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Abstract

In this paper we give sufficient conditions ensuring that the system of differen-
tial equations has at least one periodic solution.

AMS Subject Classifications: 34A34, 34C25.
Keywords: Periodic solution, nonlinear ordinary differential equations.

1 Introduction

Let f(t, x) be a continuous function on [0, T ]× Rn with its range contained in Rn. We
give sufficient conditions in order that the system of differential equations

x′ = f(t, x) (1.1)

has at least one periodic solution x(t), i.e., a solution x(t) such that x(0) = x(T ). We
say that f(t, x) is of type K (after Kamke [3]) in a set D ∈ Rn if for all x, y ∈ D, x =
(x1, . . . , xn), y = (y1, . . . , yn), with x ≤ y and xi = yi, it holds that fi(t, x) ≤ fi(t, y)
where f = (f1, . . . , fn), i = 1, . . . , n.

2 Main Result

The main result of the paper reads as follows.
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Theorem 2.1. Let α, β : [0, T ] → Rn be continuous functions such that α(t) ≤ β(t),
0 ≤ t ≤ T , α(0) ≤ α(T ), β(0) ≥ β(T ) and

D−α(t) ≤ f(t, α(t)), D−β(t) ≥ f(t, β(t)), 0 < t ≤ T. (2.1)

Let f be of type K on the set {x : α(t) ≤ x ≤ β(t), 0 ≤ t ≤ T}. Then there exists a
periodic solution x(t) of (1.1) with α(t) ≤ x(t) ≤ β(t), 0 ≤ t ≤ T . By D−, D− we
denote the lower left and upper left differential operators, respectively.

In proving Theorem 2.1, we proceed as follows: We first establish a special case
where f is assumed to be Lipschitz continuous with respect to x and the inequalities in
(2.1) are assumed to be strict. Then we use approximation arguments to obtain the more
general result from the special one. We apply Theorem 2.1 to get periodic solutions
of certain linear systems and then use these existence results together with multivalued
fixed-point theory to obtain the existence of periodic solutions of certain quasilinear
systems which are not necessarily of type K. Before proving Theorem 2.1, we consider
the following special case.

Theorem 2.2. Let f : [0, T ]×Rn → Rn be continuous and satisfy a Lipschitz condition
with respect to x on compact subsets of [0, T ] × Rn. Further, let α, β : [0, T ] → Rn be
continuous functions such that α(t) < β(t), α(0) ≤ α(T ), β(0) ≥ β(T ) and

D−α(t) ≤ f(t, α(t)), D−β(t) ≥ f(t, β(t)), 0 < t ≤ T. (2.2)

If, in addition, f is of type K on {x : α(t) ≤ x ≤ β(t), 0 ≤ t ≤ T}, then there exists a
periodic solution x(t) of (1.1) s.t.

α(t) ≤ x(t) ≤ β(t), 0 ≤ t ≤ T. (2.3)

Proof. Let [α, β] = {(t, x) : α(t) ≤ x(t) ≤ β(t), 0 ≤ t ≤ T}. Then [α, β] is a compact
subset of [0, T ] × Rn. Since f satisfies a Lipschitz condition with respect to x on this
set, the initial value problem

x′ = f(t, x), x(0) = x0 (2.4)

has a unique solution x(t;x0) for every x0 with α(0) ≤ x0 ≤ β(0). It follows from [3]
that x(t;x0) exists on [0, T ] and that

α(t) ≤ x(t, x0) ≤ β(t), 0 ≤ t ≤ T. (2.5)

Define the mapping

S : {x0 : α(0) ≤ x0 ≤ β(0)} → {z : α(T ) ≤ z ≤ β(T )} ⊆ {x0 : α(0) ≤ x0 ≤ β(0)}
(2.6)

by S(x0) = x(T ;x0). Then S is continuous. It follows from Brouwer’s fixed point
theorem that S has a fixed point.
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With the help of Theorem 2.2 we will prove now Theorem 2.1.

Proof of Theorem 2.1. Let α and β be as in Theorem 2.1. Define the function F (t, x)
in the following way. For each t ∈ [0, T ] and i = 1, . . . , n, let

Fi(t, x) =


fi(t, x)−

xi − βi(t)
1 + |xi|

, if xi > βi(t)

fi(t, x), if αi(t) ≤ xi ≤ βi(t)

fi(t, x)−
xi − αi(t)

1 + |xi|
, if xi < αi(t)

(2.7)

where x = (x1, . . . , xn) and

xi =


βi(t), if xi > βi(t)

xi, if αi(t) ≤ xi ≤ βi(t)

αi(t), if xi < αi(t)

(2.8)

The function F (t, x), so defined, is continuous and bounded on [0, T ]×Rn and further-
more is of type K everywhere. Also a function x(t),

α(t) ≤ x(t) ≤ β(t), 0 ≤ t ≤ T,

is a solution of (1.1) if and only if it is a solution of

x′ = F (t, x). (2.9)

Let ε = (ε1, . . . , εn) be a constant vector with εi > 0, i = 1, . . . , n. LetA(t) = α(t)−ε,
B(t) = β(t) + ε. Then

Fi(t, A(t)) = fi(t, α(t)) +
εi

1 + |Ai(t)|
> fi(t, α(t))

and hence
D−A(t) = D−α(t) ≤ f(t, α(t)) < F (t, A(t)).

Similarly,
D−B(t) > F (t, B(t)).

Consider now the function F (t, x) on the set

A = {(t, x) : A(t) ≤ x ≤ B(t), 0 ≤ t ≤ T}

and let δ > 0 be such that

D−Ai(t)− Fi(t, A(t)) < −δ < 0 < δ < D−Bi(t)− F (t, B(t)), i = 1, . . . , n.
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Using an approximation argument [2, sec, e.g., Hartman, pp. 6, 7], we may find a
functionG(t, x) which satisfies a Lipschitz condition with respect to x, is of typeK and
is such that |Gi(t, x) − Fi(t, x)| < δ/2, i = 1, . . . , n for all (t, x) ∈ A. This in turn
implies that

D−A(t) < G(t, A(t)), D−B(t) > G(t, B(t)).

Hence by Theorem 2.2, the equation x′ = G(t, x) has a periodic solution x(t) such
that A(t) ≤ x(t) ≤ B(t). Using the Ascoli–Arzela theorem (i.e., pick a monotone
decreasing sequence of δ’s converging to 0, etc.) we conclude that (2.9) has a periodic
solution x(t) such thatA(t) ≤ x(t) ≤ B(t). This in turn is true for every positive vector
ε. Using Ascoli–Arzela once more, we conclude that there exists a periodic solution x(t)
of (2.9) such that α(t) ≤ x(t) ≤ β(t). By the remark at the beginning of the proof we
conclude that x(t) is a periodic solution of (1.1).

Now, we investigate systems of the form

x′ = A(t)x+ g(t, x) (2.10)

where g is not necessarily of type K, but where A(t) is a continuous n × n matrix
defined on [0, T ] and A(t) is of type K, i.e., if A(t) = (aij(t)), then aij(t) ≥ 0, i 6= j,
i = 1, . . . , n, j = 1, . . . , n.

Theorem 2.3. Let A(t) be a continuous n× n matrix of type K which is such that

n∑
j=1

aij(t) < 0, i = 1, . . . , n. (2.11)

Then for any continuous function φ : [0, T ]→ Rn, there exists a solution x(t) of

x′ = A(t)x+ φ(t), (2.12)

such that x(0) = x(T ).

Proof. By (2.12), we can find constants α, β, α < 0 < β, such that

α

n∑
j=1

aij(t) + φi(t) ≥ 0 ≥ β
n∑

j=1

aij(t) + φi(t), i = 1, . . . , n. (2.13)

The constant vectors (α, . . . , α) and (β, . . . , β) then satisfy the desired differential in-
equalities and we conclude that there exists a solution x(t) of (2.13) with x(0) = x(T )
and α ≤ xi(t) ≤ β, i = 1, . . . , n, 0 ≤ t ≤ T .

Remark 2.4. In case A is a constant n × n matrix, Theorem 2.3, of course, follows
immediately from the Floquet theory, because the conditions

aii < 0, aij ≥ 0, i 6= y, and
∑
j=1

aij < 0
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guarantee that all eigenvalues of A must have negative real parts (all eigenvalues of A
must be in the union of the discs |λ − aii| ≤

∑
j 6=i

aij). Hence the unperturbed equation

x′ = Ax has as its only periodic solution the trivial one which in turn implies the
existence of a unique periodic solution of (2.13) for every φ.

However, in order to be able to apply the Floquet theory when A(t) is not a constant
n×nmatrix, we must compute the fundamental matrix solutionX(t) of x′ = A(t)x and
check whether or notX(T ) has 1 as an eigenvalue. Or alternatively, check whetherA(t)
is an asymptotically stable matrix (here we consider A(t) to be defined on (−∞,∞)
having period T ), for if A(t) is an asymptotically stable matrix, then the unperturbed
system has as its only periodic solution the trivial one. Again it is true that all eigen-
values of A(t) have negative real parts and since A(t) is periodic, the real parts of the
eigenvalues are bounded away from zero. It is well known (see, e.g., [1, Hahn, p. 307])
that this is not sufficient to guarantee that A(t) is a stable matrix, and thus the unique-
ness of a periodic solution of x′ = A(t)x can, in general, not be deduced. If on the

other hand, the matrix M(t) =
1

2
(AT (t) + A(t)) has all its eigenvalues with negative

real parts, then the trivial solution of x′ = A(t)x is asymptotically stable (the function
v = |x|2 serves as a Lyapunov function) and hence in this case, we again can deduce the
existence and uniqueness of a periodic solution of (2.13) for every φ, by other means.

If A(t) is such that for every φ, the system (2.13) has a unique periodic solution
x(t, φ) with |x(t, φ)| ≤ k|φ(t)|, where k is a constant defending on A(t) only, then the
existence of a periodic solution of the quasilinear system (2.12) can easily be established
by means of the Schauder fixed point theorem (provided it satisfies a certain growth
condition with respect to x).
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