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Abstract
This work is devoted to study the existence and the regularity of solutions of
two nonlinear problems of fourth order governed by p-biharmonic operators in
nonresonance cases. In the first problem we establish the nonresonance part of
the Fredholm alternative. In the second problem, nonresonance relative to the first
eigenvalue is considered for p = 2 at the case where the nonresonance is between
two consecutive eigenvalues.
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1 Preliminaries

We consider the two following problems:

APy = mulfPu+h in Q
p
(P) { u =Au=0 on 02,
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(P) {Aiu = f(z,u,Au)+h in
2

u =Au=0 on 0f,

where € is a bounded domain and regular of RY (N > 1), Af, is the p-biharmonic
operator defined by AZu = A(| Au [P~% Au), p €]1,+00], m € L¥(Q), h € L”(Q)
@ = p/(p — 1)), f is Carathéodory function and A € R’ such that X is not in the
spectrum associated with the operator Af, with weight m (cf. [9]).

Problem (P)) is the Fredholm alternative in the nonresonance case for the operator
AIQ). Problem (F,) is considered under nonresonance assumptions relative to the first
eigenvalue \; of A;, (m = 1) (cf. [6]). We prove that problems (P;) and (F») have
weak solutions in the space X = W?P(Q) N W, *(Q)\{0} under the norm ||u|| =

p
|Aul, = ( / |Au|pdx> and we study the regularity of these solutions. In problem
Q

(P,), and for p = 2, we are interested at the case where the nonresonance is between
two consecutive eigenvalues of A%

Problems of type (P,) have been studied by several authors, but it is not in nonreso-
nance case for p # 2 (cf. [2,4,5,10,11]). By using the topological degree theory applied
to compact operators and (S+) type operators, we show the existence of a nontrivial so-
lution of each problem (P;), i = 1, 2.

We recall some properties of the Dirichlet problem for the Poisson equation

—Au=f inQ
{u:() on 0f). (1.1

It is well-known that (1.1) is uniquely solvable in W2P(Q) N W, (Q) for all f € LP(1)
and for any p €]1,+oo[. We denote by A the inverse operator of —A : X — LP(Q).
The following lemma gives us some properties of the operator A (cf. [6,7]).

Lemma 1.1. (i) (Continuity) For all p €|1, +00], there exists a constant ¢, > 0 such
that for all f € LP(QQ), [Afll2p < ¢l fllp-

(i7) (Continuity) Given k € N*, for all p €]1,+00], there exists a constant ¢, > 0
such that for all f € W*P(Q), |Aflwr2e < ol fllwen-

(7i1) (Symmetry) The identity / Au - vdx = / u - Avdz holds for all u € LP(Q)) and
Q Q
ve LF(Q).

(iv) (Regularity) Given f € L>(Q), we have Af € CV*(Q) for all o €]0, 1[. More-
over, there exists ¢, > 0 such that ||Af||cre < col| f]|oo-

(v) (Regularity and Hopf-type maximum principle) Let f € C(Q)) and f > 0. Then

w=Af € C"(Q) forall a €]0, 1] and w satisfies: w > 0 in 2, g—w < 0 on 05
n



Fourth-Order Problems at Nonresonance 27

(vi) (Order preserving property) If f,g € LP(Q) if f < gin €, then Af < Agin Q.
Remark 1.2. For all w € X and for all v € LP(2) one has v = —Au < u = Awv.
Let us denote by NV, the Nemytskii operator defined by

{ N, (v)(z) = [o(z)[PPu(x) ifv(z) #0,
Ny(v)(z) =0 if v(z) = 0.

We have Yo € LP(Q),Yw € LP(Q) : N,(v) = w < v = N, (w). The operator A
enables us to transform problems (P;) and (F,) to the other problems which we will
study in the space LP(€):

(P)) Find v € LP()) such that

! N,(v) = M (mN,(Av)) + Ah in L7 (Q),
(7)) Find v € LP(Q2) such that

’ Np(v) = Af(, Av,v) + Ah in LP(9).

2  Fredholm’s Alternative

We establish the nonresonance part of the Fredholm alternative for the operator Af,. The
following result holds.

Theorem 2.1. If ) is not in the spectrum of A%, then problem (P]) admits at least one

nontrivial solution for all h € L (Q). Moreover, if b € L®(Q), then every solution of
(P)) isin C(Q).

Proof. To show the existence of a nontrivial solution of (P]), we use the property of
Leray—Schauder’s topological degree. Consider the family of operators (7});c[0,1) de-
fined from L?(£2) to L*(Q2) by

Vo e LP(Q) Vte[0,1] Ti(v) = Ny(A(mN,(Av)) + Ath).

Let (v, )nen be a sequence in LP(2) such that v, — v in LP(€2). Then under assertion
(7) of Lemma 1.1 and by Sobolev’s injection theorem, we have Av,, — Av in X and
Av, — Avin LP(§2). We deduce that for every ¢ € [0, 1], T} is a compact operator.
According to the property of Leray—Schauder’s topological degree, it suffices to prove
the following a priori estimate:

Jr >0 suchthat v—T,(v)#0 YvedB(0,r), Vt €[0,1], (2.1)

implying that d(I — T3, B(0,r),0) = d(I — T, B(0,7),0), where [ is the identity
of LP(Q2), B(0,r) is the ball of center 0 and radius r, and 0B(0,r) is its boundary.
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Borsuk’s theorem assures that d(/ — Tp, B(0,7),0) # 0, thus there exists v € B(0,r)
such that (I — 77)(v) = 0, which will prove the existence of a solution of the problem
(P}). By contradiction, we assume that

Vn € N* Ju, € 0B(0,n) 3t,, € [0,1] suchthat T, (v,) = v,. (2.2)

Un

Toull If the sequence (w,),>1 is bounded in LP(),
Unllp =
then there is a subsequence of (w,),>1, still denoted by (w;,),>1, such that w, — w in

LP(Q2) and Aw,, — Aw in LP(2). Dividing (2.2) by ||v,||,, we obtain

We set for all n € N*, w,, =

wy, = Ny (/\A(mNp(Awn)) + tnL) .

[[val 5™

Since N,(Aw,,) = N,(Aw) and tnw
/UTL D

wy — Ny (MmN, (Aw)))

— 0in LP'(Q), we have

in LP(Q2). We deduce that w, — w in L”(2). Moreover, ||w,||, = ||w||, = 1. In

conclusion, we have
w = Ny(AAmN,(Aw))),
w € LP(Q)\ {0},

which is in contradiction with the fact that A is not in the spectrum of Af,. For the
regularity of solutions of (), see the proof of Theorem 3.1. O]

3 Nonresonance Relative to the First Eigenvalue

In problem (Py) we suppose that the nonlinearity f verifies the following hypothesis:

J(a,b) € R*  such that
V(s,t) €R* |f(z,s,t)] <alsft + bt +c(z) ae. z € Q,

a—i— b < 1
A /\}/p !

(H1)

where ¢ € L (Q) and ), is the first eigenvalue of AIQ, given in [6] by

A Pd
1_ o @

3.1)
Mo vem@nfoy  Jg lvlPde

Theorem 3.1. [f the hypothesis (Hy) holds, then problem (Py) has at least one nontriv-
ial solution for all h € L¥ (). Moreover, if h and ¢ are in L™ (Q), then every solution
of (Py) is in C(9).
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To prove the regularity of solution of problem (P;), we need the following lemma.

Lemma 3.2. Let v be a solution of problem (P,). If we assume that v € L" () such
that py > max(1,p — 1), then

N
(i) Ny (alNy(Alol) + AN (Jo]) + Al + AJhl) € L7 Q) if o < 57
11y
with — = — — —.
P po Np

g . N
(17) Ny (aAN,(Alv]) + OAN,(|v]) + Ale| + Alh]) € C(Q) if po > 2—}5
Proof of Lemma 3.2. (i) If v € L*(Q), then Ajv| € W?*P(Q). By assertion (i) of
Lemma 1.1, Sobolev’s embedding theorem and the property of the Nemytskii operator
N,, we get
_Po_
Np([v]), Np(Alv]) € L= ().

Hence, " "
AN, (Jv]), AN,(Afv]) € W21 (Q) — LG=7%(Q),
¥ N
where ( Po ) = Po . On the other hand, since ¢,h € L*(Q2), we
p—1/), N(p—1)—2po

have from assertion (iv) of Lemma 1.1 that Alc|,A|h| € C(Q). We conclude that
Ny (aAN,(A|v]) +bAN,(Jv]) + Ale| + Alh|) € LP*(§2), where p; = (p]i) ) (p—1).

1 2
N N Po —
(i4) If py > 2—]5, then pff - > - and AN, (o), AN,(Af]) € W55 (Q) = C(@).
Hence, Ny (aAN,(Alv]) + bAN,(|[v]) + Ale| + A | b ]) € C(Q). O

Proof of Theorem 3.1. To show the existence of a nontrivial solution of (P,), we use the
properties of monotone type operators (cf. [3]). Denote by < -,- > the duality bracket
between LP(Q) and L (). We consider the operator

T: LPQ) — LF(Q)
v = Ny(v) —Af(x,Av,v),

where N, is a (S+) type operator, i.e., if (v, )nen is @ sequence in LP(€2) such that

lim sup(N, (vy,), v, — v) <0,

n—-+o0o

{ v, — v weakly in LP(9),

then v, — v strongly in L”(Q). Moreover, |f(z,s,t)] < als[P~! 4+ b[t|P~" + c(z)
for every z € Q implies || f(-, Av,v)||,y < al[Av][2~" + bl[v[[2~" + ||c]|y. Hence the
operator v — f(-, Av,v) is bounded and the operator v — Af(-, Av,v) is compact.
Thus we deduce that 7" is a (S+) type operator.
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Now we show that 7" is coercive. Using the Holder inequality and the relation (3.1),

we obtain that
B a b llelly
>t 1 - — — -7
o, =l ( n )\}/”) I

. a b . . . . .
Since " + N < 1, we have that 7' is coercive, hence it is surjective, which proves
1A
1

the existence of a solution of the problem (P;). Now we suppose that i and ¢ are in
L*(€2) and we establish that every solution of (Py) is in C'(2). It suffices to prove that
Ny (aANy(A | v |) + bAN,(| v ) + Ale| + A | h |) € C (Q) in the case (i) of Lemma 3.2.
Indeed, let py € (1,p] N (p — 1, p|, we construct the sequence p1, . . ., Px_1, P such that

1 1 2. . Np
—=———j, forie{l,...,k d pr—1 < — < Dg.
pi po Np ori € 4 boand pis 2p' b

By assertion (i) of Lemma 3.2, N,y (aAN,(Alv]) +bAN,(|v]) + Alc| + Alh|) € LP=(Q).

N
Since py > 2—}/), we have from assertion (ii) of Lemma 3.2 that
D

Ny (aAN,(Alv]) + bAN,(Jv]) + Ale| + Alh]) € C’(ﬁ)
On the other hand, we have
| v(x) |< Ny(aAN,(A | v | () +bAN,(| v | () +Ale|(x) +A | | (x)) ae. x € Q.

Because |f(z, Av(z),v(z))| < aN,(A|v|(z)) + ON,(Jv(z)]) + |e(x)] ae. x € €, we
deduce that x — f(z, Av(z),v(x)) isin L>(€2). We know that N, (v) = Af(:, Av,v) +
Ah. Then, from (iv) of Lemma 1.1, N,(v) € C**(€2). Hence v € C(Q O

).
Remark 3.3. If p < 2, then we conclude that every solution of (P;) and (F%) is in
C3*(Q) N CH(Q).

4 Nonresonance Between two Consecutive Eigenvalues

For p = 2, we study problem (P}),

Findv € L*(©2)  such that @.1)
v=Af(-,Av,v) +Ah in L*Q), '

in the situation where the nonlinearity f is asymptotically between two consecutive

eigenvalues of the operator A?. Suppose that there exists a < 3 € R and for any § > 0

there exists a; € L?(£2) such that
(Hs) as? = (|t] + as(x))|s| < sf(w,s,t) < Bs® + 3([t] + as(x))]s]

ae. x € L*(Q) and for every (s,t) € R If A\, and Ay (k > 1) are two consecutive
eigenvalues of A?, then we have the following theorem.
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Theorem 4.1. Under the hypothesis (H,), if A\, < a < 8 < A1, then problem (4.1)
has at least one nontrivial solution for every h € L*(1).

Remark 4.2. (H,) implies that 3a > 0, V6 > 0, Ja; € L*(Q2) such that
(H3) |f(z,s,8)| < als| + 0([t] + as(z))
a.e. v € Q and for every (s,t) € R%

Consider the family of operators (7}),c[o,1) defined from L*(£2) to L*(£2) by

Ti(v) = v—t(Af(z,Av,v) + Ah) — (1 — t)yA(Av),
where 7y € [a, f].

The operators identity and v — t(Af(z, Av,v)+Ah)+ (1 —1t)yA(Av) are, respectively,
of (S+) type and compact in L?(€2). Then the operator 7} is an (S+) type operator in
L*(€2). Theorem 4.1 will be proved if we establish the following estimation:

dr >0 suchthat V¢e[0,1]VYoedB(0,r) Ti(v)#O0. 4.2)
We need the following lemmas.

Lemma 4.3. Let hypothesis (Hy) hold. If (1})cj0,1) is not verifying the condition (4.2),
then there exists m € L™(Q), w € L*(Q) \ {0} and (v,) C L*(Q) such that w is a
nontrivial solution of the problem

(P) v= A(mAv)inQ
" ve L*Q)\{0},
and v
l|nll2 = +o00, T n|| —w in LQ(Q),
Unl|2
a< m(z)<p ae xz€ld

Proof. 1f the relation (4.2) is not verified, then

Vn € N*, 3t, € [0,1], Jv, € 9B(0,n) such that T3, (v,) = 0. (4.3)
To complete the proof, we proceed by steps.
A ny Un . .
Step 1: Putg,, = % Then the sequence (g, ),>1 is bounded in L*(€2). Indeed,
Unl|2 -

Toulh is bounded in L*(Q2). Then there is a
Unl|2

subsequence of (w),),>1, still denoted by (w),,),>1, such that w,, — w in L*(Q). By
the Sobolev injections theorem, we deduce that Aw, — Aw in L*(Q). If we divide
f(z, Av,, v,) by [|v,]|2, then the hypothesis (Hy) implies that

Hf(m,/\vn,vn)

[[on] 2

the sequence (w,,),>1 defined by w,, =

a
< al|Awy]|]2 + 6 <1 + H%) ,

2
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i.e, ||gnll2 < al|Awy,||z + 0 (1 + M). Hence, the sequence (g, ),>1 is bounded in
" >

L?(£2) and there exists a function f € L*(Q) such that g, — f in L*(Q).
Step 2: We show that f(z) = Oae. v € A = {z € Q; Aw(z) = 0}. Put ®(z) =
sgn(f(z))xa, where x 4 is the characteristic function of A, and sgn(z) : R — {—1,1}

such that
sgn(z) =1 if x>0,
sgn(z) = -1 if x <O0.
. N . llasxall2
The hypothesis (H,) implies that ||g,®||s < a(||[Awnxalle +0 [ 1+ —=—=]. As
n
Aw, — Aw in L*(Q2), we have Aw, x4 — 0in L?(Q2) and

limsup ||g,P|l2 < d V> 0.

n—-+0o00

Hence, ¢,® — 0in L*(Q2). The fact that

g [ o= [ fo— [\ = [ 1@l

enables us to deduce that f(z) = 0 a.e. z € A.
Step 3: Let us put

f(x)
d(z) = Auw) ae.z € Q\ A

v ae.x € A.

We have o < d(z) < [ ae., z € (. Indeed, we show that v < A{z(j(?:) ae.,r € Q\ A

()

Ao () <p ae.xeN\ A Letus put

Similarly, we show that

B={zcQ\ A a(Aw(z))?> Aw(z)f(z)ae.}.
We now show that meas(B) = 0. According to the hypothesis (Hx),
a(Av(2))* = 6 (Jva(@)] + as(2)) [Ava(2)] < Ava(2)f (2, Avn(2), va(2)).

Dividing by ||v,||3 and multiplying by Y 5, then integrating, we deduce that

o [ ae)ds =0 [ (junol + ) s @) (e

< / Mt (2)gn(2) x5 (2)dz
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. . . 1 fQ |Av,, (z)|*dx
The Holder inequality and the fact that — =  sup 5 gives
Al veL2(\{0} fQ v () [2d

o / (A () x5 (2)de < / N () g () x5 (2)de

a
I <||Awn||z+ ! ‘5”2||Awn||2)

n

1

[|as] |2
< /QAwn<x>gn(‘r)XB(I)dI +9 (F + n}\i/2 :

By passing to the limit, we obtain that

- )
a/ |Aw(z)Pxp(r) < / Aw(x) f(z)xp(x)dx + NV Vo > 0.
Q Q A
Therefore, /(Aw(:c)f(:c) — a(Aw(x))?)xp(z)dr > 0. We deduce that meas(B) = 0.
Q
Step 4: We can suppose that ¢, — ¢t when n — +o00. Let
m(z) =td(z) + (1 —t)y.
Since o < d(x) < fand o < < 3, one has @ < m(z) < [ a.e. x € ). On the other
hand, we divide (4.3) by ||v,||2 = n, to obtain
tnh

Because w,, — w and g, — f in L?(Q), we have Aw, — Aw and Ag,, — Afin L*(Q)
and, consequently, the relation (4.4) implies that w,, — tAf+(1—t)yA(Aw) in L*(Q).
Hence w,, — w in L*(£2). We now prove that the function w is a solution of the problem

v = A(mAv) in L*(Q)
(Fm) {v e IXQ)\ {0},
Indeed, lim wy,(2)®(z)dr = / w(x)®(r)de Y& € L*(Q) and

lim i [tnAgn(x) + (1 — tp)yA(Awy,) (z) + %1 O(z)dx

= [[#AF@)+ (1 = DA @) B(a)d

Since f(z) = d(z)Aw, = € Q ae., we have Af = A(dAw). By the assertion (i) of
Lemma 1.1 we obtain

/Q[tA(dAw) + (1 — t)vA(Aw)|(z)P(z)dx = / A(mAw)(z)P(x)dx.

Q
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Thus we have /QA(m(a:)Aw(a:))CI)(:c)dx = /Qw(a:)CI)(az)dx V® € L*(2). Conse-
quently, w = A(mAw) in L*(€). O

We denote by o(A?) the spectrum of A% and by D(A?) the domain of A®. We have
D(A?) C L*(€2). The following result holds.

Lemma 4.4. If m satisfies the condition
J(a,B) € R®  suchthat o <m(z)<PBaex€Q and o(A*)N]a,p] =0,
then the problem (P,,) admits only the trivial solution.

Proof. The problem (P,,) is equivalent to the problem

, A% =mu in Q

(P) { u =Au=0 on 0S2.

max(|a — [, |8 — )
dist(c, o(A?))

where dist(c, 0(A?)) = R irgg 2)\c — Al is the distance function. If [ is the identity
co

operator of L?(€2), then (A% — ¢I) is invertible and

Let ¢ € [, ] be arbitrary with < 1 (forexample, ¢ = (a+f)/2),

1

||(A2 - CI)_1||2 = m-

Hence, for every u € D(A?), one has

1
< -
lulle = Gt oA

[|A%u — culls.

Thus ||A%u — cul|, > dist(c, o(A?))||ul|o. If u € D(A?) is a solution of problem (P.),

then
||mu — cul|s

dist(c, o(A2))
Since o < m(z) < Bae., z € Q, and o(A?) N [, 5] = 0, we deduce that

[lull2 <

[Imu = culls < max(for = ¢, |5 = ¢])|[ull2.

max(la —cf, |5 = c])
dist(c, 0 (A?))

Therefore ||ul|y < ||u||2. We conclude that u = 0. O
Proof of Theorem 4.1. Suppose that (4.1) has no solution. Then (Tt)te[o,u does not ver-
ify the estimate (4.2). Therefore, Lemma 4.3 implies that (P, ) has a nontrivial solution.
This is in contradiction with Lemma 4.4. [
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