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Abstract

In this paper, we investigate some properties of the operator exponential solu-
tions of the initial value problem

X2t) = A@®)X(t), teT
X(s) = 1,

where [ is the identity operator on a Banach space X, s is an initial point in a time
scale T and A(t) is a bounded linear operator on X, ¢ € T. Also, we give an exam-
ple of differentiable 2 x 2 matrices A(t) and B(t) to show that the commutativity
of e4(t,s) with (©A)(t) (resp. ea(t,s) with B(t) ) is an essential condition for
the inverse e ;' (¢, s) to equal e 4 (s, t) (resp. ea(t, s)ep(t, s) to equal eag 5 (t, 5)).

AMS Subject Classifications: 34C11, 39A10, 37B55, 34D99.
Keywords: Calculus of time scales, linear dynamic equations, Banach algebra, expo-
nential operators.

1 Introduction

A calculus on time scales was initiated by Stefan Hilger (1988) in order to create a
theory that can unify discrete and continuous analysis [8], see also [3,4]. A time scale
T is an arbitrary non-empty closed subset of real numbers R. The delta derivative f~

t) —
for a function f on T was defined in a way such that f*(t) = f/(t) = lirr% S = Js) i /()
s— — 8

is the usual derivative if T = R, and f2(t) = Af(t) = f(t + 1) — f(t) is the usual
forward difference operator if T = Z [7].
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Suppose that T has the topology inherited from the standard topology on R. We
define the time scale interval
[a,b] = [a,b]NT.

Open intervals and open neighborhoods are defined similarly. A set we need to consider
is T" which is defined as T*¥ = T\{M} if T has a left-scattered maximum M, and
T* = T otherwise. Similarly, T, = T\{m} if T has a right-scattered minimum 7, and
T) = T otherwise. For the terminology used here, we refer the reader to [3,4].

Throughout this paper, X is a Banach space and L(X) denotes the space of all
bounded linear operators in X. We begin by introducing some definitions which we
will need later on.

Definition 1.1. A function f : T — X is said to be regulated if

(i) lim f(s) exists for all right-dense points ¢ in T,

s—tt

(if) lim f(s) exists for all left-dense points ¢ in T.
s—t—

Definition 1.2. A function f : T — X is said to be rd-continuous if

(i) f is continuous at every right-dense point ¢ in T i.e lim f(s) = f(t),

s—tt

(ii) lim f(s) exists at every left-dense point ¢ € T.

s—t—

A function f(¢,z) : T x X — X is called rd-continuous if f(¢,z(¢)) : T — Xis so
for every continuous function z : T — X.

Definition 1.3. A function f : T — X is called delta differentiable (or simply dif-
ferentiable) at t € T* provided there exists an « such that for every € > 0 there is a
neighborhood U of ¢ with

| fo(t)) — f(s) —ala(t) —s) ||< €|lo(t) — s| forall s € U.

In this case we denote the o by f2(¢); and if f is differentiable at every t € T*, then f is
said to be differentiable on T and £ is a new function defined on T. If f is differentiable
att € T*, then it is easy to see that

_ Ol
FO=0 s D
t

For any time scale T, we define its norm as (see [1, 3, 5])

| T = sup{u(t) : t € T}.
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Clearly, | T ||€ [0,40¢],e.g., || R||=0, | Z ||=1,if a,b > 0, then || U2, [k(a +
b),k(a+0b)+a]|=band| {n*:nc N} |=+oo.
We consider the initial value problem (IVP)

X&) =A)X(t), X(s)=1, teT

which has a unique solution under certain appropriate conditions. Here [ : X — Xis the
identity operator. This solution is denoted by e4(¢, s). When A(t) € M,,(R), the family
of n x n real matrices, many properties of e 4(t, s) were proved. See [3, Theorem 5.21].
In this paper, we establish these properties when A(t) € L(X), t € T. See Section
3. In Section 4, we give an example of differentiable n x n matrices A(t) and B(t) to
show that the commutativity of e4(t, s) with (©A)(t) (resp. ea(t, s) with B(t) ) is an
essential condition for the inverse €' (, s) to equal e,(s,t) (resp. ea(t, s)ep(t, s) to
equal eapp(t, s)).

2 Preliminary Results

Let Y be a Banach algebra with unit e. See [6]. We need the following theorems to
prove the main properties of abstract exponential functions.

Theorem 2.1. If A : [a,b] — Y is regulated, then it is bounded.

Proof. Assume towards a contradiction, that there is a sequence {¢,} C [a, b] such that
|| A(t,) ||> n ¥V n € N. Then {t,} has a subsequence {t,, }reny Which decreases to s or
increases to s for some s € [a, b]. Since s € T is either a right-dense point or a left-dense
point, then ]}1_{20 A(t,, ) exists which contradicts with nlggo | A(t,) ||= oo. O

Lemma 2.2. Assume g, h : T — Y such that hH% g(s) =T and lin% h(s) = Ty. Then
s5— s5—

limg(s)h(s) =TTy, T, T €Y. (2.1)

s—t

Proof. We have

I g(s)h(s) = TTa || < [l g(s)h(s) = Tyh(s) [| + | Toh(s) — ThT2 ||
< [l g(s) =Tu Il hCs) I + [Tl ols) = T2 ] -
Taking s — ¢, since h is bounded in a neighborhood of ¢, we get Relation (2.1). O

Theorem 2.3. Let A, B : T — Y be A-differentiable att € T". Then AB : T — Y is
A-differentiable at t € T* and

(AB)2(t) = A(o()B2(t) + A2 (1) B(t) = AS()B(o(t) + A(t)B2(t).  (2.2)

Here, (AB)(t) = A(t)B(%).
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Proof. We have

o - LD
_ iy Ae@)Ba(t) — A(s)B(o(t) + A(s)B(o(t) — A(s)B(s)
s—t, s€T o(t)—s
_ hm | AW®)B(o(t) — A(s)B(o(?))
s—t, s€T o(t)—s
A(s)B(a(t)) — Als)B(s)
* () — s
_ oy Ae@®) = Als) 5 L age Ble®) = B(s)
= o = B+ i Al =
= A2(t)B(o(t)) + A(t)BA(1)
This completes the proof. ]

Definition 2.4. A function F' : T — Y is called an antiderivative of f : T — Y if
FA(t) = f(t), t € T". In this case we define an indefinite integral of f by

/f(T)AT —F(t)+C

where C'is an arbitrary constant. We define the Cauchy integral by
t
/ f(r)AT = F(t) — F(s), where s,teT.

Theorem 2.5 (See [3, Theorems 1.74, 1.75]). (i) Every rd-continuous f : T — Y
has an antiderivative and F(t) = /t f(T)AT is an antiderivative of f, i.e.,
FA(t) = f(1), t € T, )

(i) If f € Coqandt € T, then
o(t)
t F(T)AT = pu(t) f(1).

We need the following theorem in our study.

Theorem 2.6. Let f : T — Y be rd-continuous. Then

/ f(r) yAT:/ f(r)AT y, yeY. (2.3)
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Proof. Let F(t /f ) yAT and G(¢ / f(T)AT y. Then FA(t) = f(t) y

and G2 (t) = f(t)y. Consequently, F'(t) = G(t) + C. Hence, F(s) = G(s) + C. Thus
C=0. O

Definition 2.7. Let A : T — Y be rd-continuous at every ¢ € T* such that A(t) has an
inverse for all t € T*, we define A_; : T — Y by

ALy (1) = [A@)]

We note that A_; is rd-continuous, since the inverse function on the invertible elements
I(Y)CY

I(Y

—  I(Y)
r +—— T

-1

18 continuous.

A mapping A : T — Y is called regressive if I + pu(t)A(t) is invertible for every
t € T. The class of all regressive mappings is denoted by

R =R(T)=R(T,Y),
and the space of rd-continuous, regressive mappings from T to Y is denoted by

CodR(T,Y) = {A:T =Y |AecCyT,Y)and I + pu(t)A(t)
is invertible for all ¢t € T}.

Definition 2.8. Let A, B € C,4R(T,Y). Then we define:
(i) A® Bby
(A® B)(t) = A(t) + B(t) + u(t)A(t)B(t) forallt € T,
(ii) ©A by
(QA)(t) = —[I + p(t)A(t)|*A(t) forall t € T,

(iii) A© Bby
(Ae B)(t) = (A® (8B))(t) forall t € T,

We can see, if A € R, then ©A satisfies (A ® (6A4))(t) =0forallt € T.
Remark 2.9. Let A € C,¢R(T,Y). Then

() (SA)(t) = —[I 4+ pt)A@)])TA(t) = —A) [T + u(t)A(t)] " forall t € T,
(i) o(0Ad) = A.
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Now let A € C,.¢R(T, L(X)) and A*(¢) : X* — X*, where X* is the dual space of
X [9], be the adjoint operator of A(t) : X — X, ¢ € T which is defined by

(A*(t)f)(x) = f(A(t)x) forall f € X* and z € X.
The proof of the following lemma is straightforward and will be omitted.
Lemma 2.10. The following statements are true:
(i) (A")2 = (A®)* holds for any differentiable operator A;
(i) A” is regressive;
(i) eA" = (8A)%;
(iv) A*® B* = (A® B)*, where B € C.4R(T, L(X)).

3 The Operator Exponential function e 4(%, s) in Banach
Spaces

In the sequel, we assume that sup T = oo and A € C,.R(T, L(X)).

Definition 3.1. Let s € T. A function X : T — L(X) that satisfies the operator delta
dynamic equation
XAt = AMX (1), X(s)=1, (3.1)

is called the operator exponential function ( corresponding to A(t)) initialized at s. Its
(t

X - X
value at t € T, is denoted by e4(t, s). Here X (t) = 1}m - (o (g (S), I is the
s—t, s€ g — S

identity operator on X.
The regressive initial value problem (IVP)
22 (t) = A()x(t), x(s) =z, €X (3.2)
has a unique solution x : T — X which is given by z(t) = e (t, s)zs provided
(i) The function A(t)z(t) is rd-continuous for every continuous function z : T — X;
(i) I+ pu(t)A(t) : X — Xis invertible for every ¢t € T;

(iii) sup || A(t) ||< oo.
teT

See [3, Chapter 8].

Example 3.2. Let A be a constant operator.
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(i) If A is bounded and T = R, then e4(t,s) = ™94 t s € R. Here, ¢! =
> (A" /nl.
n=0

t—s

(i) If T = hZ, then ea(t,s) = (I + hA) = , where t, s € hZ, with t > s.

logzé

t .

(iii) If T = 2™°, then e4(t, s) = H (I + ﬂA),t, s € T, witht > s.
k=1

Now we establish some fundamental properties of e 4(t, s) which are satisfied when
A€ C.yR(T, M, (R)), where M,(R) is the family of all n x n real matrices [3]. The
proof of the following theorem is similar to the case A(t) is n x n matrix [3, Theorem
5.21], so it will be omitted.

Theorem 3.3. If A, B € C.yR(T,L(X)) and t,s € T, then the following statements
are true

(i) eo(t,s) =1 andex(t,t) = I;
(i) ea(o(t),s) = [[ + p(t)A(t)lealt, s);
(iii) ea(t,s)ep(t,s) = eapn(t,s) ifea(t,s) and B(t) commute;
(iv) Assume that we have the following commutativity condition:
(C) ealt,s) and (8A)(t) commute, and e A(t, s) and A(t) commute.
Then e (t,s) = eqal(t, s).

The following theorem was proved when A € C,.;R(T, M,(R)), see [3, Theorem
5.21]. Now we prove it when A € C,.;R(T, L(X)).

Theorem 34. If A, B € C.yR(T, L(X)) and t,r,s € T, then

(i) Condition (C) implies

D = 3 o), 9)edl )e3 (1,9) = —lean(t, )]AW)
= (©4)(t)esalt, s);
(ii) e4'(t,s) = X 4-(t, s), provided that condition (C) holds;
(iii) Ifa,b,s € T, then we have

(a) eﬁs (t,s) = —ea(t,o(s))A(s),
(b) ea(t,o(s)) = ealt,s)[I + u(s)(©A)(s)],
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© / et () A(s)As = ea(t, a) — ea(t, b):

(iv) ea(t,s) = e, (s,t), provided e (t, s) commutes with (SA)(t);
(V) ea(t,s)ea(s,r) = ealt,r), provided e 4(t, s) commutes with (SA)(t).

Proof.(i) In view of e4(t,s)e;'(t,s) = I, we obtain [e(t, s)e; (¢, 5)]* = 0. By The-
orem 2.3, we get

(L, 8)ex (1, 5) + ealo(t), 5)(e5' (1, 5))> = 0.

Then

which implies that

(ex'(t,s)" = —ei!

Thus

[y

(ex'(t,5))™ = ecalt, s)(OA)(1). (3.3)

Finally, since
69A<U(t)? 3) = 66A<t7 5) + ﬂ(t)eéA@? 5)7

then

[ecalt, s)]7A(t)

[TI
[

O

b

~

Va)

S~— —
=
S/—\
= + +

| T
===
_I_
=

I
|
—~
@
b
~—
— =+
~
N—
Q)
[0)
b
—~
~
V2)
N—

= —(e3'(t,)"
= —epalt,s)(©A)(t).(by Equation (3.3))
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(ii) Put X(¢) = (e,'(t,s))*. Then from (i) and Lemma 2.10, we have

X2() = ((ex'(
((

I .
5L
G
el
~~ — —
~ —~
CIGEN
~
O
»
/\\_:E ~
4~ o~ Q]
= = =k
* ~
v,
~
®
h N
—
—~
\_@F
(V)
Pt
*

and

X(s) = (ex'(s,8))" = ()" = 1.

Hence, X (t) solves the IVP

Thus

(iii) Leta, b, s € T.
(a) By differentiating the integral equation

ealt,s) = I—|—/ A(r)ea(r,s)AT (3.4)

corresponding the IVP (3.1) with respect to s, we get two cases:
(1) First case u(s) > 0. We have, from Relations (1.1),

ealt,o(s)) —ealt, S).

3.5
() G-2)

eﬁs (tv 3) =
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Equation (3.4) and Theorem 2.5 imply that
1

exi(t,s) = () {I%—/U(s) A(T)ea(T,o(s))AT

. / tA(T)eA(T,s)AT}
_ ﬁ [ / CA(P)ea(r, o(s)) Art /0_ ; A(r)ea(r, o(s)AT

_ / CA(r)ea(r, s)m}
:;%[[mmmmdw—mhﬁm7

o(s)
—/ A(T)ea(r,0(s))AT

o(s)
L)/ A(r)ea(r,o(s))AT,

_ /:A(T)eﬁs(f, AT -

and consequently,
t 1 s
e (t,s) = / A(r)eqs (1, 8) AT + ) / A(r)ea(r,o(s))AT. (3.6)
s o(s)
From Equations (3.4) and (3.6), we get

As s:ie S,0(8)) — t 7)els (1, $)AT
A (09) = —Slealso) ~ 11+ [ ADSr9An G)
Thus
U(t,s) = ejs (t,s)

is a solution of the integral equation

t
U(t,s)=U(s) +/ A(T)U(T, s)AT (3.8)
with .
Uls) = m[%(saa(s)) —1]. (3.9)
Multiplying Equation (3.4) by ﬁ lea(s,o(s)) — I] and applying Theorem 2.6, we get

%S)eA(t, Slea(s, o(s)) — 1]
1

1 t
= m[€A<S,O’(S)) — I+ m/s A(T)ea(T, s)lea(s,a(s)) — IJAT.
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This implies that

U(t,s) =ealt,s)lea(s,o(s)) — 1] (3.10)
1
is a solution of Equation (3.8) with U(s) = ) lea(s,o(s)) — I]. By the uniqueness
s
of solution of Equation (3.8), we deduce that,
1
ey (t,s) = weA(t, s)lea(s,o(s)) — 1. (3.11)

By Theorem 2.5 part (ii), Equation (3.6) yields

t
A (t:5) = —Aleals.o(s) + [ A (roar (.12
Multiplying Equation (3.4) by —A(s)e4(s, o(s)) and applying Theorem 2.6, we obtain

[—ea(t, s)A(s)ea(s, a(s))]

:—A(s)eA(s,a(s))—i-/ A(T)lea(r, s)A(s)ea(s,o(s))]AT. (3.13)

From the uniqueness of solutions of (3.8) with U(s) = —A(s)ea(s, o(s)), we conclude
that

€3 (t,s) = —ealt, s)A(s)ea(s, o(s)). (3.14)
We have

eatt,o(s) = ealt,s)+ u(s)ed(t,9)
= eult,s) —u(s)ea(t,s)A(s)ea(s,a(s)),

so that
ea(t,o(s)) =ea(t,s)[I — p(s)A(s)ea(s,a(s))]. (3.15)
Put ¢ = s, in Equation (3.15) to get

eals,o(s)) =11 — u(s)A(s)ea(s,o(s))], (3.16)
consequently,
[T+ u(s)A(s)]ea(s,o(s)) = 1. (3.17)
Therefore,
ea(s,o(s)) = [I + u(s)A(s)] " (3.18)

By Equations (3.15) and (3.16), we get

ea(t,o(s)) =ea(t,s)ea(s,o(s)). (3.19)
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In view of Equation (3.14), A(s) and e4(s, o(s)) commute, we have
e (t,s) = —ea(t,s)ea(s, o(s))A(s). (3.20)
It follows, from Equations (3.19) and (3.20), that
e (t,s) = —ea(t,o(s))A(s). (3.21)

(2) Second case 1(s) = 0. We have from Equation (3.4)

ea(t,s) —ealt,so) / A(T)en(r. s0)A
S — 8o S — 8o
_/ A7) |:€A(7' ,8) —eal(T, s0) Ar
t S— 50
By taking the limit to both sides as s — sy, we obtain
(t s A(so) / A(r eA T, So) AT. (3.22)
Then
e (t,s) = —A(s) — / A(T)eq (7, s)AT. (3.23)
t

Again by Equation (3.4), multiplying by — A(s) and using Theorem 2.6, we get
—ea(t,s)A(s) = —A(s) +/ A(1)ea(r, s)A(s)AT. (3.24)
t
By the uniqueness of solution of the equation

W(t,s) =U(s) + /ts A(T)Y(T, 8)AT  with U(s) = —A(s), (3.25)
we conclude that
e (t,s) = —ealt, s)A(s). (3.26)
(b) From Equations (3.15) and (3.18), we have
ealt,o(s)) = ealt,s)[I — u(s)A(s)ea(s,o(s))]
ealt, s)[I — p(s)A(s)[I + p(s)A(s)] 7]
= ea(t,s)[] + p(s)(©A)(s)].

(¢c) From part (a), we obtain

/a eato(s)As)As = — / lealt. )2 As

= —ealt,s) [
= eq(t,a) —ex(t,b), forall a,beT.
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(iv) Let X(t) = ea(t, s)ea(s,t), and suppose that e4(¢,s) and e4(s,t) commute with
(©A)(t). Then

XA() e (t,s)ea(s, t) + e (t, s)es (s, 1)
A(t)ea(t,s)ea(s,t)+ [+ p
)

= A(t)ealt,s)ea(s,t)+[I+p

I
i
—~
~
~—
D
S
—~
~
VA
~—
]
b
—~
VA
~
~—
+
~
_|_
=
—~
~—
o
—~
~
=
D
b
A~ — Y~ — o/~

A(t)ea(t,s)ea(s,t) + [I + p(t)A(t)]ealt, s){—ea(s,t

At
At

Yea(t,s)ea(s,t) + (I
Jea(t,s)ea(s,t) + [1
(1) + [T + n(HAWD)SA) (1)}
() + (SA) () + u(t)A(t)
(1) @ (©A)()]ealt, s)eals,t)
)© t)

(1) © A()]ea(t; s)ea(s,

{4

A
A
A

0,

and
X(s) =eal(s,s)ea(s,s)=1-1=1.
So X (t) solves the IVP
X2t) =0, X(s)=1

which has exactly one solution according to uniqueness solution theorem, and thereby,
we have
eA(tv S)GA(Sa t) = I7

and consequently,
ea(t,s) =e;'(s,t).
(v) Let X(t) = ea(t,s)ea(s,r). Then

XA(t) y

t,s)ea(s,r)
Jea(t,s)ea(s,r)
)X (t), teT,

(&

(t,
At
(

= A(t)X

and
X(r) =-ea(r,s)ea(s,r) = 1.

Then X () solves the dynamic equation

X2(t) = AMX(®), X(r) =1,
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which has exactly one solution
X(t) =ealt,r).
It follows that
eA(ta 3)6A<87 T’) - eA(t7 T)'

The proof is complete.

We note that by (3.18) and part (b) we have

ea(s, o(s) = [I + pu(s)A(s)] ™ = [[ + u(s)(SA)(s)].

4 Remarks on the Exponential Matrix Functions

In this section we give an example of differentiable n x n-matrices A(¢) and B(t) to
show that the commutativity of e4 (¢, s) with (6A)(¢t) (resp. e4(t,s) with B(t) ) is an
essential condition for the inverse e (¢, s) to equal ea(s,t) (resp. ea(t, s)ep(t, s) to
equal eagp(t, s)).

Definition 4.1 (See [3]). Let A(t) = (a;;(t)) be an n x n-matrix-valued function on T.
We say that A

(i) is rd-continuous on T if each a;; is rd-continuouson T, 1 <4,5 <n, n € Nand
the class of all such rd-continuous n x n-matrix-valued functions on T is denoted
by C,q(T, R™™");

(ii) is differentiable on T provided each a;;, 1 < ¢, 7 < n is differentiable on T, and
in this case we put A® = (a@)lgingn;

(iii) is regressive (with respect to T) provided I + 1(t) A(t) is invertible for all ¢ € T*,
where [ is the identity n X n-matrix. The class of all such regressive n X n-matrix-
valued functions on T is denoted by R(T, R"*").

If A(t) = Ais aconstant matrix which is regressive, then A commutes with e 4 (¢, 7),

7 € T, see [3, Corollary 5.26]. For example, suppose a,b € R are distinct numbers as
in text by Zafer [10, 11] and the matrix

A:

oS O e
o e O
SO =
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Consider T = R and 7 = 0, we can easily see that

eat 0 eat - 6bt
—b
eA(t, 0) = BAt = 0 eat @ 0 )
0 0 e
and
PN ae®™ — belt
ae —_—
A= Yy L 4.1
0 0 be®

Example 4.2. Now we give an 2 x 2-matrix A(¢) of differentiable functions such that

(©A)(t)ea(t,0) # ea(t,0)(2A)(t), forevery t#0, teT, (4.2)
and
e (t,0) # ea(0,t), t#0, (4.3)
where e (¢, 0) is the solution of the regressive linear dynamic equation
XAt = A)X(t), X(0)=1. (4.4)
Let A(t) = {(t) (1)} . The solution of Equation (4.4) is given by

X(t) = ea(t,0). (4.5)

It was shown that e (¢, 7) can be given by

t t S1
ealt,7) = [+/ A(sl)Asl—i—/ A(sl)/ A(s2)AsyAsy

t S1 Si—1
see [3,5], where the integration of matrices should be defined entry-by-entry. Thus the

t t
1, j-entries of/ A(s)As is [/ aij(s)Asl. Using formula (4.6), we conclude that

SA(t, 0)

t t S1 t t S1
o 1+/ 81A51+/ 81/ 52A82A81+. .. / A81—|—/ 81/ A82A51+. ..
- 0 0 0 0 0 0 i)

4.7)
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0 0 s1 0 0 s1
_ 1+/ slAsl—i—/ 31/ S9AASAS 4. .. / Asl—i-/ 31/ AsyAsi+. ..
- t t 0 0 t t (1)

(4.8)
Now, assume that T = R. Simple calculations show that
2 t2n 1
ea(t,0) = € ZH (20i—1)|, teR. 4.9)
0
and
2 e 1 nth—l
Y ey
ea(0,t) = — I, 2i-1)|, teR. (4.10)
0 1
Using Relation (4.9), we obtain
t2 o0 t2’n71
tez 1+ —_n AT
A(t)ea(t,0) = ; [, (2i—1) |, 4.11)
0 0
and
2 2
ea(t,0)A(t) = |t€” er . (4.12)
0 0
It follows, from Relations (4.11) and (4.12), that
A(t)ea(t,0) # ea(t,0)A(t), forevery t#0, t € R.
Since ,
detey(t,0)=e"/2 40Vt € R, (4.13)
then the inverse of e4(t, 0) exists. By Relation (4.9), the inverse of e4(t,0) is given by
> th_l
1 — —_
ex'(t,0) = e o s @i=1)
t2
0 ez
o2 )2 i g2t
= — [T, (20 —1) (4.14)
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which satisfies
e (t,0)ea(t,0) = ea(t,0)e, ' (t,0) = I.

It can be shown that

t2n 1 3n 1t2n 1

—t2/2
ZH (20 — 1) Z "12@)(271—1)

0
with the convention H a; = 1. Consequently, Relation (4.14) yields

=1
s o0 (_1)3n—1t2n—1
TP ey 4.15
ey (t,0) — ([I'5 20)(2n — 1) (4.15)
0 1

Now we show that the condition: e4(¢,0) commutes with (©A4)(t) is essential for
e (t,0) to equal e4(0,t). One can see that (©A)(t) = —A(t), t € R. Hence

—t -1

(0A)(t) = (4.16)
0 0
Then
o ny2n—1
o 12/2 Z (;1) t

eoa(t,0) = = (@ -1) . 4.17)

0 1

Relations (4.10), (4.15) and (4.17) imply that

ea(0,t) = eca(t,0) # e, (¢,0), VteR\{0}. (4.18)
We have , ,
t e% e%
ecn(t,0)A(t) = , (4.19)
0 0
and
2 th
At)eon(t,0) = |17 L +Z H@ i 2 1. (4.20)
0

Then from Equations (4.19) and (4.20), we obtain

eon(t,0)A(t) £ A(t)eon(t,0), t 0. 4.21)
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Similarly one can see that e4(¢,0) and (©A)(t) do not commute. Indeed,

—te 2 —e 2
ea(t,0)(0A)(t) = , 4.22)
0 0
and
(©A)(t)ea(t,0) = ; [Liea i = 1) (4.23)
0 0
Therefore
ea(t,0)(0A)(t) # (8A)(t)ea(t,0), t#0. 4.24)

We can verify Theorem 3.4 (ii) as follows. Since A(t) € M, (RR), then the conjugate
transpose of A(t) is

A*(t)

I
1
—
o O
| S

Using Definition 2.8 part (ii) and Lemma 2.10 part (iii) to obtain (©A*)(t) = —A*(¢).
Consequently
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Hence, e 4+(t,0) = e_4~(t,0). Thus
t t S1
1 0 —/ 81d51 0 / 81/ SQdSQASl 0
0 0 0
CoAx (t,O) - +
0 1 t t S1
—/ d81 0 / 81/ dSQASl 0
0 0 0
t Ss1 S2
—/ 31/ 32/ $3dsadsadsy 0
0 0 0
_l’_
t S1 S2
—/ 81/ 82/ A83d82d81 0
L 0 0
B t S1 So
/ 81/ 32/ 53/ Sqdssdssdsqydsy 0
0 0 0 0
+ + ...
t S1 S2
/ 51/ 52/ 33/ dsydssdsadsy 0
L Jo 0 0 0
t 16
— 0 — 0
1 -5 0 2.4 2.4.6
= + + +
0 1 t3 to
—t 0 — 0 — 0
2.3 2.4.5
t8
0
2.4.6.8
+ + ..
t7
0
2.4.6.7
[ 1 12 1 t? 1 t?
1——(— —(=)? = =(=)3 0
1!(2) 2!(2) 3!(2)
- 3 t5 t7
—t+ — — 1
L * 2.3 245 * 2.4.6.7
[ e T 0
— o —1)3n—12n—1
DI !
I— (ITi=) 20)(2n — 1)
Consequently, we conclude that
2 3n 1t2n 1
e 2 —
* _ Z )(2n —1)
e« (t,0) = (4.25)
0 1
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Hence, by Equations (4.15) and (4.25), we obtain
ey (t,0) = €. (t,0), VteR. (4.26)

Example 4.3. Now, we show that the condition: e4(¢,0) commutes with B(t), in Theo-
rem 3.3 part (iii), is essential for e 45 (%, 0) to equal e (¢, 0)ep(t,0). Let A(t) and B(t)
be the regressive 2 x 2-matrices of differentiable functions defined by

t 1 —t 0
A(t) = , B(t) = . (4.27)
0 0 1 0
Consequently, we conclude that

7t2

ez 0
ep(t,0) = i (1)1t 1 (4.28)
— (I175 20)(2n — 1)
Thus
t2n 1
Z (20 —1 0
e(t,0)B(t) = - . @)
1 0
and ) )
=
‘ Z Hz 1 2Z - 1)
B(t)ea(t,0) = , (4.30)
ﬁ th 1
L “ Z Hz 1 Z - 1
from which we have
ea(t,0)B(t) # B(t)ea(t,0) ¥Vt € R\{0}. 4.31)
By using Relations (4.9) and (4.28), we get
ea(t,0)ep(t,0)
B o0 t2n 1 3n 1t2n 1 th 1 T
1+
ZH 22—1223 2i)(2n — 1) ZH (20 —1)
_ . (4.32)

3n 1t2n 1

Z 22— 1) :
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Since u(t) = 0,¢ € R, we have

(A® B)(t) =

77

t s s
0 1 110 1 210 1
AV A

FANTA YN T

t2
oo 2 0 N 0
-0 1 t 0 t? t?
2 2.3
t5
0
+ 5 2345 ¢
0
2.3.4.5
t2 t1 t0
14+ —
+ 1.2 * 1.2.3.4 + 1.2.3.4.5.6 *
- t3 £ t
t
+ 1.2.3 + 1.2.3.4.5 + 1.2.3.4.5.6.7 +
Consequently, we conclude that
r o t2n—2
; (2n — 2)!
eA@B(t,()) =
e t2n—1
= (2n —1)!

Then

eann(t,0) # ea(t,0)ep(t,0) Vit € R\{0}.

(1)] dsidssdsods,+. . .

t3 4
— 0
23| 4 234 4
0 0
2.3.4
3 o

t

N 1.2.3 * 1.2.3.4.5 L

t? 4
1 -
+12+1234

+ ...

(4.33)

(4.34)
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Finally, we verify Theorem 3.3 (iii) as follows:

Example 4.4. In this example we give two 2 x 2-matrices C'(¢) and D(t) such that the
commutativity condition mentioned in Theorem 3.3 (iii) is satisfied and ecqp(t,0) =
ec(t,0)ep(t,0). Take the matrices C'(¢) and D(t) as follows:

t 0
C(t) = {0 0} : (4.35)
and
—t 0
D(t) = [ 0 —t] . (4.36)
Consequently, we conclude that
5 0
t,0)= ¢’ : 4.37
ec(t,0) [ 0 1] (4.37)
and
2
en(t,0) = ¢ ol (4.38)
0 ez
We have _ -
1 0
eC(tv O)eD (ta 0) = =2 ) (439)
_0 e : -
and _ -
1 0
€D (t, O)GC(t, O) = 0 —t2 . (440)
e 2

By Relations (4.36), (4.37), (4.35) and (4.38) \_zve obtain

D(t)ec(t,0) = {_Ot _Ot} [6(;2 10] = [; 6_520] = ec(t,0)D(t), (4.41)

and

C(t)eD(t,O) = |:é 8:| [6/2 (22] = [1 90] = 6[)(75,0)0@)

Since (C @ D)(t) = C(t) + D(t) = {0 ! t] , we have

ecen(t,0)

0 t s
oo . 0 0 o0
o |i0 1:| * 0 —/ d81 +/0 |:0 —81:| /; |:0 —82:| d$2d81
0
t s s
0 0 10 0 210 0
A LR A e A A L
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A R A

10 0
A |:0 _54:| d84d83d82d81 + ...

1 0 0 0 0 0 0 0
= + 2|+ |+ AR S
0 1 - 0o — 0o —
- 2 2.4 2.4.6
1 0
— t2 t4 tﬁ
1— 4
_0 2 * 24 246 +
Thus
1 0
GC@D<t70) = [ _ﬁ] . (443)
0 e 2
Relations (4.39) and (4.43) yield
GC@D<t, 0) = ec(t, O)6D<t, 0) ViteR. (4.44)
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