].

(2.1)

Also, we introduce the following assumptions

(H1) ∆(t) ≥ 0,

(H2) (1 + aL)
λ2∆̄ω

1− λ
≥ ΠM ,

(H3)
1− λ
λ2∆̄ω

n∑
j=1

(
dMj + fMj

)
< 1.

Let us consider the following system

ẏ(t) = y(t) [a(t)− (Ay)(t)− (By)(t)] ,

u(t) = (V y)(t),
(2.2)
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where

(Ay)(t) = b(t)y(t) +
n∑
j=1

cj(t)y(t− τ 1j (t, y(t))) +
n∑
j=1

dj(t)ẏ(t− τ 2j (t, y(t)))

+
n∑
j=1

ej(t)

0∫
−T

kj(θ)y(t+ θ)dθ +
n∑
j=1

fj(t)

0∫
−T

hj(θ)ẏ(t+ θ)dθ,

(By)(t) = α(t)(V y)(t) +
n∑
j=1

gj(t)(V y)(t− σ1
j (t, y(t)))

+
n∑
j=1

lj(t)

0∫
−T

vj(θ)(V y)(t+ θ)dθ,

(V y)(t) =

t+ω∫
t

G(t, s)

[
γ(s)y(s) +

n∑
j=1

pj(s)y(s− σ2
j (s, y(s)))

+
n∑
j=1

qj(s)

0∫
−T

wj(θ)y(s+ θ)dθ

 ds.

(2.3)

It is easy to see that, if (y(t), u(t)) is an ω-periodic solution of system (2.2), then
(x(t), u(t)) with x(t) = y(t) is also an ω-periodic solution of system (1.1). Thus, in
order to show the existence of strictly positive ω-periodic solutions of system (1.1), we
only need to show that system (2.2) has at least one strictly positive ω-periodic solution.

In order to apply Lemma 2.1 to (2.2), let us set

C0
ω = {y ∈ C0(R,R) : y(t+ ω) = y(t) for all t ∈ R}

with the norm ‖y‖0 = max
t∈[0,ω]

{|y(t)|}, and

C1
ω = {y ∈ C1(R,R) : y(t+ ω) = y(t) for all t ∈ R}

with the norm ‖y‖1 = max{‖y‖0, ‖ẏ‖0}. ThenC0
ω andC1

ω are all Banach spaces. Define
the cone K in C1

ω by

K = {y ∈ C1
ω : y(t) ≥ λ‖y‖1, t ∈ [0, ω]}.

Let the mapping Φ be defined by

(Φy)(t) =

∫ t+ω

t

H(t, s)y(s) [(Ay)(s) + (By)(s)] ds, (2.4)
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where y ∈ K, t ∈ R. It is easy to see that H(t+ ω, s+ ω) = H(t, s) and

λ

1− λ
≤ H(t, s) ≤ 1

1− λ
, s ∈ [t, t+ ω].

Next, we give some lemmas concerning K and Φ defined above.

Lemma 2.2. Assume that assumptions (H1), (H2) hold.

(i) If aM ≤ 1, then Φ(K) ⊂ K.

(ii) If (H5)
Π̄ω(aM − 1)

λ(1− λ)
≤ ∆L holds and aM > 1, then Φ(K) ⊂ K.

Proof. (i) For any y ∈ K, it is clear that Φy ∈ C1(R,R). In view of (2.4), since
H(t + ω, s + ω) = H(t, s) and the periodicity of the functions y(s), (Ay)(s), (By)(s)
in s, it follows that (Φy)(t + ω) = (Φy)(t), t ∈ R. So Φy ∈ C1

ω. It is easy to see that
1

δ − 1
≤ G(t, s) ≤ δ

δ − 1
, s ∈ [t, t+ ω]. Thus, it follows from (2.3) that

(V y)(t) ≥ λP‖y‖1, |(V y)(t)| ≤ Q‖y‖1 for y ∈ K. (2.5)

In view of (2.3), for y ∈ K, t ∈ [0, ω], we have

(Ay)(t) ≥ b(t)y(t) +
n∑
j=1

cj(t)y(t− τ 1j (t, y(t)))−
n∑
j=1

dj(t)|ẏ(t− τ 2j (t, y(t)))|

+
n∑
j=1

ej(t)

0∫
−T

kj(θ)y(t+ θ)dθ −
n∑
j=1

fj(t)

0∫
−T

hj(θ)|ẏ(t+ θ)|dθ

≥ ‖y‖1

{
λ

[
b(t) +

n∑
j=1

(cj(t) + ej(t))

]
−

n∑
j=1

(dj(t) + fj(t))

}
.

(2.6)

By (2.3) and (2.5), it follows that

(By)(t) ≥ λP‖y‖1

[
α(t) +

n∑
j=1

(gj(t) + lj(t))

]
for y ∈ K. (2.7)

By (2.6) and (2.7), (H2) implies that

(Ay)(t) + (By)(t) ≥ ‖y‖1∆(t) ≥ 0. (2.8)

Therefore, for y ∈ K, t ∈ [0, ω], we find

‖Φy‖0 ≤
1

1− λ

∫ ω

0

y(s) [(Ay(s) + (By)(s)] ds
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and thus,

(Φy)(t) ≥ λ

1− λ

∫ t+ω

t

y(s) [(Ay)(s) + (By)(s)] ds ≥ λ‖Φy‖0. (2.9)

Now, we show that (Φy)′(t) ≥ λ‖(Φy)′‖0, t ∈ [0, ω]. From (2.4), we have

(Φy)′(t) = H(t, t+ ω)y(t+ ω) [(Ay)(t+ ω) + (By)(t+ ω)]

−H(t, t)y(t) [(Ay)(t) + (By)(t)] + a(t)(Φy)(t)

= a(t)(Φy)(t)− y(t) [(Ay)(t) + (By)(t)] .

(2.10)

It follows from (2.8) and (2.10) that if (Φy)′(t) ≥ 0, then

(Φy)′(t) ≤ a(t)(Φy)(t) ≤ aM(Φy)(t) ≤ (Φy)(t). (2.11)

On the other hand, from (2.3), (2.5), (2.10) and (H3), if (Φy)′(t) < 0, then

−(Φy)′(t) = −a(t)(Φy)(t) + y(t) [(Ay)(t) + (By)(t)]

≤ ‖y‖21

[
b(t) +Qα(t) +

n∑
j=1

(cj(t) + ej(t) + dj(t) + fj(t)

+Qgj(t) +Qlj(t))]− aL(Φy)(t)

(2.12)

and thus,

−(Φy)′(t) ≤ (1 + aL)
λ2

1− λ
‖y‖1

ω∫
0

[
λ(‖y‖1b(t) +

n∑
j=1

‖y‖1cj(t)

+
n∑
j=1

‖y‖1ej(t) + P‖y‖1α(t) + P
n∑
j=1

‖y‖1gj(t)

+ P

n∑
j=1

‖y‖1lj(t)−
n∑
j=1

‖y‖1dj(t)

−
n∑
j=1

‖y‖1fj(t)

]
dt− aL(Φy)(t)

≤ (1 + aL)

∫ t+ω

t

H(t, s)y(s) [(Ay)(s) + (By)(s)] ds− aL(Φy)(t)

= (1 + aL)(Φy)(t)− aL(Φy)(t) = (Φy)(t).

It follows from the above inequality and (2.11) that ‖(Φy)′‖0 ≤ ‖Φy‖0. So ‖Φy‖1 =
‖Φy‖0. By (2.9) we have (Φy)(t) ≥ λ‖Φy‖1. Hence, Φy ∈ K. The proof of (i) is
complete.
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(ii) In view of the proof of (i), we only need to prove that (Φy)′(t) ≥ 0 implies
(Φy)′(t) ≤ (Φy)(t) for y ∈ K. From (2.8), (2.10), (H2) and (H5), for y ∈ K we obtain

(Φy)′(t) ≤ a(t)(Φy)(t)− λ‖y‖21

{
λ

[
b(t) +

n∑
j=1

(cj(t) + ej(t)) + Pα(t)

+P
n∑
j=1

(gj(t) + lj(t))

]
−

n∑
j=1

(dj(t) + fj(t))

}

≤ aM(Φy)(t)− λ‖y‖21
aM − 1

λ(1− λ)

∫ ω

0

[
(b(t) +

n∑
j=1

cj(t) +
n∑
j=1

ej(t)

+
n∑
j=1

dj(t) +
n∑
j=1

fj(t) +Qα(t) +Q

n∑
j=1

gj(t) +Q

n∑
j=1

lj(t)

]
dt

≤ aM(Φy)(t)− (aM − 1)

∫ t+ω

t

1

1− λ
‖y‖1 [b(s)‖y‖1

+
n∑
j=1

cj(s)‖y‖1 +
n∑
j=1

ej(s)‖y‖1 +
n∑
j=1

dj(s)‖y‖1

+
n∑
j=1

fj(s)‖y‖1 +Qα(s)‖y‖1 +Q
n∑
j=1

gj(s)‖y‖1 +Q
n∑
j=1

lj(s)‖y‖1

]
ds

≤ aM(Φy)(t)− (aM − 1)

∫ t+ω

t

H(t, s)y(s) [(Ay)(s) + (By)(s)] ds

= aM(Φy)(t)− (aM − 1)(Φy)(t) = (Φy)(t).

The proof of (ii) of the lemma is complete.

Lemma 2.3. Assume that assumptions (H1), (H2) hold and R
n∑
j=1

(dMj + fMj ) < 1.

(i) If aM ≤ 1, then Φ : K
⋂

Ω̄R → K is strict-set-contractive,

(ii) If (H5) holds and aM > 1, then Φ : K
⋂

Ω̄R → K is strict-set-contractive,

where ΩR = {x ∈ C1
ω : ‖x‖1 < R}.

Proof. We only need to prove (i), since the proof of (ii) is similar. It is easy to see that
Φ is continuous and bounded. Now we prove that

αC1
ω
(Φ(S)) ≤

(
R

n∑
j=1

(dMj + fMj )

)
αC1

ω
(S)
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for any bounded set S ⊂ Ω̄R. Let η = αC1
ω
(S). Then, for any positive number ε <(

R

n∑
j=1

(dMj + fMj )

)
η, there is a finite family of subsets {Si} satisfying S =

⋃
i

Si

with diam(Si) ≤ η + ε. Therefore,

‖x− y‖1 ≤ η + ε for all x, y ∈ Si. (2.13)

As S and Si are pre-compact in C0
ω, it follows that there is a finite family of subsets

{Sik} of Si such that Si =
⋃
k

Sik and

‖x− y‖0 ≤ ε for all x, y ∈ Sik. (2.14)

In addition, for any y ∈ S and t ∈ [0, ω], we have

|(Φy)(t)| ≤ R2

1− λ

∫ t+ω

t

[b(s) +Qα(s)

+
n∑
j=1

(cj(s) + ej(s) + dj(s) + fj(s) +Qgj(s) +Qlj(s))

]
ds

=
R2

1− λ

∫ t+ω

t

Π(s)ds := D.

Thus, it follows from (2.3), (2.5) and (2.10) that

|(Φy)′(t)| ≤ aMD +R2

[
bM +QαM +

n∑
j=1

(
cMj + dMj + eMj + fMj +QgMj +QlMj

)]
.

By applying the Arzelà–Ascoli theorem, we know that Φ(S) is pre-compact in C0
ω.

Then, there is a finite family of subsets {Sikl} of Sik such that Sik =
⋃
l

Sikl and

‖Φx− Φy‖0 ≤ ε for all x, y ∈ Sikl. (2.15)

From (2.5), (2.10) and (2.13)-(2.15) and (H2), for any x, y ∈ Sikl, we obtain

‖(Φx)′ − (Φy)′‖0
= max

t∈[0,ω]
{|a(t) (Φx)(t)− (Φy)(t))− x(t) [(Ax)(t) + (Bx)(t)]

+y(t) [(Ay)(t) + (By)(t)]|}
≤ max

t∈[0,ω]
{|a(t)[(Φx)(t)− (Φy)(t)]|}

+ max
t∈[0,ω]

{|x(t) [(Ax)(t) + (Bx)(t)]− y(t) [(Ay)(t) + (By)(t)]|}
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≤ aM‖(Φx)− (Φy)‖0
+ max

t∈[0,ω]
{|x(t) [((Ax)(t) + (Bx)(t))− ((Ay)(t) + (By)(t))]|}

+ max
t∈[0,ω]

{|[(Ay)(t) + (By)(t)] [x(t)− y(t)]|}

≤ aMε+R max
t∈[0,ω]

{(A|x− y|)(t) + (B|x− y|)(t)}

+ ε max
t∈[0,ω]

{|[(Ay)(t) + (By)(t)]|}

≤ aMε+RεbM +Rε
n∑
j=1

cMj +R(η + ε)
n∑
j=1

dMj +Rε
n∑
j=1

eMj

+R(η + ε)
n∑
j=1

fMj +RQεαM +RQε

n∑
j=1

gMj +RQε

n∑
j=1

lMj

+RεbM +Rε
n∑
j=1

cMj +Rε
n∑
j=1

dMj +Rε
n∑
j=1

eMj +Rε
n∑
j=1

fMj

+RQεαM +RQε
n∑
j=1

gMj +RQε
n∑
j=1

lMj = Rη
n∑
j=1

(dMj + fMj ) +D∗ε,

where

D∗ = aM + 2R

[
bM +QαM +

n∑
j=1

(
cMj + dMj + eMj + fMj +QgMj +QlMj

)]
.

Thus, since ε <

(
R

n∑
j=1

(dMj + fMj )

)
η, it follows from (2.15) that

‖Φx− Φy‖1 ≤

[
R

n∑
j=1

(dMj + fMj )

]
η +D∗ε for all x, y ∈ Sikl.

Since ε is arbitrarily small, it follows that

αC1
ω
(Φ(S)) ≤

[
R

n∑
j=1

(dMj + fMj )

]
αC1

ω
(S).

Therefore, Φ is strict-set-contractive. The proof is completed.

3 Main Results
Our main result of this paper is as follows.
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Theorem 3.1. Assume that (H1)–(H3) hold and

ω∫
0

{
γ(s) +

n∑
j=1

[pj(s) + qj(s)]

}
ds > 0. (3.1)

(i) If aM ≤ 1, then system (1.1) has at least one positive ω-periodic solution.

(ii) If (H5) holds and aM > 1, then system (1.1) has at least one positive ω-periodic
solution.

Proof. We only need to prove (i), since the proof of (ii) is similar. It is enough to show

that system (2.2) has at least one positive ω-periodic solution. Let R =
1− λ
λ2∆̄ω

and

0 < r <
λ(1− λ)

Π̄ω
then we have 0 < r < R. From Lemma 2.1 and 2.2, we know that

Φ is strict-set-contractive on Kr,R. In view of (2.1), (2.3) and (3.1), we see that if there
exists y∗ ∈ Kr,R such that Φy∗ = y∗, then (y∗, u∗), where u∗ = V y∗, is an ω-periodic
solution of system (2.2) and

u∗(t) = (V y∗)(t) ≥
t+ω∫
t

(
1

δ − 1
min
τ∈[0,ω]

y∗(τ)

){
γ(s) +

n∑
j=1

[pj(s) + qj(s)]

}
ds > 0,

i.e., (y∗, u∗) is a positive ω-periodic solution of system (2.2). Thus, in order to show the
existence of strictly positive ω-periodic solutions of system (2.2), we only need to show
that Φ has at least one fixed point in Kr,R. Now, we shall prove that condition (ii) of
Lemma 2.1 holds. Furthermore, we only need to show that condition (ii) of Lemma 2.1
holds for y ∈ {x ∈ K : ‖x‖1 = r or ‖x‖1 = R} and Φy 6= y.

First, we prove that Φy 6≥ y, for all y ∈ K, ‖y‖1 = r. Otherwise, there exists
y ∈ K, ‖y‖1 = r such that Φy ≥ y. So |y| > 0 and Φy − y ∈ K, which implies that

(Φy)(t)− y(t) ≥ λ‖Φy − y‖1 ≥ 0 for all t ∈ [0, ω]. (3.2)

Moreover, for t ∈ [0, ω], we have

(Φy)(t) =

∫ t+ω

t

H(t, s)y(s) [(Ay)(s) + (By)(s)] ds

≤ 1

1− λ
r‖y‖0

∫ ω

0

Π(s)ds =
1

1− λ
Π̄ω‖y‖0 < λ‖y‖0.

(3.3)

In view of (3.2) and (3.3), we have

‖y‖0 ≤ ‖Φy‖0 < λ‖y‖0 < ‖y‖0,
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which is a contradiction. Finally, we prove that Φy � y for all y ∈ K, ‖y‖1 = R also
holds. For this case, we only need to prove that

Φy ≮ y, y ∈ K, ‖y‖1 = R.

Suppose that there exists y ∈ K and ‖y‖1 = R such that Φy < y. Thus y − Φy ∈
K \ {0}. Furthermore, for any t ∈ [0, ω], we have

y(t)− (Φy)(t) ≥ λ‖y − Φy‖1 > 0. (3.4)

In addition, for any t ∈ [0, ω], by (2.8) we find

(Φy)(t) =

∫ t+ω

t

H(t, s)y(s) [(Ay)(s) + (By)(s)] ds

≥ λ2

1− λ
‖y‖21

∫ ω

0

∆(s)ds =
λ2

1− λ
∆̄R2ω = R.

(3.5)

From (3.4) and (3.5), we obtain ‖y‖0 > ‖Φy‖0 ≥ R, which is a contradiction. There-
fore, conditions (i) and (ii) in Lemma 2.2 hold. By Lemma 2.1, we see that Φ has at least
one fixed point in Kr,R. Therefore, (1.1) has at least one positive ω-periodic solution.
The proof of Theorem 3.1 is complete.

Consider the following neutral logistic equation without feedback control variable
which is a special case of system (1.1)

ẋ(t) = x(t)

[
a(t)− b(t)x(t)−

n∑
j=1

cj(t)x(t− τ 1j (t, x(t)))

−
n∑
j=1

dj(t)ẋ(t− τ 2j (t, x(t)))−
n∑
j=1

ej(t)

0∫
−T

kj(θ)x(t+ θ)dθ

−
n∑
j=1

fj(t)

0∫
−T

hj(θ)ẋ(t+ θ)dθ

 .
(3.6)

Let us denote

∆∗(t) = λ

[
b(t) +

n∑
j=1

(cj(t) + ej(t))

]
−

n∑
j=1

(dj(t) + fj(t)) ,

Π∗(t) = b(t) +
n∑
j=1

[cj(t) + ej(t) + dj(t) + fj(t)] .

By the same argument given in the proof of Theorem 3.1, we have the following
theorem.
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Theorem 3.2. Assume that

(H1*) ∆∗(t) ≥ 0,

(H2*) (1 + aL)
λ2∆̄∗ω

1− λ
≥ Π∗M ,

(H3*)
1− λ
λ2∆̄∗ω

n∑
j=1

(
dMj + fMj

)
< 1.

(i) If aM ≤ 1, then equation (3.6) has at least one positive ω-periodic solution.

(ii) If (H4*)
Π̄∗ω(aM − 1)

λ(1− λ)
≤ ∆∗L holds and aM > 1, then equation (3.6) has at least

one positive ω-periodic solution.

Example 3.3. Consider the system

ẋ(t) = x(t)
[
a(t)− b(t)x(t)− c(t)x(t− τ 1(t, x(t)))

− d(t)ẋ(t− τ 2(t, x(t)))− e(t)
0∫

−1

x(t+ θ)dθ − f(t)

0∫
−1

ẋ(t+ θ)dθ

−α(t)u(t)− g(t)u(t− σ1(t, x(t)))− l(t)
0∫

−1

u(t+ θ)dθ

 ,
u̇(t) = −β(t)u(t) + γ(t)x(t) + p(t)x(t− σ2(t, x(t))) + q(t)

0∫
−1

x(t+ θ)dθ,

(3.7)

where

a(t) =
1 + cos t

4π
, b(t) = c(t) = e(t) =

5− 2 sin t

3
, d(t) = f(t) =

1− sin t

40
,

α(t) = g(t) = l(t) =
1 + sin t

18π
, γ(t) = p(t) = q(t) =

1− cos t

10
,

β(t) =
ln 2

2π
+

1

10
sin t,

τ 1, τ 2, σ1, σ2 ∈ C0(R2,R) are 2π-periodic with respect to their first arguments, respec-
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tively. By taking some computations, we get

λ = exp{−1

2
}, δ = 2, P =

2π

5
, Q =

12π

5
,

∆(t) =
51

10
exp{−1

2
} − 1

20
−
(

19

10
exp{−1

2
} − 1

20

)
sin t ≥ 0,

Π(t) =
109− 33 sin t

20
, 2π∆̄ =

102π

10
exp{−1

2
} − π

10
> 18, ΠM =

71

10
.

(1 + aL)
λ22π∆̄

1− λ
> 9 >

71

10
= ΠM ,

1− λ
λ22π∆̄

(
dM + fM

)
<

1

9
× 1

10
< 1.

Hence, (H1)–(H3), (3.1) hold and aM ≤ 1. According to Theorem 3.1, system (3.7) has
at least one positive 2π-periodic solution.

4 Counterexamples

In this section we give some counterexamples to show that Theorem 1.1, 1.2 and 1.3
given in [10], [11] and [12], respectively, are incorrect.

To see that Theorem 1.1 (i) is incorrect, let us consider the following example.

Example 4.1. Consider the system

ẋi(t) = xi(t)

ri − n∑
j=1

0∫
−1

xj(t+ θ)dθ −
n∑
j=1

1

3n

0∫
−1

ẋj(t+ θ)dθ

 , i = 1, . . . , n,

(4.1)
where n ≥ 2; ri = α, i = 1, 2, . . . , n − 1, rn = β (0 < α < β < 1). We know that

dij = 1, eij =
1

3n
, i, j = 1, 2, . . . , n, and system (4.1) is ω-periodic for any ω > 0. Let

us consider for ω ∈ (0, 1). It is easy to see that

δi = exp{−riω} < 1, αij = (δj −
1

3n
)ω > 0, βij = (1 +

1

3n
)ω > 0.

Let

fij(ω) = (1 + rLi )
δ2i αij
1− δi

=

(
exp{−rjω} −

1

3n

)
exp{−2riω}

(1 + ri)ω

1− exp{−riω}
.

Obviously fij are continuous functions on (0, 1) and

lim
ω→0+

fij(ω) =
(3n− 1)(1 + ri)

3nri
≥ (3n− 1)(1 + β)

3nβ
>

5

3
> 1+

1

3n
= dij +eij. (4.2)
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Thus, there exists ε1 ∈ (0, 1) such that fij(ω) ≥ dij + eij, i, j = 1, 2, . . . , n for all
ω ∈ (0, ε1). It is easy to see that

min
1≤i,j≤n

δ2i
1− δi

αij =
exp{−2βω}

1− exp{−βω}

(
exp{−βω} − 1

3n

)
ω,

max
1≤i≤n

n∑
j=1

eMij =
1

3
.

(4.3)

Since

g(ω) =
exp{−2βω}

1− exp{−βω}

(
exp{−βω} − 1

3n

)
ω

is continuous on (0, 1) and lim
ω→0+

g(ω) =
3n− 1

3nβ
>

1

3
, there exists ε2 ∈ (0, 1) such

that g(ω) >
1

3
for all ω ∈ (0, ε2). Let us take a positive number ω such that ω < ε =

min{ε1, ε2}. Then system (4.1) satisfies all conditions in Theorem 1.1 (i). On the other
hand, if x∗(t) = (x∗1(t), . . . , x

∗
n(t)) is a positive ω-periodic solution of system (4.1),

then

d

dt
lnx∗i (t) = ri −

n∑
j=1

0∫
−1

x∗j(t+ θ)dθ −
n∑
j=1

1

3n

0∫
−1

ẋ∗j(t+ θ)dθ, i = 1, . . . , n. (4.4)

Integrating (4.4) form 0 to ω, we obtain

x̄∗1 + x̄∗2 + . . .+ x̄∗n = α,

x̄∗1 + x̄∗2 + . . .+ x̄∗n = β.

This is impossible since α < β. Thus, system (4.1) has no positive ω-periodic solution.
Thus, Theorem 1.1 (i) is incorrect.

To see that Theorem 1.1 (ii) is incorrect, let us consider the following example.

Example 4.2. Consider the system

ẋi(t) = xi(t)

ri − n∑
j=1

0∫
−1

xj(t+ θ)dθ −
n∑
j=1

1

3

0∫
−1

ẋj(t+ θ)dθ

 , i = 1, . . . , n, (4.5)

where n ≥ 2; ri = α, i = 1, 2, . . . , n − 1, rn = β (1 < α < β < 2). We know that

dij = 1, eij =
1

3
, i, j = 1, 2, . . . , n, and system (4.5) is ω-periodic for any ω > 0. For

i, j = 1, 2, . . . , n, we know that

vij(ω) =
βij(r

M
i − 1)

δi(1− δi)
− min

t∈[0,ω]
{δjdij(t)− eij(t)}

=
4ω(ri − 1)

3 (1− exp{−riω}) exp{−riω}
− exp{−rjω}+

1

3
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is continuous on (0, 1/2) and lim
ω→0+

vij(ω) =
2

3
− 4

3ri
≤ 2

3

(
1− 2

β

)
< 0. By the

same argument as given in Example 4.1, we can verify that, system (4.5) satisfies all
conditions in Theorem 1.1 (ii). On the other hand, if x∗(t) = (x∗1(t), . . . , x

∗
n(t)) is a

positive ω-periodic solution of system (4.5), then

d

dt
lnx∗i (t) = ri −

n∑
j=1

0∫
−1

x∗j(t+ θ)dθ −
n∑
j=1

1

3

0∫
−1

ẋ∗j(t+ θ)dθ, i = 1, . . . , n. (4.6)

Integrating (4.6) form 0 to ω, we obtain

x̄∗1 + x̄∗2 + . . .+ x̄∗n = α,

x̄∗1 + x̄∗2 + . . .+ x̄∗n = β.

This is impossible since α < β. Thus, system (4.5) has no positive ω-periodic solution.
Thus, Theorem 1.1 (ii) is incorrect.

To see that Theorem 1.2 (i) is incorrect, let us consider the following example.

Example 4.3. Consider the system

ẋi(t) = xi(t)

[
ri −

n∑
j=1

xj(t)

2
−

n∑
j=1

xj(t− τij)
2

−
n∑
j=1

ẋj(t− σij)
3n

]
, i = 1, . . . , n,

(4.7)
where n ≥ 2; ri = α, i = 1, 2, . . . , n − 1, rn = β(0 < α < β < 1); τij, σij, i, j =

1, 2, . . . , n, are nonnegative constants. We know that aij = bij =
1

2
, cij =

1

3n
and

system (4.7) is ω-periodic for any ω > 0. By the same argument as given in Example
4.1, there exists ε ∈ (0, 1) such that system (4.7) satisfies all conditions in Theorem
1.2 (i) for any ω ∈ (0, ε), but system (4.7) has no positive ω-periodic solution. Thus,
Theorem 1.2 (i) is incorrect.

To see that Theorem 1.2 (ii) is incorrect, let us consider the following example.

Example 4.4. Consider the system

ẋi(t) = xi(t)

[
ri −

n∑
j=1

xj(t)

2
−

n∑
j=1

xj(t− τij)
2

−
n∑
j=1

ẋj(t− σij)
3

]
, i = 1, . . . , n,

(4.8)
where n ≥ 2, ri = α, i = 1, 2, . . . , n − 1, rn = β, 1 < α < β < 2, τij, σij, i, j =

1, 2, . . . , n, are nonnegative constants. We know that aij = bij =
1

2
, cij =

1

3
and system

(4.8) is ω-periodic for any ω > 0. By the same argument as given in Example 4.2, there
exists ε ∈ (0, 1/2) such that system (4.8) satisfies all conditions in Theorem 1.2 (ii) for
any ω ∈ (0, ε), but system (4.8) has no positive ω-periodic solution. Thus, Theorem 1.2
(ii) is incorrect.
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To see that Theorem 1.3 (i) is incorrect, let us consider the following example.

Example 4.5. Consider the system

ẋi(t) = xi(t)

[
ri −

n∑
j=1

xj(t) +
n∑
j=1

xj(t− τij)
6n

+
n∑
j=1

ẋj(t− σij)
6n

]
, i = 1, . . . , n,

(4.9)
where n ≥ 2, ri = α, i = 1, 2, . . . , n − 1, rn = β, 0 < α < β < 1, τij, σij, i, j =

1, 2, . . . , n, are nonnegative constants. We know that aij = 1, bij = cij =
1

6n
and

system (4.9) is ω-periodic for any ω > 0. By the same argument as given in Example
4.1, there exists ε ∈ (0, 1) such that system (4.9) satisfies all conditions in Theorem
1.3 (i) for any ω ∈ (0, ε), but system (4.9) has no positive ω-periodic solution. Thus,
Theorem 1.3 (i) is incorrect.

To see that Theorem 1.3 (ii) is incorrect, let us consider the following example.

Example 4.6. Consider the system

ẋi(t) = xi(t)

[
ri −

n∑
j=1

xj(t) +
n∑
j=1

xj(t− τij)
6

+
n∑
j=1

ẋj(t− σij)
6

]
, i = 1, . . . , n,

(4.10)
where n ≥ 2, ri = α, i = 1, 2, . . . , n − 1, rn = β, 1 < α < β < 2, τij, σij, i, j =

1, 2, . . . , n, are nonnegative constants. We know that aij = 1, bij = cij =
1

6
and system

(4.10) is ω-periodic for any ω > 0. By the same argument as given in Example 4.2,
there exists ε ∈ (0, 1/2) such that system (4.10) satisfies all conditions in Theorem 1.3
(ii) for any ω ∈ (0, ε), but system (4.10) has no positive ω-periodic solution. Thus,
Theorem 1.3 (ii) is incorrect.

5 Conclusions
In this paper, we have proved the existence of positive periodic solutions of periodic
neutral logistic equation with delays and feedback control by applying a fixed point
theorem of strict-set-contraction. Numerical examples illustrating the effectiveness of
the obtained results are given. Also, some counterexamples are given to show that the
main results in [10, 12, 14] for the existence of positive periodic solutions of neutral
Lotka–Volterra systems are incorrect.
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