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Abstract

The present paper focuses on controllability of semilinear fractional differential
inclusions in Banach spaces. We obtain sufficient conditions for controllability by
using fractional calculus and the fixed point analysis approach.
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1 Introduction
In the recent years, the study of differential inclusions and control problems has attracted
the attention of many mathematicians and physicists, A large amount of literature devel-
oped concerning the investigation of controllability problems for nonlinear systems by
the methods of fixed point theory [2–4, 7, 10]. Motivated by the fact that many control
processes arising in mathematical physics may be naturally converted into the form of
semilinear differential inclusions [12].

In the present paper, we study the controllability of semilinear fractional differential
inclusions by using resolvent family and a fixed point theorem. The results obtained are
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generalizations of some results given by Górniewicz et al. [10]. We indicate that the
method used in this paper is different from that in [10] and the constants which appear
in a priori bounds in our paper are not depends on solution.

The paper is organized as follows. In Section 2 we give the necessary preliminaries
for the paper. In Section 3 we give the outline of the corresponding results for the case
when the multivalued map is lower semicontinuous. The last Section is devoted to an
illustrated example.

2 Preliminaries
In this section, we give some basic definition and proprieties of fractional calculus and
α-resolvent family.

The theory of fractional calculus is essentially based on the integral convolution be-
tween the function x(t) and the following generalized function, introduced by Gelfand
and Shilov [9], φλ (t) = tλ+

/
Γ (λ), where λ is a complex number, tλ+ = tλθ (t), θ (t)

being the Heaviside step function, and Γ (λ) is the gamma function.
Following Gelfand and Shilov, we can define the Riemann–Liouville fractional in-

tegral operator of order β > 0 by

Iβx(t) =
1

Γ(β)

∫ t

0

(t− s)β−1x(s)ds. (2.1)

If 0 < α ≤ 1, we can define the fractional derivative of order α in the Caputo sense as

dαx (t)

dtα
=

1

Γ (1− α)

∫ t

0

x′ (s)

(t− s)α
ds, (2.2)

where x′ (s) =
dx (s)

ds
(see also [13, 16]).

If m− 1 < α ≤ m, m ∈ N∗, then it is easy to see that [16]

dα

dtα
Iαx (t) = x (t) ,

Iα
dα

dtα
x (t) = x (t)−

m−1∑
k=0

xk
(
0+
) tk
k!
, t > 0.

If x is an abstract function with values in X , then the integrals and derivatives which
appear in (2.1) and (2.2) are taken in Bochner’s sense.

Now let X be a separable real Banach space with the norm ‖ · ‖. We denote by E
the Banach space C(J ;X) of X-valued continuous functions on J equipped with the
sup norm. For x ∈ X and for nonempty sets A, B of X we denote d(x,A) = inf{‖x−
y‖; y ∈ B}, e(A,B) := sup{d(x,B);x ∈ A} andH(A,B) := max{e(A,B), e(B,A)}
for a Hausdorff metric. For more detail, we refer the reader to [6, 14].
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Definition 2.1 (See [1]). Let A be a closed and linear operator with domain D(A)
defined on a Banach space X and α > 0. We call A the generator of an α-resolvent
family if there exist ω ≥ 0 and a strongly continuous function Sα : R → L(X) such
that {λα : <(λ) > ω} ⊂ ρ(A) and for 0 ≤ s ≤ t <∞,

(λα − A)−1x =

∫ ∞
0

e−λtSα(t)xdt, <(λ) > ω, x ∈ X.

In this case, Sα(t) is called the α-resolvent family generated by A.

Motivated by the work in [1, 8, 10], we consider the following nonlinear control
system governed by a semilinear differential inclusion of the form:

dαx (t)

dtα
∈ Ax (t) + F (t, x (t)) +Bu (t) , t ∈ J := [0, b], (2.3)

x (0) = x0, (2.4)

where 0 < α < 1, F : J × X → P (X) is a bounded, closed, multivalued map,
P(X) the set of all nonempty subsets of X , x0 ∈ X . We assume that A is a closed
linear operator defined on a dense domain D(A) in X into X , it is assumed also that A
generates an α-resolvent family Sα(t) in the Banach space X and the control function
u(·) is given in L2(J, U), a Banach space of admissible control functions with U as a
Banach space. Finally B is a bounded linear operator from U to X . The following
definition is similar to the concept defined in [1, 8, 10].

Definition 2.2. A continuous function x(·) is said to be a mild solution of the problem
(2.3)–(2.4), if x(0) = x0 and there exists a function v ∈ L1(J,X) such that v(t) ∈
F (t, x(t)) a.e. on J and

x (t) = Sα(t)x0 +

∫ t

0

Sα(t− s) [Bu (s) + v (s)] ds.

Definition 2.3 (See [10]). The system (2.3)–(2.4) is said to be controllable on the inter-
val J , if for every x0, x1 ∈ X there is exists a control u ∈ L2(J, U) such that the mild
solution x(t) of (2.3)–(2.4) satisfies x(b) = x1.

3 Main Results
To investigate the controllability of the system (2.3)–(2.4), we assume the following
conditions:

(H1) The bounded linear operator W : L2(J, U)→ X, defined by

Wu =

∫ b

0

Sα(b− s)Bu(s)ds,

has an induced inverse operator W̃−1 which takes values in L2(J, U)/kerW and
there exist positive constants M1, M2 such that ‖B‖ ≤M1 and ‖ W̃−1 ‖ ≤M2;
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(H2) F : J ×X → P (X) is a nonempty, compact-valued, multivalued map such that:

(i) (t, x) 7→ F (t, x) is L ⊗ B measurable,

(ii) x 7→ F (t, x) is lower semi-continuous for a.e. t ∈ J ;

(H3) For each k > 0, there exists ϕk(·) ∈ L1(J,R+) such that

‖F (t, x)‖ = sup {‖v‖ | v ∈ F (t, x)} ≤ ϕk(t),

for all ‖x‖ ≤ k and for a.e. t ∈ J ;

(H4) There exists a function ψ(·) ∈ L1(J,R+) such that F is ψ(t)-Lipschitz in the
sense that

h(F (t, y), F (t, x)) ≤ ψ(t)‖y − x‖, for a.e. t ∈ J,

and for each x, y ∈ X , where h is the Hausdorff metric on P (X) (see [6, 14]);

(H5) There exist positive constants k1 and k2 such that

M ‖x0‖+MM1M2

[
‖x1‖+M ‖x0‖+M

∫ b

0

ϕk1 (s) ds

]
+M ‖ϕk1‖L1 ≤ k1,

and

k2 = [M2M1M2 +M ]

∫ b

0

ψ(s)ds < 1.

Theorem 3.1. If the hypotheses (H1)–(H5) are satisfied, system (2.3)–(2.4) is control-
lable on J .

Proof. As in [10], the assumptions (H3) and (H4) imply that F is of lower semicontin-
uous type (i.e., it has nonempty closed and decomposable values (see [5])), then there
exists a continuous function f : E → L1(J,X) such that f(x) ∈ F(x) for all x ∈ E,
where F is the Nemitsky operator defined by

F (x) = { w ∈ L1 (J,X) | w (t) ∈ F (t, x (t)) for a.e. t ∈ J } .

Consider the problem

dαx (t)

dtα
− Ax (t)−Bu (t) = f (x) (t) , t ∈ J, (3.1)

x (0) = x0. (3.2)

It is clear that if x ∈ E is a solution of the problem (3.1)–(3.2), then it is also solution
to the problem (2.3)–(2.4).
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In view of the hypothesis (H1) for an arbitrary function x (t), the control is defined
as follows

ux (t) = W̃−1
[
x1 − Sα(b)x0 −

∫ b

0

Sα(b− s)f(x) (s) ds

]
(t) .

In what follows, it suffices to show that when using this control the operator Φ : E → E
defined by

Φx (t) = Sα(t)x0 +

∫ t

0

Sα(t− s) [Bux (s) + f(x) (s)] ds, t ∈ J,

has a fixed point x (·) from which it follows that this fixed point is a mild solution of
the system (2.1)-(2.2). Clearly Φx (b) = x1, from which we conclude that the system is
controllable.

Let Bk1 be the nonempty closed and bounded set given by

Bk1 = {z ∈ E : z(0) = x0, ‖z‖ ≤ k1}. (3.3)

We first prove that Φ(Bk1) ⊂ Bk1 . For convenience we let

G (η) = BW̃−1
[
x1 − Sα(b)x0 −

∫ b

0

Sα(b− s)f(x) (s) ds

]
(η) ,

It is clear for x ∈ Bk1 that

‖G (η)‖ ≤M1M2

[
‖x1‖+M ‖x0‖+M

∫ b

0

ϕk1 (s) ds

]
:= G0

and

‖Φx (t)‖ ≤M ‖x0‖+MG0 +M ‖ϕk1‖L1 .

From assumption (H5), one gets ‖Φx‖ ≤ k1. Thus, Φ maps Bk1 into itself.
Now we prove that Φ is a contraction. For brevity we let

Gx (η) = BW̃−1
[
x1 − Sα(b)x0 −

∫ b

0

Sα(b− s)f(x) (s) ds

]
(η) ,

and

Gy (η) = BW̃−1
[
x1 − Sα(b)x0 −

∫ b

0

Sα(b− s)f(y) (s) ds

]
(η) ,
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where x, y ∈ Bk. Then

‖Φy (t)− Φx (t)‖ ≤
∫ t

0

‖Sα(t− s)‖[‖Gy(s)−Gx(s)‖+ ‖f(y)(s)− f(x)(s)‖]ds

≤M

∫ t

0

‖Gy(s)−Gx(s)‖ds+M

∫ t

0

‖f(y)(s)− f(x)(s)‖ds

≤M2M1M2

∫ b

0

‖f(y)(s)− f(x)(s)‖ds

+M

∫ t

0

‖f(y)(s)− f(x)(s)‖ds

≤ [M2M1M2 +M ]

∫ b

0

‖f(y)(s)− f(x)(s)‖ds.

Now, from (H4) and (H5), we have

‖Φy (t)− Φx (t)‖ ≤ [M2M1M2 +M ]

∫ b

0

ψ(s)‖y − x‖Eds

≤ k2‖y − x‖E.

Therefore, Φ is a contraction mapping and hence there exists a unique fixed point x ∈ X ,
which is a solution to problem (3.1)–(3.2). This completes the proof.

4 Example
In this section we present an example to illustrate our main results. Let us consider the
following nonlinear partial differential equation of the form

∂α

∂tα
z (t, y) =

∂2

∂y2
z (t, y) +Q (t, z (t, y)) + µ (t, y) , (4.1)

z (0, y) = z0 (y) , 0 ≤ y ≤ π, (4.2)
z (t, 0) = z (t, π) , t ∈ J = [0, 1] , (4.3)

where 0 < α < 1, µ : J × [0, π] → [0, π] is continuous and Q : J × R → P (R) is a
multivalued map.

Let us take X = U = L2 [0, π], u (t) = µ (t, ·), x(t) = z(t, ·) and

F (t, x (t)) (y) = Q (t, z (t, y)) , t ∈ [0, 1] , y ∈ [0, π] .

such that the hypotheses (H3) and (H4) are satisfied. Define A : X → X by

Aw = w′′, w ∈ D (A) ,

where
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(i) The domain D(A) = {w ∈ X|w,w′ are absolutely continuous, w′′ ∈ X,w(0) =
w(π) = 0} , is dense in the Banach space X . Then A can be written as

Aw = −
∞∑
n=1

n2 (w,wn)wn, w ∈ D (A),

where wn (y) =
√

2/π sinny, n = 1, 2, . . ., is the orthogonal set of eigenfunc-
tions of A.

(ii) (λα − A)−1 exists in L(X) for any λ with <(λ) ≤ 0 and

‖(A+ λα)−1‖ ≤ Cα
|λ|+ 1

, t ∈ J.

Under these conditions each operator A generates an evolution operator which is an
α-resolvent family and has the form (see [8]) :

Sα(t)w =
∞∑
n=1

exp[−n2(t− s)α](w,wn)wn, w ∈ X.

With the choice of A,F and B = I , the identity operator, we see that Eqs. (2.3)–(2.4)
is the abstract formulation of Eqs. (4.1)–(4.3). Now assume that the linear operator W
is given by

Wu =
∞∑
n=1

∫ 1

0

exp[−n2(1− t)α](u(s), wn)wnds

has a bounded invertible operator W̃ in L2(J, U)/ kerW. Thus all the conditions of the
Theorem 3.1 are satisfied. Hence system (4.1)–(4.3) is controllable on J .
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