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Abstract

In this paper we present existence and uniqueness results for BVPs associ-
ated with singular interface problems. Classical fixed point theorems are used for
proving the existence and uniqueness results for these problems. We discuss two
applications in the field of acoustic wave guides in ocean and transverse vibration
of strings.
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1 Introduction

Interface problems are a class of problems wherein two different differential equations
are defined on two adjacent intervals and the solutions satisfy matching conditions at the
point of interface. We encounter these problems in the study of acoustic wave guides
[12], transverse vibrations of strings [13], one dimensional scattering theory [14] etc.
Some works on these problems include [1,6-10, 16-22].

These problems for regular case have been discussed in [16-22], and the problem
of having singularity at the boundary is discussed in [1]. The problem of having a
singularity at the point of interface remains a challenge. The singularity at the point of
interface in the domain of definition of the pair of equations could be of the following
three types satisfying certain matching conditions at the singular interface:
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1. [a,c]Ulo(c), ],
2. [a, p(c)] U e, b,

3. [a,p(c)]Uo(c),b].

To describe the singularities in the domain of definition we take help of the terminology
used on time scales [11]. Dynamic equations on time scales with facilities of the two
jump operators with various definitions of continuity and derivatives make one’s job
simple to study these singular interface problems. These dynamic equations generalize
differential equations.

Some results for linear singular interface problems (SIP) can be found in [2-5]. In
this paper, we intend to present existence results for these singular interface problems
involving nonlinear operators.

We consider a BVP associated with these nonlinear singular interface problems on
time scales. We use the classical fixed point theorem of Schauder for proving the exis-
tence of solutions for this problem. Further, the study on uniqueness of solutions using
Banach’s fixed point theorem has shown that under certain restricted conditions on the
interface constants existence of unique solution can be proved. We finally apply the
theory to two applications in the field of acoustic wave guides in ocean and transverse
vibration of strings.

2 Mathematical Preliminaries

Definition 2.1. Let T be a time scale. For ¢ € T we define the forward jump operator
o: T —Thby
o(t):=inf{s € T :s>t},

while the backward jump operator p : T — T is defined by
p(t) :==sup{s € T : s < t}.

If o(t) > t, then we say that ¢ is right-scattered, while p(t) < t, then we say that ¢
is left-scattered. Points that are right-scattered and left-scattered at the same time are
called isolated. Also, if t < supT and o(t) = t, then ¢ is called right-dense, and if
t > inf T and p(t) = t, then t is called left-dense. Points that are right-dense and left-
dense at the same time are called dense. Finally, the graininess function j : T — [0, 00)
is defined by

p(t) :==o(t) —t.

T — {m} ifsup T < o0

Definition 2.2. T" = { T ifsup T = o0

} where m is the left-scattered max-

imum of T.
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Definition 2.3. Let f be a function defined on T. We say that f is delta differentiable
at t € T" provided there exists an « such that for all ¢ > 0 there is a neighborhood N
around t with

|f(o(t) — f(s) —alo(t) —s)| < elo(t) —s| foralls € N.

Definition 2.4. For a function f : T — R we shall talk about the second derivative f~4
provided f2 is differentiable on T*" = (T*)" with derivative f22 = (f2)° : T*" — R.
Similarly we define the higher order derivatives f2" : T*" — R.

Theorem 2.5 (Banach Contraction Mapping Theorem). If T' : X — X is contractive
on a complete metric space X, then " has a unique fixed point in X.

Theorem 2.6 (Schauder’s Fixed Point Theorem). Let L be a convex subset of a normed
linear space E. Then each compact map T’ : L — L has a fixed point.

Let I = [c,d] with ¢ < p(d). We define I, = [c¢,00) in case supT = +oo. By
CFs(1.) we mean the linear space of all continuous functions f : I. — R such that
sup | f(t)| < oc.
tele

Now we quote the time scales version of the Arzela—Ascoli theorem [15].

Theorem 2.7 (Arzela—Ascoli Theorem). Let X be a subset of Crg(1.) having the fol-
lowing properties.

(1) X is bounded.

(ii) On every compact subinterval J of [c,00) we have: For any € > 0 there exists
0 > 0 such that ty,ty € J, |t1 — ta] < & implies |f(t1) — f(t2)| < eforall f € X.

(iii) For every ¢ > 0 there exists b € I. such that t,,ty € [b,00) implies |f(t1) —
f(ta)| < eforall f € X.

Then X is relatively compact.

Let T; and Ty be two time scales. Let C(T) denote the space of all continuous
functions on the time scale T.

Definition 2.8. By (¢1,t3) € T; x Ty we mean that t; € Ty and ¢, € Ty with the
product topology on Ty x Ts.

Definition 2.9. Let Z(T) be a function space on the time scale T. For z € Z(T) we
define

)] = supyer|z ()]
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Definition 2.10. By (z1,25) € X (T;) x Y (T5), where X and Y are function spaces, we
mean that x; € X(T,) and x5 € Y(Ty) with the product topology on X (T;) x Y (T5).
For (t1,t5) € Ty x Ty we define

(21, 22) (L1, t2) = (w1(t1), 22(t2))-
Definition 2.11. For (t1,t5) € T; x T9, we define
[t t2)|| = lltall + llt2l] = [ta] + [t2.
Definition 2.12. For (z1,x2) € C(Ty) x C(Ty), we define

[, zo)ll = [l ]| + ]l

= SUPyemy \-’Bl(tl)| + SUPy,eT, \-’162(752)!-

Definition 2.13. Let (y11, y12) € X (T;)x Y (Ty). We say that (11, y12) is continuous on
T, x Ty if for € > 0 there exists § > 0 such that for arbitrarily fixed (¢o;,to2) € T1 x Ty
and (t1,t2) € Ty x T9 such that

| (1, t2) — (o1, to2)|| < 6
implies
1(y11, y12) (E1, B2) = (Y11, y12) (Fon, to2) | < €.

Definition 2.14. A sequence (y,1,yn2) € C(T;) x C(Ty) is said to be a Cauchy se-
quence if for every ¢ > 0 there exists /V such that for all nl,n2,ml,m2 > N, we
have

||($n1a an) - (:Emla xm2)|l <€

Definition 2.15. A sequence (y,1,Yn2) € X(T1) x Y(Ts) is said to be equicontinuous
if for every € > 0 there is a § > 0, depending only on ¢, such that for all (y,1, y,2) and
all (tl,tg), (tl ,tQ ) € Tl X Tg,

[(t1,t2) — (81, t2)]| < 0

implies
(Y, Yn2) (t1,t2) — (Ynas Y2) (15 82)|| < €

Definition 2.16. The space X (T;) x Y (Ts) is said to be convex if
a(yi1, y12) + (1 — a)(ya1,y22) € X(T1) x Y(Ty) for0 <a <1

holds for every (yu, y12>, (ygl, y22> - X(T1> X Y(Tg)
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3 Definition of the Problem

Let Ty = [0, aly, T2 = [o(a), bly, where a, 0(a), b < 4+00. Also let (f1, f2) be a nonlin-
ear function tuple in C(T; x R) x C(Ty x R). In this paper, we consider the following
BVP associated with singular interface problem (BVP-SIP).

ypt(t) = filt,y), te Ty, 3.1)
Yt (t) = fz(t,yz)JGng (3.2)
with the initial conditions

y1(0) = 0, (3.3)
Y5 (p(b)) = 0 (3.4)

followed by the matching interface conditions
nyi(a) = 7y(o(a)), (3.5)
vy (a) = s (o(a)), v >0, i=1,2,3,4. (3.6)

4 Existence Results for the BVP-SIP

In this section, we prove the existence of solution for the BVP-SIP using Schauder’s
fixed point theorem.

Theorem 4.1. If (f1, f2) is continuous and bounded, then there exists at least one solu-
tion for the BVP-SIP.

Proof. Casel. Lett € T,. Then
ylAA(t) = fl(ta 3/1)7

t
Z/lA(t) = /f1(57y1)A5+0117
0

t m t
y(t) = // fl(s,yl)ASAm+/cllAs+clg7
0o Jo 0

where c;; and ¢ are constants to be determined. By using the initial condition (3.3),
we get c1o = 0. Hence

t m t
y1(%) :/ / fl(s,yl)AsAm—i—/ c11A\s.
0o Jo 0

Case II. Lett € Ts. Then
yQAA(t) = f2<t792)7

¢
?JQA(t) = / fa(s,y2)As + ca1,
o(a)

t m t
yo(t) = / fz(s,yg)AsAm+/ c21AS8 + Ca,
o(a) Jo(a) o(a)
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where ¢y and coo are constants to be determined. Now, by (3.4), we get

p(b)
/ Ja(s,92)As + co1 =0
o(a)

p(b)
Co1 :_/ Ja(s,y2)As
o(a)
t m t p(b)
)= [ [ fsmssam [ [ s ) Asam + e
o(a) Jo(a) o(a) Jo(a)

Now from (3.5), we have

71(/ f1(3>?/1)A5Am+/ 011AS) = Y2022
o Jo 0

Cog = —/ / fi(s,y1)AsAm + n ans.
Yo

and therefore

Hence,

and thus

Using (3.6), we get

a p(b)
73(/ fi(s,91)As + 011) = —74/ fa(s,92)As
0 o(a)

Vs p(b) a
C11 :__/ f2(3,y2)A3—/ Ji(s,y1)As
Y3 Jo(a) 0
Hence we have

t prm p(b)
yit) = // fi(s,y1)AsAm — — // J2(s,y2) AsAm
0o Jo
t a
_/ / f1(57y1)ASAm7
o Jo
t m t p(b)
wt) = [ [ psmssan— [ [ s pasam
o(a) Jo(a) o(a) Jo(a)
QTR A Mvs [ p(b)
+— fl($>yl)A$Am - f2(57y2)ASAm
72 Jo Jo 7273 Jo Jo(a)
—ﬂ/ / fi(s,y1)AsAm.
Y2 Jo Jo

and thus
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We now define the integral operator 7' : C'(T;) x C(Ty) — C(Ty) x C(Ty) by

t1 p(b)
T(y1,y2) = </ / fi(s,y1)AsAm — 4/ / fo(s,y2)AsAm
73 Jo o(a)
t1 a to m ,
/ / fl(57yl)A5Am>/ / fo(s,y2) AsAm
(a)
/ / Ja(s,y2) ASAm + — / / fi(s,y1) ASAm
- 7174/ / fals, y2) AsAm' — 1/ / fl(s,yl)AsAm'>,
Y2773 Y2 Jo 0

where t1, m € T; and tg,m' € Ts.
Claim 4.2. The space C(T;) x C(Ty) is convex.

Let (y11, %12), (Y1, y22) € C(Ty) x C(T,). For the space to be convex, we need to
show that

a(yu,ylg) + (1 — a)(ym,ym) € C(Tl) X O(Tg) fora < 1.

Since (y11, y12) € C(T;) x C(Ty), for fixed (to1,t02) € Ty x Ty and (t1,1) € Ty x Ty
such that Ve > 0 3§ > 0 such that whenever (see Definition 2.13)

[(t1,t2) — (tor, to2)[| < (> 0),

1.e.,
[ty — tor] + |t2 — o] <6,
we have .
[ (Y11 (t1), y12(t2)) — (a1 (tor), yra(to2)) || < 2
ie.,

€
supy, e, [Y11(t1) — y1(tor)| + sup,er, [y12(t2) — yr2(to2)| < o

Similarly we can show that

€
supy, er, [Y21(t1) — y21(tor)| + supy, e, [Y22(t2) — Yoo (to2)| < m 4.1)
whenever ||(¢1,t2) — (to1, to2)|| < 0. Now, let us consider
Oé(yn, 912) + (1 - a)(y21, y22)] = {(Oéyn, 04y12) + ((1 - 04)921, (1 - a)y22)1

— [(ayn + (1 — a)ya1, ayrz + (1 — Oé)ym)] :
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We see that

[{(ayin + (1 — a)ya1)(tr), (ayiz2 + (1 — @)ya2)(t2) }
—{(ayi + (1 = @)ya1)(tor), (a2 + (1 — @)yaz) (toz) }|

< supyer, [(ayin + (1 — @)ya1)(t) — (ayi + (1 — a)ya1) (tor)
+supg, e, [(ayi2 + (1 — @)ya2)(t2) — (ayiz + (1 — a)yz2)(to2)
< supy, er, @|y11(t1) — yi1(tor)| + supy, e, @lyi2(te) — y12(toz)|
+supy, e, (1 — @)|yo1(t1) — y21(tor)| + supgyer, (1 — a)|yoz(ta) — y2o(toz)|
€ €
< a4 (l-a) =
e TV €

whenever [t; — to1| + [t2 — to2| < J. Hence C(T;) x C(Ty) is convex.
Claim 4.3. T is a completely continuous map.

We first show that 7" is continuous. We prove it by showing that 7" preserves con-
vergence. Indeed let (Y1, Yn2) be a sequence of functions in C(T;) x C(Ts,) such that

nlggo [ (Yn1s Yn2) — (y1.y2)[| — 0.
The above equation implies that

Hm [|(yn1 — Y1, Yn2 — v2)|| = 0,

n—oo

1.e.,
nh_}rgo suptleqpl\(ym - y1)<t1)| —0
and

lim sup,, e, |(Yn2 — y2)(t2)| — 0.

n—oo

Let us consider

| T (yn1, Yn2) — T (41, y2)

I
/Otl /Om f1(8, yn1) AsAm — /Ot1 /Om F1(5, 1) AsAm

Y4 t1 rp(b) Y4 t1 pp(b)
+SupPy e, —/ / fa(s, y2) AsAm — —/ / fo(8, Yn2) AsAm
13 Jo Jo(a) 73 Jo  Jo(a)

S Suptl €Ty

t1 a t1 a
+Suptle'ﬂ‘1/ / fl(&%)ASAm—/ / f1(8,Yn1)AsAm
0 0 0 0
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+Supy, e,

+Supt2 €To

+Supt2 €To

+Su‘ptg €To

+Supt2 €To

to m’ to m/
/ / f2(8, yn2) AsAm _/ / f2(3,y2)A3Am‘
o(a) Jo(a) o(a) Jo(a)

ta  pp(b) ) ta prp(b) ,
/ / fa(s,y2) AsAm —/ / fo(8, yn2) AsAm
o(a) Jo(a) o(a) Jo(a)
2 Aawssan =2 ] f1<s,y1>AsAm"
Y2 Jo Jo T2 Jo Jo

a p(b) p(b)
20 s Asam - 20 / / Fo(5. ) AsAm'
0 Jo(a)

Y273 Y273

ﬂ/ / fl(S,yl)ASAm/—ﬂ/ / fl(s,ynl)AsAm/‘.
Y2 Jo Jo Y2 Jo Jo

Since (f1, f2) is continuous on C(T;) x C(T5), we have

Now

JLHC}O‘fl(S,ynl)_fl(sayl)’ — 0’
lim | fos, ynz) = fi(s, )] = 0.

\T (Yn1s Yn2) — T (y1,92) ||

<

t1 m
SuptleTl / / |f1(87y711) - f1(87y1)|A8Am
0 0
o tr pp(d)
tsupy, e, 2 / / a5, 12) — fols, yus)|AsAM
Y3 Jo o(a)
t1 a
I / / ulson) = f1(5, gan)|AsAm
0 0
to m/ ,
supyen, / . / (o) = ko )| s
t2 p(b) ,
Supy e, / . / o) = o) A
,7/ a m ,
tsupy,en, - / / (s pat) — (s, 30)| AsAm
72 Jo Jo
a ()
Y1Y4 P ,
+Supt26’]1‘21_/ / | f2(5,y2) — f2(8, yn2)| AsAm

+SUPy,et, — / / |fi(s,y1) — fa(s, yn1)|A3Am
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Hence, lim ||T(Yn1, Yn2) — T'(y1,y2)|| — 0, proving that 7" is continuous. Let
n—oo

fi(s,y1) < My, forsome M; > 0,Vs € Ty,
fa(s,y2) < My, for some My > 0,Vs € Ts.

We now show that 7'(C(T;) x C(Ty)) is a bounded and equicontinuous subset of C(T}) x
C(Ty). Let us assume that ||(y1, y2)|| < M. Then

T (y1, y2) |

t1 m o t1 p(b)

< supper / / (s, y0)|AsAm + supy p, 22 / / [ fals, yo)| AsAm
0 0 Y3 Jo o(a)

t1 a to m/ ,

Supy e, / / (s, 92)| AsAm + supy er, / . / 1als s

to p(b) a pm
’ 71 ’
ssupen, [ [ I pwlasan’ +swen 2 [ A plasam
o(a) Jo(a) Y2 Jo Jo
a (b)
Y174 r /
+Supt2e1r2—// | f2(5,y2)|AsAm

+supy, e, — / / | f1(s, 1) | AsAm

Since (f1, f2) is bounded, we can conclude that there exists a X > 0 independent of
choice of (y1,y2) such that ||7'(y1,y2)|| < K. Hence, T'(C(T;) x C(Tz)) is bounded.

We next prove that 7'(C(T;) x C(Ty)) is an equicontinuous subset of C(T) x C(Ts).
We need to show that for all € > 0 there exists 6 > 0 such that whenever

[(t1,t2) — (B 82| < 6,

we have
1T (y2(t1), y2(t2)) = Ty (t1), a(ty)) || <€
Let us assume that [t; — ¢, | + |ty — t5 | < 6. We see that

T(y1(t1), ya(t2)) — T(Ql(tl )s Y2 tg

( / / fi(s,y1)AsAm — / / fi(s,y1)AsAm
t' () t1 pp(b)
E/ / f2(87yz)A5Am—E/ / fa(s,y2) AsAm
73 Jo o(a) 73 Jo o(a)
tll a t1 a
| [ saasam= [7 [ s masam,
o Jo o Jo
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t2/ m/
/ / fa(s, y2) AsAm —/ fz(saﬁh)ASAm/
(a)

o(a) Jo(a)

to p(b)
/ / fols, y) AsAm' — / / fg(s,yzmsAm).
o(a) Jo(a) o(a) Jo(a)

Now

t1 m ty m
| [ stsasam= [7 7 ngsmasam
o Jo o Jo
t1 m t/1 m
/ / MlAsAm—/ / MiAsAm
o Jo o Jo

t1 ty
= / MlmAm—/ MimAm
0 0

2 ’2

< M A_h
2 2

M1 ’2
= 2(t2 tl)

M !/ !
— 71(751 + )t —t)).

IN

/
Hence, whenever |t; — t,| < J, we have

t1 m t; m
/ fl(&yl)ASAm_/ / fi(s,y1)AsAm
o Jo o Jo

<&
5

Also,

t p(b) t1 rp(b)
E/ / fo(s,y2) AsAm — E/ / fo(s,y2) AsAm
73 Jo o(a) 73 Jo o(a)
t' o) i pp(b)
< E/ / MgAsAm—E/ / MyAsAm
= —M2</ / AsAm — / / AsAm)
(a) (a)
_ Mgﬂ(p(b)—a(a))(/ Am—/ Am)
V3 0

= -0 n 1 —hu
= Ma(p(h) — ol@) (1"~ 1),
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Hence, whenever |t; — t,| < d, we have

/ / fa(s,92) ASAm——/ / fa(s,y2) AsAm

<—.

Now,

t1 a t1 a
/ / fl(Sayl)ASAm_/ / fi(s,y1)AsAm
0 0 o Jo
t1, a 11 a
< ]\/[1(/ / AsAm—/ / AsAm)
0 0 o Jo
t1l t1
= Mla(/ Am—/ Am)
0 0

= Mla(tll — tl)

’
Hence, whenever |t; — ¢,| < 0, we have

t1l a t1 a
/ f1(5,y1)AsAm — / / £1(5, 1) AsAm
0 0 0 0

- €
3
Also,

to m to m
/ / f2(3,92)A3Am/—/ / f2(5792)A5Am’
o(a) Jo(a) a)
to m’
< / / MgAsAm/ —/ / MgAsAm
(a)

= Mgm—a Am' — Mgm—aa Am
PRECER) / (@)

!

_% . a(;zf) B (% o)+ a(;f)]
tQ‘tz ~ oo — 1)

(
- (“”2 2B - 1y)
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’
Hence, whenever |ty — t,| < J, we have

to ml t; m,
[ ptsmastal = [ [ ps.masam
o(a) Jo(a) o(a) Jo(a)

2" pp(b) ) t2 rp(b) ,
/ / fa(s,y2) AsAm —/ / fa(s,y2) AsAm
o(a) Jo(a) o(a) Jo(a)
tz/ , to ,
< | | (000 = o))~ / CCE ola)an|

= My(p(b) — o(a))[ts — o(a) — (t2 — o(a))]
= My(p(d) — 0(a))(ts — ta).

/7
Hence, whenever |ty — t,| < J, we have

' rp(b) , ta  rp(b) ,
/ / fa(s,y2) AsAm _/ fo(s,y2) AsAm
o(a) Jo(a) o(a) Jo(a)

€
5

and

— 0
— 0

<€
5.

So, we see that

/ / € € € € €
T(yi(t ty)) — T'(y1(t t <-4 -F-—F-+-=
1T (y1(t1), y2(t2)) (y1(t1 ), y2(t))|| 5 + - + - + - + - E

whenever
|(t1,t2) — (t1,t2)[| <6,

1.e.,
|t1—t1|+|t2—t2 | < 0.

So, T'(C(T,) x C(Ty)) is equicontinuous subset of C(T) x C(Ty).

283

Condition (iii) of the Arzela—Ascoli theorem can be seen from the fact that any
gi(s,z) € C(T; x C(T;)), ¢ = 1,2, is uniformly continuous on T; as T, is compact

(since it is closed and bounded).

Thus 7' is compact by the Arzela—Ascoli theorem. So from Schauder’s fixed point
theorem (Theorem 2.6), a fixed point exists for the operator equation (y;,y2) = Ty.

Hence a solution exists for the BVP-SIP.

S Existence and Uniqueness Results for the BVP-SIP

]

In this section, we prove the existence of a unique solution of BVP-SIP with a restricted

interface condition. We use the Banach contraction principle.
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Theorem 5.1. Let/ filAt < oo and f;, 1 = 1,2 satisfy
T;

[f1(tyn) = filt, )] <
2t y2) = fa(t, z2)| <
and
POF | ogri+ 22 <,
2 0(6) — o)) + L2 - Sota)?

2 V174

+(p(0) —0o(a))” + —(p(b) — 0

Y23
Then the BVP-SIP has a unique solution.

lyr — 21| forall t € Ty, yi1(t), z1(t) € R,
lys — zo| forall t € Ty, yo(t), 22(t) € R

(a))a < 1.

(5.1)
(5.2)

(5.3)

(5.4)

Proof. We use the Banach contraction mapping theorem (Theorem 2.5) to prove the

existence of a unique fixed point for the operator equation.
Claim 5.2. The space C'(T;) x C(Ty) is complete.

Let (2,1, T,2) be a Cauchy sequence in C'(T;) x C'(Ts) and let € > 0 be given. Let
(to1,t02) € Ty x Ty be fixed. From Definition 2.13 for (¢1,t2) € Ty x Ts,

[|(t1,t2) — (tor, to2)|| < 0

implies that

[(zn1(t1), Tna(tz)) — (@01 (o), Tua(te2)) || < 3,

1.e.,

|(t1 — to1, ta — to2)|| = |t1 — tor] + |t2 — toe| < 9.

[(zn1(t1) — Tn1(tor), Tua(ta) — Tna(toz))ll

= supy, e, [Tn1 (t1) — Tn1(tor)| + supy,er, | Tn2(t2) — Tna(toz)] <

Now we let lim,, oo (Zp1, Tn2) — (21, 22). Then there exists N > 0 such that

H(%hxm) - (961,302)“ = ||(In1 — X1, Tp2 — %2)”

= Supy, e, | (Tn1 — 1) (t1)] + Supy,er, [(Tn2 — 22)(t2)| <

(5.5

(5.6)

For the space C'(T;) x C(T5) to be complete we need to show that (1, z2) belongs to

the space. That is
[[(1,2) — (for, to2)|| <0
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implies

[(21(t1), 22(t2)) — (w1(tor), 2(to2))|| < e

Now let us consider

[(z1(t1), 22(t2)) — (21(to1), 2(to2))]|

IA

<

[(z1(t1) — z1(tor), z2(ta) — z2(too))|l

supy, er, [21(t1) — @1 (to1)| + supyer, |v2(t2) — z2(to2)]

supy, er, [71(t1) — Tp1(t1) + Tua (t1) — 2o (tor) + @na (for) — 21 (tor)|
+Sup,, e, |T2(t2) — Tpa(te) + Tna(ta) — Tn2(toz) + Tn2(to2) — 2(to2)]
supy, er, [21(t1) — p1 (t1)] + supy,er, [22(t2) — Zp2(t2)]

+Supy, et [Tn1 (¢1) — n1(to1)] + SUPy,er, [Tna(ta) — Tna(too)]

+supy, er, | (Tn1 — 1) (to1)| + supy,er, | (Tn2 — 22)(to2)]

€ € € .
st3ts (using (5.5),(5.6))
€.

Hence, C(T,) x C(Ty) is complete.

Claim 5.3. The map 7' is a contraction.

We see that

| T (w1, 02) — T(21, 22) ||

S Suptl €Ty

/ / fi(s, x1)AsAm — / / fi(s, z1 AsAm‘
+supy, er, | — / / fa(s, z9) AsAm — / / fa(s, x2) AsAm
+supy, e, / / fi(s, z1)AsAm — / / fi(s,xq AsAm‘
+Sup,er, /( ol )fg(s,$2)AsAm —/ / fa(s, z2)AsAm ‘
+Supy, e, / / fa(s zg)AsAm —/ / fa(s :UQ)AsAm ‘
+ ﬂ//m Fi(s,21)AsAm’ — / / Fi(s, 21 AsAm‘

72 Jo Jo

a rpb) ) a rpb) )
+ M/ / fa(s, z2)AsAm — M/ / fa(s, x2) AsAm
7273 Jo Jo(a) 7273 Jo Jo(a)
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+ﬂ/ / fl(s,zl)AsAml—ﬂ/ / fl(s,ml)AsAm/‘.
T2 Jo Jo T2Jo Jo

Now let us consider each of the term in the above equation separately:

/ot1 /om fl(s’xl)ASAm_/otl /Om fl(svzl)ASAm‘

t1 m
< Sup,er, | (21 — 21)(8)[supy, e, /0 /0 AsAm (use (5.1))

.2
= supgen, (21— 20)(8)lsupy er, 5

Supt1 €Ty

SUPy, e,

IN

spser, (2 = 22)(5)fsupy ez, 2 / / Asim (use (5.2))
3Jo (a

= Supyeny (w2 — 25)(s) %(p(b) — o(a))supy, er, (1),

t1 a t1 a
SUP¢ eTy ‘/ /f1(3,21)A8Am—/ /fl(s,xl)AsAm‘
o Jo o Jo

t1 a
< Super, | (21 — 21)(8)[supy, e, / / AsAm (use (5.1))
o Jo
= sup,er, |(z1 — 21)(s)|supy, er, (at1),

’
to m

o(a)t2 Jo(a)

2 m
< SUP,er, | (T2 — 22)(8)[supy,er, /( )/( AsAm (use (5.2))

_ super, | (22 — 22)(s)|supy,er, (% —o(a)ty — (U(;L)) >,

to p(b) ) to p(b) ,
[ ntsmssam’ = [ [ psmadsam
(a) Jo(a) o(a) Jo(a)

to

to m/
f2(57I2)A5Am/ _/ / f2(3722)A5Am/
o(a)t2 Jo(a)

p(b) o(b)
/ / fa(s, z2) AsAm — / / fa(s, x2)AsAm

< supyen (2 — 2)(s)lsuper, / (0(a) — p(b)Am’ (use (5.2))

o(a)

= SuPeny|(z2 — 22)(5)[(p(b) — o(a))supyer, (t2 — o(a)),



Existence and Uniqueness Results for Nonlinear BVPs with Singular Interface 287

' ﬁ// f1<37371)A3Am/_ﬂ// fl(sazl)ASAm/'
Y2 Jo Jo Y2 Jo Jo

< supger, [(@1 — 21)(s) ﬂ/ / AsAm’ (use (5.1))
72 Jo Jo
2
T a
= Supse'ﬂ‘1|<x1 - Zl)(s) %?7

a rp(b) . a rp(b) )
M/ / fo(s, 22) AsAm — M/ / fa(s, 22) AsAm
7273 Jo Jo(a) 7273 Jo Jo(a)

sup, e, | (23 — 22)(8)|-2a(p(b) — o(a)) (use (5.2)),
Y273

l/ / f1(8,21)AsAm/—ﬂ/ / fi(s, 1) AsAm’
72 Jo Jo 72 Jo Jo

< supger, | (@1 — zl)(s)\%cﬂ (use (5.1)).
2

IN

From the above we can conclude that

I Gonvm) = 71,20 < K (s, o1 = 20)(0)] ) + K (supscs i~ )] ),

where

#2 na®  m
K, = SuptleTl(El) + supy, e, (at1) + %5 + %GQ,
Va ty? 0(@)2
K2 = %(p(b) - O-(a))suptleTl (tl) + SuthETQ 7 - U(a)tQ - 2
Y174
+(p(b) — o(a))supy,er, (ta — o(a)) + %G(P(b) —o(a)).

Let K = max{K7, K5}. Then K < 1 (use (5.3)—(5.4)). We now have
|T (21, 22) — T'(21, 22) |

< K (supacs, o1 = 20)(6)] 4 supsen, a2 = 200
= Kl|(z1 — 21,22 — 22) |
= K|(z1,22) — (21, 22)-

Since K < 1, by the Banach contraction mapping theorem (Theorem 2.5), we have
a unique fixed point for (y;,y2) = T(y1,y2). Hence a unique solution exists for the
BVP-SIP. 0

Remark 5.4. The above theorems can be proved for BVPs for the Interface II and Inter-
face III with suitable changes in the notations.
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6 Applications

The results presented here are generalization for the nonlinear problems of correspond-
ing linear problems studied in [1,6—10, 16-22]. A pair of nonlinear ordinary differential
equations with matching interface conditions is a special case of the problem considered
here, and our results hold true by considering p(c) = o(c) = c and the delta derivative
becomes the ordinary derivative.

Here we discuss the theory developed to few regular interface problems in the field
of acoustic wave guides in ocean and transverse vibrations in strings.

1) In the study of acoustic wave guides in ocean [12], where the ocean is considered
to be consisting of two homogeneous layers, we encounter the following problem given

by
d(1d ki A
Ly, = —(—ﬂ) + (L — —)u1 =0,0<z<d,
dx \ p1 dx P1 P1
d (1 duy ka? A
I _ a4 [ Lau 22 u=0.d <x<d
e dw(ﬂzd$)+(P2 dz)m hhsrsd
together with the mixed boundary conditions given by
! 1 ! 1 ’
u1(0) = up (do) =0, wui(dr) = ua(d), p_ul (di) = p—u2 (d1),
1 2

where p; and py are constant densities of the two layers, ki,ky are constants which
depend upon the frequency constant w and the constant sound velocities ¢y, ¢ of the
two layers, respectively, A is an unknown constant, [0, d;] and [d;,d2] denote the two
layers and u; and us denote the depth eigenfunctions.

Here we see that a = d; = o(a) is the regular interface and dy = p(b). Hence from
Theorem 4.1, we see that a solution exists for the problem of acoustic wave guides in
the ocean.

2) We encounter the following problem in the study of transverse vibrations of
strings [13] consisting of two portions of lengths d; and dy and different uniform densi-
ties p; and po respectively, having a tension T stretched between the points z = 0 and
Tr = dl + dgi

Liu, = 012(—u1") = Aug, 0 <z <d,

"

Lous = &o°(—up ) = Aug, dy <z <di+ds
with the mixed boundary conditions given by

ui (dy) = uz(dy), ) (dy) = uy(dy)

and u; (0) = uy(dy + dy) = 0, where ¢, = T),,,i = 1,2.

Here we see that a = d; = o(a) is the regular interface. Though the theory de-
veloped was for a BVP with a different boundary condition, in similar lines existence
of solution for the above BVP associated with regular interface can be shown using
Schauder’s fixed point theorem.
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