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Abstract

In this paper, the existence of positive periodic solutions of periodic neutral
logistic equation with delays and feedback control is studied by applying a fixed
point theorem of strict-set-contraction. Some counterexamples are given to show
that the main results in [10, 12, 14] for the existence of positive periodic solutions
of neutral Lotka—Volterra systems are incorrect.
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1 Introduction

In this paper, we consider the following system of neutral logistic equation with delays
and feedback control

n

(t) = a(t) [a(t) —b(t)a(t) = > eyt — 7} (t,2(t))) (1.1)

J=1

n

= 0 - (1) = D st / ks (0)2(t + 0)d6

=1

n
-> f
1

j=

0 / by (0)i(t + 0)d6 — a(t)u(t)
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—Zgj u(t — oj(t, x(t) ))_le(t)/vj(ﬁ)u(t—l-e)de :

u(t) = — Bt)ult) + )+ Zpg 5t 2(1)))

n 0
+) gt /w] (t + 0)df,
j=1 -T

where a,b,c¢;,d;, e;, f5, 95,1 ],pj,qj,oz B,7 € C°(R,R.,) are w-periodic functions for
some positive constant w; 7']1, TJQ, ajl, oj € C°(R? R) are w-periodic with respect to their
first arguments; 7" is a positive constant; k;, h;,v;,w; : [=1,0] — R, are piecewise

continuous satisfying

0 0 0 0
/kj(ﬁ)de 1, /hj(ﬁ)dﬁ 1, /vjw)de 1, /wj(e)de 1 =12
_T -T -T =T

To facilitate in presenting, we use the notation

w

1
U= —/U(s)ds, o™ = max v(t), v = min v(t),
w te[0,w] te[0,w]
0
where v : R — R is a continuous w-periodic function.

In recent years, the existence of positive periodic solutions of neutral delay differ-
ential equations in population dynamics has been intensively studied. By using a fixed
point theorem of strict-set-contraction, Li et al. [13] studied the existence of positive
periodic solutions for the following neutral logistic equation with distributed delays

0

x(t) = x(t) |alt /m (t+6)du;(0 i /x t+0)dv;(0) | ,

T;
where a, e;, f; € C°(R,R,) are w-periodic functions; T, TJ are positive constants;

0
pi s [=15,0] = Ry, v [—Tj,O] — R, are nondecreasing functions and /d,uz- =1,

—T;
0

/ dv; = 1,¢ = 1,2,...,n, j = 1,2,...,m. By using an abstract continuation
7
theorem of k-set contractive operator, Lu [16] obtained a set of sufficient conditions
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for the existence of positive periodic solutions of the following neutral logistic equation
with multiple delays

(1) = a(t) [a(t) = b(t)a(t) = Y ezt =7 (1) = Y _d; ()it =77 (1) |,

i=1 j

where a, b, ¢;,d; € C°(R,R) are w-periodic functions; 7} (¢)
C?*(R,R,) are w-periodic functions with 7} () < 1, T'j?(t)
1,2,....m

Recently, many authors have studied the existence of positive periodic solutions of
various neutral delays models of multi-species populations (see the cited references
therein). Li [10] considered the following neutral Lotka—Volterra system with dis-
tributed delays

lt) =a:(t) | () = D 0 / ks (0)5 (¢ + 0)d

(1.2)
0

—Zew / (0)i;(t+60)d| , i=1,2,...,n,
—T,]

where 7;,d;;,¢e;; : R — R are continuous w-periodic functions (w is a fixed positive

number); T;;, T;; are positive numbers; k;; : [—1;;,0] — Ry and k;; : [-T;;,0] — Ry
0 0

are integrable with / ki;(0)do = 1, / l%ij(O)dH =1,i,7 =1,2,...,n. By using a

—T3j 7’1:‘1‘]‘
fixed point theorem of a strict-set-contraction, Li [10] established the following result.
Theorem 1.1 (See [10]). Suppose that
(51' = exp{—fiw} <1, OG5 1= (5]J1] — éij)w >0,4,7=1,2,...,n,
5Jd”<t) - 6@'(75) > 0, Z,j = 1, 2, Lo n
62 o
(1+7H) L > max {d;;(t) +e;1)}, 4, =1,2,...,n
1-— i te[0,w]
2 n
B0 TG 16
im

(1) If max r < 1, then system (1.2) has at least one positive w-periodic solution.

(M
(i) If mln rM > 1 and% < trer[l(}n {6;d;;(t) —e;;(0)}, 4,5 = 1,2,...,n,

where ﬁw = (Jij + €;;)w, then system (1.2) has at least one positive w-periodic
solution.



34 Trinh Tuan Anh

Unfortunately, the above theorem is incorrect. Please see Example 4.1 and 4.2 in
Section 4 in this paper.

Li [11] considered the following neutral Lotka—Volterra system with state-dependent
delays

@i (t) =i(t) |ri(t) — Z aij(t)x;(t) — Z bij(t);(t — 75 (t, w1 (1), . ., 2a(t)))

- Zcij(t):tj(t — otz (), ..z, i =1,2,...,n,

(1.3)
where r;, a;;,bi5,¢; : R — Ry 4,7 = 1,2,...,n, are continuous w-periodic (w is a
fixed positive number); 7;;, 045 : R™™ — R,i,j = 1,2,...,n, are continuous and

w-periodic with respect to their first arguments. By using a fixed point theorem of a
strict-set-contraction, Li [11] established the following result.

Theorem 1.2 (See [11]). Suppose that
(57; = exp{—fiw} < 17 (5][&”(25) + b”(t)] — Cz‘j(t> Z 0, Z,j = 1, 2, e, Ny
67[0;(aj + bij) — Cijlw

L ..
(L+r7) =, > tggf]{aij(t) +bij(t) +cii()}, 4,5 = 1,2,...,m,
2 ] o
P 0;(@ij +bij) — Gijjw > max ) ¢y

) If max rM < 1, then system (1.3) has at least one positive w-periodic solution.
<i<n

(i) If 121§nn r;” > 1and

(C_Lij —+ Bz‘j —+ Eij)w(rlM — 1) . o
< i () +bi; ()] =i =1,2,...
(51(1 — 67,) - tg[lég]{aj [a'LJ (t)+bl] (t>] C’LJ (t>}7 (2W) ) <y , 10,

then system (1.3) has at least one positive w-periodic solution.

In the case of Tz‘j(t, J]l(t), e ,l‘n(t)) = Tij(t) and O'ij(t, ZEl(t>, Ce 7ZL’n<t>> = Uij(t)’
Theorem 1.2 was proved in [14]. The above theorem is incorrect by Example 4.3 and
4.4 in Section 4 in this paper.

Li and Zhao [12] considered the following neutral Lotka—Volterra system with state-
dependent delays

n

Ei(t) = ai(t) [ra(t) = Y ay(t)a;(t) + Z bij () (t — 75 (21 (2), - . . 2n(t)))

j=1

+3 eyt — ot (t), .zl (®))| L i=1,2,...,n,
j=1

(1.4)
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where 75, a;; 1 R — Ry, b;5,¢5 : R — R4, 7 = 1,2,...,n, are continuous w-periodic
(w 1s a fixed positive number); 7;;, 055 : R"™ & R,i,j = 1,2,...,n, are continuous
and w-periodic with respect to their first arguments. By using a fixed point theorem of a
strict-set-contraction, Li and Zhao [12] established the following result.

Theorem 1.3 (See [12]). Suppose that

5@' = exp{—ﬁ-w} < 1,(5jaij(t) — |sz(t)‘ - |Czj<t)’ Z O,i,j = 1, 2, oo, n,

o7 [53‘%‘ —!b_u!—m] w
> max {aij(t) + [bi ()] + leiz ()]}
1—6; te0,w

1,7 =1,2,...,n,

(1+77)

2

: 07 _ M
Join o= (G55 — ol = Tl w > max Z e M.

(1) If max rM < 1, then system (1.4) has at least one positive w-periodic solution.

(@ij + [bis] + [ew(r} = 1)
. < 0ia;i(t) — b (t)| —
R min {5a1,(8) ~ [ ()
|c”( )|}, 1,7 =1,2,...,n, then system (1.4) has at least one positive w-periodic
solution.

(11)Ifm1nr > 1 and

The above theorem is also wrong. Please see Example 4.5 and 4.6 in Section 4 in
this paper.

In the proofs of Theorem 1.1 in [10], Theorem 1.2 in [11, 14] and Theorem 1.3
in [12], the authors considered a map ¢ : K, — K, where K = {(z1,...,z,) €
CLR,R™) : x4(t) > l|ailli,i = 1,2,...,n,t € [0,w]}, (§; = exp{—F;w}) is a cone
of the Banach space

CHR,R") = {zx € CYR,R") : 2(t + w) = z(t),Vt € R}

with the norm ||z||; = E lz:|lx (where ||x;||1 = max{ max |z (t)], Ir%ax EAGI)
0
=1

Kip={zeK:r<|z|i <R} (0<r<R).

By using a fixed point theorem of a strict-set-contraction, under the conditions in The-
orem 1.1 (Theorem 1.2 and Theorem 1.3), it was proved in [10] (see [11, 14] and [12],
respectively) that @ has at least one fixed point 2™ in K,  for some 7 and R, and then
it was concluded that z*(¢) is a positive w-periodic solution of system (1.2) ((1.3) and
(1.4), respectively). The mistake in the proof of Theorem 1.1 in [10]) (Theorem 1.2
in [11,14]) and Theorem 1.3 in [12]), respectively) is that z* € K, r does not imply that
x*(t) is positive for n > 2.
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Some authors in [2, 8, 19, 21] studied the existence of positive periodic solutions
for neutral delay differential equations in population dynamics by using the technique
of coincidence degree theory developed by Gains and Mawhin in [5]. However, the
verification of the important assumption of Gains and Mawhin’s continuation theorem
in [5] is that the operator N : ) — X is L-compact is incomplete. The reason is the
same as that pointed out by Lu and Ge [17]. So the main theorems in [2,8,19,21] may
not be true.

Also, by using an existence theorem for neutral functional equations developed in
[3,9], Fang [4] studied the existence of positive periodic solutions of neutral Lotka—
Volterra systems. Unfortunately, their proofs are incomplete. The reason is the same as
pointed out by Li [11]. So the main results in [4] may not be true.

Gui at al. [6] (and also Yang [20]), by using the continuation theorem for k-set con-
tractions in [5, 15, 18], obtained results on the existence of positive periodic solutions of
neutral Lotka—Volterra systems. But, according to their proof, it is regarded mistakenly
as{u:ueKerLNIN} ={uecR":||ul| = N3} = {u= Nsoru=—N;} forn > 2,

where L = — and Nj is a positive constant. Thus, they did not verify the assumption

(b) of [6, Lemma 1]. So the main result in [6] (and also [20]) may not be true.

Our purpose of this paper is by using a fixed point theorem of strict-set-contraction
[1,7] to study the existence of positive periodic solutions of system (1.1). The remainder
of this paper is organized as follows. Notation and some lemmas are introduced in
Section 2. Section 3 contains our main result on the existence of positive periodic
solutions of system (1.1). In Section 4 we give some counterexamples to show that
Theorem 1.1, 1.2 and 1.3 (given in [10-12], respectively) are incorrect.

2 Preliminaries

In this section, some basic definitions and lemmas need to be provided to make use of
a fixed point theorem of strict-set-contraction that will be used in the study of system
(1.1).

Let X be a Banach space and K is a cone in X. The semi-order introduced by the
cone K is denoted by “<”. That is, x < y if and only if y — x € K. In addition, for a
bounded subset A C X, let a.x (A) denote the (Kuratowski) measure of noncompactness
defined by

ax(A) =inf {0 > 0 : there is a finite number of subsets A; C A

such that A = U A; and diam(4;) < (5} :

Let ® : Q — Y be a continuous and bounded mapping, where Y is a Banach space
and €2 C X. The mapping & is called k-set contractive if for every bounded set S C (2
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we have ay (P(S5)) < kax(S). The mapping ® is called strict-set-contractive if it is
k-set-contractive for some k such that 0 < k£ < 1.

Lemma 2.1 (See [1,7]). Let K be a cone of the real Banach space X and K, p = {x €
K :r <|z|| < R} with R > r > 0. Suppose that ® : K, p — K is strict-set-
contractive such that one of the following two conditions is satisfied

(i) Pz £ *
(i) Pz # y e
Then ® has at least one fixed point in K, p.
For convenience, let us denote
A = exp{—aw}, 6 = exp{w},

W _ ~ _ o ow M - M M
P—ﬁ 7+;(pj+Qj) ; Q—m Y +;<pj +aq; )|
A(t) = A [b(t) + Pa(t) + > (c;(t) + e;(t) + Pg;(t) + Pli(1))

j=1

_§: B+ 1,(0) 2.1)

[I(t) = b(t) + Qa(t) + Z ¢j(t) +e;(t) + d;(t) + f;(t) + Qg;(t) + Ql;(1)]

exp{tf p(r)dr} eXp{f T)dr}

G(t,s) = 51 , H(t,s) =

1_/\ s €[t t+ w).

Also, we introduce the following assumptions
(H1) A(t) >0,

N Aw
1—A

(H2) (1+a") > 1M,

n

- A
Va2 ) <

Let us consider the following system

(H3)

(2.2)
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where
(Ay)(t) = b(t)y(t) + _ ¢yt — 7} (L, y(t)) + ng(t)y(t (t,y(t)))
—i—iej(t)/k](e) (t+06) d6+ZfJ /hj( Vit + 0)d6,

(2.3)

t+w
(Vy)(t) = / Gt s [v +ij y(s — o2(s,4(s)))

0
—i—Zq] /wj y(s+6)do| ds.
j=1 -T

It is easy to see that, if (y(t),u(t)) is an w-periodic solution of system (2.2), then

(x(t),u(t)) with x(t) = y(t) is also an w-periodic solution of system (1.1). Thus, in

order to show the existence of strictly positive w-periodic solutions of system (1.1), we

only need to show that system (2.2) has at least one strictly positive w-periodic solution.
In order to apply Lemma 2.1 to (2.2), let us set

CY={ye C°(R,R) : y(t +w) = y(t) forallt € R}

with the norm ||y||o = r%ix]{]y(t)!}, and
te|O,w

Cl={ye C'(R,R) : y(t +w) = y(t) forallt € R}

with the norm ||y||; = max{||y||o, ||#|lo}. Then C° and C_ are all Banach spaces. Define
the cone K in C by

K={yeC,:yt) =yt € 0,w]}

Let the mapping ® be defined by

/ H{t, 5)y(s) [(Ay)(5) + (By)(s)] ds. 2.4)
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where y € K, t € R. It is easy to see that H (¢t + w, s + w) = H(t, s) and

A
-~ <

€ [t,t + w].
Next, we give some lemmas concerning K and ¢ defined above.
Lemma 2.2. Assume that assumptions (H1), (H2) hold.

() Ifa™ < 1, then ®(K) C K.

Hw(aM -1
wia ) < AL holds and a™ > 1, then ®(K) C K.

(i) If (H5) BUEDEE

Proof. (i) For any y € K, it is clear that Py € C'I(R, R). In view of (2.4), since
H(t +w,s+w) = H(t,s) and the periodicity of the functions y(s), (Ay)(s), (By)(s)
in s, it follows that (®y)(t + w) = (®y)(t), t € R. So ®y € C.. It is easy to see that

1 5
— < <
UL -

(Vy)(@) = APyl [(Vy)(®)] < Qllylh fory € K. (2.5)

In view of (2.3), fory € K, t € [0,w], we have

ik € [t,t + w]. Thus, it follows from (2.3) that

(A9)(0) 2 OW(0) + Y 60t = 70 5(0) = S ds (Ol = 72, y(0)
£ et [ O+ o)=Y 50) [ m@lic ol 2o

> [lyllx {

By (2.3) and (2.5), it follows that

)4 z () + et ] =) + m»}.

Jj=1

n

at) + Z(gj(t) + lj(t))] fory € K. (2.7)

J=1

(By)(t) = APyl

By (2.6) and (2.7), (H2) implies that

(Ay) () + (By)(t) > |lyllLA(t) > 0. (2.8)
Therefore, fory € K, t € [0,w], we find

w

@l <7 | 9 ((An() + (B)(s) ds
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and thus,

/ By)(s)] ds = A|®yll.

Now, we show that (®y)'(t) > A||(Py)'|lo, ¢ € [0,w]. From (2.4), we have

(Py)' () = H(t, t + w)y(t + w) [(Ay)(t +w) + (By)(t + w)]
— H(t,t)y(t) [(Ay)(1) + (By) ()] + a(t)(Py)(t)
= a(t)(Py)(t) —y(t) [(Ay)(t) + (By) ()] .

It follows from (2.8) and (2.10) that if (®y)'(¢) > 0, then

(Py)'(1) < a(t)(Py)(t) < a™(Dy)(t) < (Py)(1).
On the other hand, from (2.3), (2.5), (2.10) and (H3), if (®y)’(¢) < 0, then

—(Py)'(t) = —a(t)(y)(t) + y(t) [(Ay)(t) + (By)(t)]
)+ Qaft) + Z ci(t) + e (t) +d;(t) + f;(t)
+Qg;(t) + QL ))] a"(Dy)(t)

< llylly |

and thus,

w

1A_2A\|y||1/ [A(HyHlb(t) + Z lyllie; (t)

0

+ Z lyllie;(t) + Pllyllia(t) + PZ lyllg; (£)

+ PZ 1yl12;( Z lyll2d;(

—ZHyH fit ]dt—a( y)(t)

—(@y)'(t) < (1 +a")

(2.9)

(2.10)

2.11)

(2.12)

<(1+at / H(t, s)(s) [(Ay)(s) + (By)(s)] ds — a"(@y)(t)

= (L +a")(Py)(t) — a"(Py)(t) = (Py)(t).

It follows from the above inequality and (2.11) that ||(®y)'[|o < [|Pyllo. So ||Py|l: =
|®yllo. By (2.9) we have (®y)(t) > A||Py||;. Hence, Py € K. The proof of (i) is

complete.
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(ii) In view of the proof of (i), we only need to prove that (®y)'(t) > 0 implies
(Py)'(t) < (Py)(t) for y € K. From (2.8), (2.10), (H2) and (H5), for y € K we obtain

+Z ci(t) +e;(t)) + Pa(t)
P (g5(0) + lj<t>>] =Y (0 + fj(t>)}
o , aM—1 ¢ - .
(B0 - Ml |00+ a0+ e
D di(t)+ D f(1) + Qalt +QZgJ +Qle<t>] dt

Y@ - @ - [ %nyul bl

+Z%HW+Z%HW+Zde

+ng Myl + Qas ||y|!1+ngg Hy|!1+QZl IIyHl]

(y)'(t) < a(t)(Py)(t) — Ayl {

o (@) (1 —4/ Ht, $)y(s) [(Ay)(s) + (By)(s)] ds
a(®y)(t) — (a™ = (Py)(t).
The proof of (ii) of the lemma is complete. [

Lemma 2.3. Assume that assumptions (H1), (H2) hold and R Z(dﬁ” +rM <1

j=1
G If a <1, thend: K ﬂ QOp — K is strict-set-contractive,
(i) If (HS) holds and ™ > 1, then ® : K ﬂ Qr — K is strict-set-contractive,
where Qp = {z € C} : ||z|, < R}.

Proof. We only need to prove (i), since the proof of (ii) is similar. It is easy to see that
® is continuous and bounded. Now we prove that

aci(®(9)) < (R Z(dJM + M )) acy (S)
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for any bounded set S C Qr. Letn = ac1(S). Then, for any positive number £ <
(R Zn:(djw + ij)> n, there is a finite family of subsets {S;} satisfying S = U S;
with giam(S,-) < n + . Therefore, i
|l —yli <n+e forallz,y €S, (2.13)

As S and S; are pre-compact in C°, it follows that there is a finite family of subsets
{Six} of S; such that S; = U S and

k

lx —yllo <e forall x,y € Si. (2.14)

In addition, for any y € S and t € [0, w], we have

2 ttw
@01 < 75 [ B+ Qals)

+Z ci(s) +e;i(s) +d;(s) + fi(s) + Qg;(s) + Qlj(s))] ds

R2 t+w
1—A/t (5)ds

Thus, it follows from (2.3), (2.5) and (2.10) that

(@y)' ()| < a™ D+ R?

vM + QoM +Z M dY el + M4+ Qg +QZM)].

7=1

By applying the Arzela-Ascoli theorem, we know that ®(S) is pre-compact in C°.
Then, there is a finite family of subsets {S;;} of S such that Sj, = U Siz and
l

|z — Dyllo < e forall z,y € Siy. (2.15)

From (2.5), (2.10) and (2.13)-(2.15) and (H2), for any =,y € S;;, we obtain

1(®)" = (Py)llo
= max {[a(t) (D) (t) — (Py)(1)) — (1) [(Az)(1) + (Bx)(1)]

te|0,w] (
+y(t) [(Ay) (1) + (By)(0)]]}
(

< max {|a(H)(P2)(t) — (2y) (]I}

+ max {|z(t) [(Az)(t) + (Br)(0)] = y(t) [(Ay)() + (By)(B)][}

tel0,w
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< a"[|(®x) — (®y)llo
+ Dax {|x(t) [((Az)(t) + (Bx)(t)) — ((Ay)(t) + (By)(®))][}
+ max {I[(Ay)(@) + (By) ()] [=(t) — y(@)][}

< aMe + R max {(Alr = y)(0) + (Bla — o) (1)}

+ e max {|[(Ay)(*) + (By)(1)][}

< aM6+R5bM+Rszc§-\4+R(n+5)Zd§”+Razey
j=1 j=1 j=1

+R(n+e) > [+ RQea™ + RQe> g} + RQe> 1)

j=1 j=1 j=1

+Reb™ + Re Y e + Re) d)f + Re ) el + Re> [
j=1 j=1 j=1 j=1
+ RQea™ + RQe ZQJM + RQe Z lj-w = Rn Z(dﬁw + f]M) + D¢,
j=1 j=1 j=1

where

B+ QoM+ (e} +d) + e} + £+ Qg + QLY
j=1

D* =a™ + 2R

Thus, since € < (R Z(dﬁw + ij)> 7, it follows from (2.15) that

J=1

RY (a + £

J=1

|Px — Py, < n+ D forallz,y € Sip.

Since ¢ is arbitrarily small, it follows that

ey (2(S)) < acy (9).

RY (@) + 1)

Therefore, @ is strict-set-contractive. The proof is completed. 0

3 Main Results

Our main result of this paper is as follows.
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Theorem 3.1. Assume that (H1)—(H3) hold and

w

/{ +Z[pj )+ q;(s }ds>0. (3.1)

0
() Ifa™ < 1, then system (1.1) has at least one positive w-periodic solution.

(i1) If (HS) holds and a > 1, then system (1.1) has at least one positive w-periodic
solution.

Proof. We only need to prove (1), since the proof of (ii) is similar. It is enough to show
1—A
that system (2.2) has at least one positive w-periodic solution. Let R = ——=— and

A2 Aw
A(l— A
O<r< % then we have 0 < r < R. From Lemma 2.1 and 2.2, we know that
w
® 1s strict-set-contractive on K, r. In view of (2.1), (2.3) and (3.1), we see that if there
exists y* € K, g such that Py* = y*, then (y*,u"), where u* = Vy*, is an w-periodic
solution of system (2.2) and

t+w

U*(t)—(Vy*)(t)Z/<ﬁTI€rfég}y ){ +Zpg +q;(s }d8>0,

i.e., (y*,u") is a positive w-periodic solution of system (2.2). Thus, in order to show the
existence of strictly positive w-periodic solutions of system (2.2), we only need to show
that ® has at least one fixed point in K, zp. Now, we shall prove that condition (ii) of
Lemma 2.1 holds. Furthermore, we only need to show that condition (ii) of Lemma 2.1
holds fory € {z € K : ||z||; = ror ||z|, = R} and Py # v.

First, we prove that &y *? y, for all y € K, ||y|[y = r. Otherwise, there exists
y € K, ||y|l1 = r such that Py > y. So |y| > 0 and Py — y € K, which implies that

(®y)(t) — y(t) > APy — y[ly > 0 forall ¢ € [0,w]. (3.2)

Moreover, for t € [0, w], we have

(®y)(t) = /t “n (t,5)y(s) [(Ay)(s) + (By)(s)] ds

y , (3.3)
vl [ T(s)ds = 1 Tl < Mo
0 -

<
T 1-A

In view of (3.2) and (3.3), we have

lyllo < I@yllo < Allyllo < llyllo;
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which is a contradiction. Finally, we prove that @y £ y forall y € K, |jy[1 = R also
holds. For this case, we only need to prove that

dyty, yekK, |yli=R

Suppose that there exists y € K and ||y|[; = R such that &y < y. Thus y — dy €
K \ {0}. Furthermore, for any ¢ € [0, w]|, we have

y(t) — (Py)(t) > Ay — @yl > 0. (3.4)
In addition, for any ¢ € [0, w], by (2.8) we find
(@y)(t) = / H{t, 5)y(s) [(Ay)(s) + (By)(s)] ds

2 A2 2
/0 Als)ds = 2 AR% =R

(3.5)

From (3.4) and (3.5), we obtain ||y||o > ||Py|lo > R, which is a contradiction. There-
fore, conditions (i) and (i1) in Lemma 2.2 hold. By Lemma 2.1, we see that ® has at least
one fixed point in K, p. Therefore, (1.1) has at least one positive w-periodic solution.
The proof of Theorem 3.1 is complete. ]

Consider the following neutral logistic equation without feedback control variable
which is a special case of system (1.1)

#(t) = x(t) [a(t) —b(t)x(t) = Y es(D)a(t — 7/ (1. 2(t))

j=1

—Zd]u) Bt = Tt 2(1) = Y e(t) / kOt +0)d0 (36

Let us denote

A*(t) = A

b+ (es(0) + 65 (1) ] S (d6) + 0

Jj=1 7j=1
n

I (1) = b(t) + ) [es(8) + (1) + (1) + f5(1)].

j=1

By the same argument given in the proof of Theorem 3.1, we have the following
theorem.
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Theorem 3.2. Assume that
(HI¥) A*(t) >0,

2 A *
(H2%) (1 + aLﬁA—;" > 1,

1-) ¢
(H3%) =D (4 +f") <1.

J=1

() If a™ < 1, then equation (3.6) has at least one positive w-periodic solution.

Tw(a™ — 1
(i) If (H4*) %

one positive w-periodic solution.

< A*F holds and o™ > 1, then equation (3.6) has at least

Example 3.3. Consider the system

(t) = z(t) [a(t) —b(t)x(t) — c(t)x(t — T (¢, 2(1)))

0

At — 72(E, 2())) — e(t) /x(t +0)d6 — F(t) /x'(t +0)df

-1

—a(t)u(t) — g(t)u(t — o' (t,z(t))) — I(t) /u(t +60)do| , 3-7)
ilt) = ~B(Oult) + 2 (a(t) + p(O)slt - *(t,2(0) + 4(t) [ alt + ),
where
at) = 2 b(e) = o) = ef) = T2 ) = () = o
olt) = 9(t) = 1(1) = - (1) = plt) = qlt) = o,
5(1) = o2 4 Lsint,

7% o' 0 € C°(R? R) are 27-periodic with respect to their first arguments, respec-
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tively. By taking some computations, we get

1 2 12
)\:exp{—é}75:2,P:§7Q:_ﬂ-

o1 1 1 19 1 1
-2 Bl G (it V-~ )int >
A(t) 10 exp{ 2} 50 ( exp{ } ) sint > 0,

109 — 33sint _ 1027r 71
M(t) = —— 22277 ox A = =0 —— - —>18, IIM = —,
2227 A 71 1—)\ 1 1
1+a” =M, aM —x — < 1.
(I+af) T —3>9> 35 )\22A( +f) 010"

Hence, (H1)-(H3), (3.1) hold and ™ < 1. According to Theorem 3.1, system (3.7) has
at least one positive 2m-periodic solution.

4 Counterexamples

In this section we give some counterexamples to show that Theorem 1.1, 1.2 and 1.3
given in [10], [11] and [12], respectively, are incorrect.
To see that Theorem 1.1 (i) is incorrect, let us consider the following example.

Example 4.1. Consider the system

. 0
i (t) = x;(t) Ti—Z/Ij(t—i-e Z /x]t—l—O)dQ ,i=1,...,n,
j:1_1 7=1

4.1)

wheren > 2;r;, = a,0=1,2,...,n— 1,7, = (0 < a < < 1). We know that
1

dij =1, e = 3—,z',j =1,2,...,n, and system (4.1) is w-periodic for any w > 0. Let
n

us consider for w € (0, 1). It is easy to see that

1 1
6; = exp{—rw} < 1,a; = (§; — S—n)w > 0,6 =(1+ 3—n)w > 0.

Let

07 v 1 (147w
s (exp{ riw} 3n> exp{—2rw} .

fij(w) = (L +7f) —exp{—rw}

Obviously f;; are continuous functions on (0, 1) and

Bn—11+r) _ Bn-1)1+p8) 5 1
I > 2 b= —dytei. (42
vt fij(w) = 3nr; - 3npS 3 = +3n dij+eij. (4.2)
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Thus, there exists ¢; € (0,1) such that f;;(w) > dij + €5, 1,7 = 1,2,...,n for all
w € (0,ey1). It is easy to see that

, o2 exp{—20w} 1
1Sigen 1 — o, 9 T 1 exp{—fw} (exp{—ﬁw} a %) “
n 4.3)
v 1
max Y ey = -.
1<i<n K 3
j=1
Since (250} ]
_exp{—28w a1
o) = 1222 (g - )

. . . 3n—1 1 .
is continuous on (0, 1) and wlg](r)1+g(w) = Znﬁ > 3 there exists e2 € (0,1) such

1
that g(w) > 3 for all w € (0,e2). Let us take a positive number w such that w < ¢ =

min{eq, €2 }. Then system (4.1) satisfies all conditions in Theorem 1.1 (i). On the other

hand, if 2*(t) = (27(¢),..., 2, (t)) is a positive w-periodic solution of system (4.1),
then
Elnxi(t) =r;— jzl/xj(t—i-@)dﬁ — jzlg—n/xj(t—l—@)d@, i=1,...,n. (4.4
=15 =5

Integrating (4.4) form O to w, we obtain
T+ T .. T =aq,
AT+ ... T =f

This is impossible since ov < . Thus, system (4.1) has no positive w-periodic solution.
Thus, Theorem 1.1 (i) is incorrect.

To see that Theorem 1.1 (ii) is incorrect, let us consider the following example.

Example 4.2. Consider the system

n 0 n 0
i (t) = i (t) ri—Z/xj(tJrH)dH—Z%/:tj(tJr@)d@ Li=1,...,n, (4.5)
Jj=1 —1

]'21,1
wheren > 2;r, = a,0=1,2,...,n—1,r, = 0 (1 < a < < 2). We know that

1
dij =1, e = g,z‘,j =1,2,...,n, and system (4.5) is w-periodic for any w > 0. For

1,7 =1,2,...,n, we know that
Bi(r = 1) :
vij(w) = m - tg[lég]{fsjdij(t) —eii(1)}
dw(r; — 1)

1
~ 3 (1 — exp{—rw}) exp{—riw} —oxp{—rw} + 3
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2 4 2 2
is continuous on (0, 1/2) and wli_)rél+ v (w) = 373 < 3 (1 — B) < 0. By the

same argument as given in Example 4.1, we can verify that, system (4.5) satisfies all
conditions in Theorem 1.1 (ii). On the other hand, if z*(t) = (2](¢),...,z.(t)) is a
positive w-periodic solution of system (4.5), then

0 0
Elna:i(t):Ti—;/xj(t—ke)dﬁ—gg/xj(tvLQ)d@, i=1,...,n. (4.6)
=15 =15

Integrating (4.6) form O to w, we obtain

BT+ .+
4T+ +T

This is impossible since ov < . Thus, system (4.5) has no positive w-periodic solution.
Thus, Theorem 1.1 (ii) is incorrect.

To see that Theorem 1.2 (i) is incorrect, let us consider the following example.

Example 4.3. Consider the system

n n .

i 0) = (t) |- S0 Ay ) SO Gy,

Jj=1 Jj=1 Jj=1

4.7
wheren > 2;r;, =a, i =1,2,...,n—1,r, = (0 < o < B < 1); 7y,045,4,] =
1,2,...,n, are nonnegative constants. We know that a;; = b;; = %,cij =3 and
system (4.7) 1s w-periodic for any w > (0. By the same argument as given in Example
4.1, there exists ¢ € (0, 1) such that system (4.7) satisfies all conditions in Theorem
1.2 (i) for any w € (0, ¢), but system (4.7) has no positive w-periodic solution. Thus,
Theorem 1.2 (i) is incorrect.

To see that Theorem 1.2 (ii) is incorrect, let us consider the following example.

Example 4.4. Consider the system

n n n .

1) = a(t) [r - 3 ol ) o)) Gy,

j=1 j=1 j=1
(4.8)
where n > 2,)r; = a,i = 1,2,...,n—1,r, = 8,1 < a < B < 2, 735,04,1,] =
. 1 1
1,2,...,n, are nonnegative constants. We know that a,;; = b;; = 50 Cij = 3 and system

(4.8) is w-periodic for any w > 0. By the same argument as given in Example 4.2, there
exists ¢ € (0, 1/2) such that system (4.8) satisfies all conditions in Theorem 1.2 (ii) for
any w € (0, €), but system (4.8) has no positive w-periodic solution. Thus, Theorem 1.2
(i1) is incorrect.
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To see that Theorem 1.3 (i) is incorrect, let us consider the following example.

Example 4.5. Consider the system

_ — “ai(t—Ty) =it —oy) |
i (t) = x;(t) m—Z@(i)—l—Z#—i—Z# yi=1,...,n,
j=1 =1

j=1

4.9)
where n > 2,r;, = oyt = 1,2,...,n = 1,1, = 5,0 < a < B < 1, 745,04j,0,] =
1,2,...,n, are nonnegative constants. We know that a;; = 1,b;; = ¢;; = — and

system (4.9) is w-periodic for any w > 0. By the same argument as given in Example
4.1, there exists ¢ € (0, 1) such that system (4.9) satisfies all conditions in Theorem
1.3 (i) for any w € (0, ¢), but system (4.9) has no positive w-periodic solution. Thus,
Theorem 1.3 (i) is incorrect.

To see that Theorem 1.3 (i1) is incorrect, let us consider the following example.

Example 4.6. Consider the system

i (t) = x;(t) ri—ij(t)—l—Zw—i-zw yi=1,...,n,
P =1

j=1

(4.10)
where n > 2,r, = oyt = 1,2,...,n = 1,1, = 8,1 < a < B < 2, 75,045,1,] =
1,2,...,n, are nonnegative constants. We know that a;; = 1, b;; = ¢;; = — and system

(4.10) is w-periodic for any w > 0. By the same argument as given in Example 4.2,
there exists € € (0,1/2) such that system (4.10) satisfies all conditions in Theorem 1.3
(ii) for any w € (0,¢), but system (4.10) has no positive w-periodic solution. Thus,
Theorem 1.3 (ii) is incorrect.

5 Conclusions

In this paper, we have proved the existence of positive periodic solutions of periodic
neutral logistic equation with delays and feedback control by applying a fixed point
theorem of strict-set-contraction. Numerical examples illustrating the effectiveness of
the obtained results are given. Also, some counterexamples are given to show that the
main results in [10, 12, 14] for the existence of positive periodic solutions of neutral
Lotka—Volterra systems are incorrect.

Acknowledgments

The authors would like to thank the editors and anonymous reviewers for their carefully
reading and constructive comments. This paper was partially supported by Hanoi Na-
tional University of Education and the Ministry of Education and Training of Vietnam.



Positive Periodic Solutions of Neutral Logistic Equations 51

References

[1] N. P. Cac and J. A. Gatica. Fixed point theorems for mapping in ordered Banach
spaces. J. Math. Anal. Appl., 71:547-557, 1979.

[2] F. Chen. Positive periodic solutions of neutral Lotka-Volterra system with feed-
back control. Appl. Math. Comput., 162:1279-1302, 2005.

[3] L. Erbe, W. Krawcewicz and J. Wu. A composite coincidence degree with appli-
cations to boundary value problems of neutral equations. Trans. Amer. Math. Soc.,
335:459-478, 1993.

[4] H.Fang. Positive periodic solutions of n-species neutral delay systems. Czechoslo-
vak Math. J., 53:561-570, 2003.

[5] R. E. Gains and J. K. Mawhin. Coincidence Degree and Nonlinear Differential
Equations. Berlin: Springer-Verlag, 1977.

[6] Z. Gui and W. Ge. On the existence of periodic solutions for neutral delay com-
petitive system. Taiwanese J. Math., 12:341-355, 2008.

[7] D. Guo. Positive solutions of nonlinear operator equations and its applications to
nonlinear integral equations. Adv. Math., 13:249-310, 1984 (in Chinese).

[8] H. Huo. Existence of positive periodic solutions of neutral delay Lotka-Volterra
system with impulses. Comput. Math. Appl., 48:1833-1846, 2004.

[9] W. Krawcewicz and J. Wu. Theory Degrees with Applications to Bifurcations and
Differential Equations. New York: Wiley, 1996.

[10] Y. Li. Positive periodic solutions of periodic neutral Lotka-Volterra system with
distributed delays. Chaos, Soliton & Fractals, 37:288-298, 2008.

[11] Y. Li. Positive periodic solutions of periodic neutral Lotka-Volterra system with
state dependent delays. J. Math. Anal. Appl., 330:1347-1362, 2007.

[12] Y. Li and L. Zhao. Positive periodic solutions for a neutral Lotka-Volterra system
with state dependent delays. Commun. Nonlinear Sci. Numer. Simulat., 14:1561—
1569, 2009.

[13] Y. Li, G. Wang and H. Wang. Positive periodic solutions of neutral logistic equa-
tions with distributed delays. Elect. J. Differ. Egs., Vol. 2007:1-10, 2007.

[14] G. Liu, J. Yan and F. Zhang. Positive periodic solutions for a neutral delay Lotka-
Volterra system. Nonlinear Analysis, 67:2642-2653, 2007.



52

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Trinh Tuan Anh

Z. Liu and Y. Mao. Existence theorem for periodic solutions of higher order non-
linear differential equations. J. Math. Anal. Appl., 216:481-490, 1997.

S. Lu. New result on the existence of positive periodic solutions to neutral popula-
tion model with multiple delays. Int. J. Contemp. Math. Sci., 16:773-782, 2007.

S. Lu and W. Ge. Existence of positive periodic solutions for neutral logarithmic
population model with multiple delays. J. Comput. Appl. Math., 166:371-383,
2004.

W. Petryshyn and Z. S. Yu. Existence theorem for periodic solutions of higher
order nonlinear periodic boundary value problems. Nonlinear Analysis, 6:943—
969, 1982.

D. Wang. Positive periodic solutions for a neutral impulsive delay competition
system. World Acad. Sci. Eng. Tech., 60:1757-1761, 2011.

Z. Yang. Periodic solutions of neutral differential models with state-dependent de-
lay and feedback control. Math. Meth. Appl. Sci., 30:1755-1773, 2007.

Z. Yang and J. Cao. Positive periodic solutions of neutral Lotka-Volterra system
with periodic delays. Appl. Math. Comput., 149:661-687, 2004.



