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Abstract

The nonlinear three-point boundary value problem

{ —u"(t) = f(t, u(t)
Bu(0) — yu'(0)

is discussed under some conditions concerning the first eigenvalue corresponding
to a special linear operator, where I = [0,1], n € (0,1), a, 8, v € [0, 00) with
B+~v#0,f:]0,1] x (—o0,+00) — (—00,+00) is sign—changing continuous
function and may be unbounded from below. By applying the topological degree
of a completely continuous field, we establish some new existence criteria of non-

trivial solutions. At last, two examples are given to demonstrate the application of
the main results.

), tel,
0, u(l) = au(n),

AMS Subject Classifications: 34B16, 47H11.
Keywords: Three-point boundary value problems, nontrivial solution, topological de-
gree.

1 Introduction

Over the last thirty years, boundary value problems have attracted extensive attentions
due to their wide range of applications in applied mathematics, physics, biology and en-
gineering (see, for example, [6—8, 12—18] and references therein for more details). Most
of them obtained the existence of positive solutions provided f : [0, +00) — [0, +-00) is
nonnegative, continuous and superlinear or sublinear by employing the cone expan-
sion or compression fixed point theorem, the method of upper and lower solutions,
Schauder’s fixed point theorem or the fixed point index. Recently, some authors have
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studied the existence of nontrivial solutions of boundary value problems when the non-
linear term is sign—changing, such as [1, 3, 5, 9-11, 20-23].
L. Liu, B. Liu, Y. Wu [10] discussed the existence of nontrivial solutions of the

problem
(Lu)(t) + h(t)f(t,u(t)) =0, 0<t<1,

under the following conditions:
(A1) There exist two nonnegative functions b(t), c¢(t) € C[0, 1] with ¢(t) # 0 and
one continuous even function B : (—oo, +00) — [0, +00) such that

f(t,u) > —=b(t) — c(t)Bu, forall tel,uecR.
Moreover, B is nondecreasing on [0, +00) and satisfies

Bu
lim — = 0;
u—+o00 U

t
(Ag) liminf f(t ) > A}, uniformly on ¢ € I;
u—>—+00 u
(Z, u)

(A3) lim sup 'f—’
u—0

In [10], the result improved that in [3,21].
Inspired by the above work, this paper is concerned with the nonlinear three-point
boundary value problem
u(t)), tel,
) =

{ u’(t) = f(t, u(t))

Bu(0) = yu'(0) =0, u(l) = au(n),
where [ = [0,1],7 € (0,1), o, B,y € [0,00) with B+~ # 0, f : [0,1] X (—00, +00) —
(—o0, +00) is sign—changing continuous function and may be unbounded from below.
The new features of this paper mainly include the following aspects. Firstly, we give
the Green function of (1.1), and it is not necessarily symmetric. Thus our work can
be applied to more general problems. Secondly, to cope with the difficulties caused
by the asymmetry of Green function, a special linear operator is sought and a special
cone is constructed for the study of the existence of nontrivial solutions. Thirdly, our
conditions are weaker than the previous papers. Fourthly, two examples are constructed
to demonstrate the application of the main results. Finally, the main technique used here
is the topological degree theory.

‘ < A}, uniformly ont € I.

(1.1)

2 Preliminaries

In Banach space C'(I) in which the norm is defined by ||u|| = max lu(t)|, we set P =
€

{u € C(I)|u(t) > 0,t € I}, then P is a positive cone in C'(I). The open ball in C(I)
is denoted by B, = {u € C(I) | |lu|]| < r,r > 0}.
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For convenience, we give the following assumption:
(Hy) B+~ —abn—ay>0.

Then we set
- { ST 0ESEY e
By (2.1), we easily obtain the following lemma.
Lemma 2.1. L(t, s) possesses the following properties:
(i) L(t,s) is continuous and L(t,s) > 0 over I x I;
(ii) L(t,s) = L(s,t), L(t,s) < L(s, s) fort,s € I.
Lemma 2.2. Assume that (Hy) holds. Then fory € C(I), the problem
—u"(t) = y(t), tel,
L) =0, a1 = ot 2
has a unique solution
u(t) = /1 G(t, s)y(s)ds, (2.3)
0
where
Gt,s) = L(t,s) + —2L0) g o) 2.4)

B+ —afn—ay

Proof. If G(t, s) is the same as in (2.4), it is easy to check that the function defined by
(2.3) is a solution of (2.2).

Now we show that the function defined by (2.3) is a solution of (2.2) only if G(¢, s)
is the same as in (2.4). By the method of variation of constants, we can obtain that any
solution of (2.2) can be represented by

1
u(t) = / L(t,s)y(s)ds + M (5t + 7). (2.5)
0
In view of (2.1), we have

ult) = (—t + 1) / %ﬂws T )y(s)ds

1
+ (Bt +7) /t ﬁ;ﬂ(—s + Dy(s)ds + M (Bt +7), (2.6)

and
—u'(t) = y(t), 2.7
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Observe that

5/ —s+ 1)y(s)ds + M§,

we get
Bu(0) — yu'(0) = 0.
Since u(1) = M(S + ~) and u(n) = /1 L(n, s)y(s)ds + M(Bn + ), by the second

0
boundary condition of (2.2), we get that
_afy L s)yls)ds
ﬁ+v—m%—af
so by (2.5) the proof is finished. U

Lemma 2.3. Assume (H;) holds. Then G(t, s) defined by (2.4) has the following prop-
erties:

(i) G(t,s) is nonnegative and continuous on I X I;

B+ —afn+af

(ii) G(t,s) < DL(s,s) fort,s € I, where D = )
(t:5) (5, ) B+~ —abn—ay

By the above discussion, we know that the problem (1.1) is equivalent to the integral
equation

u(t) = /0 G(t,s)f(s,u(s))ds := Au(t), tel. (2.8)

And it is easy to see that u is a nontrivial solution of (1.1) if and only if u € C'(I) is a
fixed point of A and u(t) # 0, t € I. Define two linear operators K, T' by

(Ku)(t) = /O Gt uls)ds, tel (2.9)

(Tu)(t) = /01 G(s,t)u(s)ds, tel. (2.10)

By virtue of Krein—Rutmann’s theorem [4] and similar as the proof of [21, Lemma 5],
we get the following lemma.

Lemma 2.4. Suppose (H,) is satisfied. Then for the operator K, T defined by (2.9) and
(2.10), respectively, we have

(i) K, T :C(I)— C(I) are completely continuous positive linear operators;
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(ii) the spectral radius r(K) # 0, r(T) # 0, and K, T have positive eigenfunc-
tions corresponding to their first eigenvalues \; = (r(K)) ™' and N} = (r(T))™*
respectively.

Let 1 and - be the positive eigenfunctions of K and 7' respectively, i.e.,
M K@ = @1, N[ Tps = . (2.11)
Lemma 2.5. Assume that (H,) holds. Then there exist 61, 63 > 0 such that
01G(t,s) < pa(s) < 62G(s,s), t,sel.

Proof. If v = 0, it follows from 5 + v # 0, 8,7 € [0,400) and (2.4) that 5 > 0,
G(t,0) = G(t,1) = 0 for t € I. Then we obtain from (2.10) and (2.11) that ©(0) =
¢2(1) = 0, which implies that ¢5(0) > 0, ©5(1) < 0 (see [19]). Since

pa(s) _ #5(0)

slircr)l+ﬁs+fy_ 64 >0,
e
we can define B+ 7)on(s)
_ V)p2(8
®<8)_(55+7)(—5+1)’ 0<s <1,
_ (B+7)¥3(0) _ (BH7)es(1)
PO =T 0T

Then ®(s) is continuous on / and ®(s) > 0, Vs € (0,1). So there exist p, d2 > 0 such
that p < ®(s) < &y, Vs € (0,1), i.e.,

1
B+

(Bs +7)(=5+1) < pa(s) < 02 (Bs+7)(=s+1), sel

p—
B+

Then
pL(s,s) < pa(s) < d2L(s,s).

By Lemma 2.3 and (2.4), we obtain

1
EpG(t, s) < @a(s) < 02G(s,s), t,sel.

1
Set 6, = Bp, we can find that

51G(t,5) < gals) < 8xGls,s), tsel.

In the case v > 0, we can prove the same conclusions analogically. [
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1
Lemma 2.6. K(P) C Py, where P, = {u € P|/ wa(t)u(t)dt > /\’1_151Hu]|}.
0

Proof. For all u € P, by (2.11) and Lemma 2.5, we have

/0 1sOQ(t)(Ku)(wt)cht = /0 lwg(t) ( /0 1G(t,s)u(s)ds) dt

_ /0 1 ( /0 G s)gpg(t)dt) u(s)ds

- / (Tpn) (s)u(s)ds
> MN7U(Ku)(t), tel.

1
Thus / oo () (Ku)(B)dt > N6, ]| Ku
0

i, K(P)C P N

Lemma 2.7. [2] Let E be a Banach space and Q be a bounded open set in E. Suppose
that A : Q) — FE is a completely continuous operator. If there exists uy # 6 such that

u— Au # pug foru € 090, u > 0,
then the topological degree deg(I — A,€),0) = 0.

Lemma 2.8. [2] Let X be a Banach space and Q be a bounded open set in E with
0 € Q). Suppose that A : Q) — E is a completely continuous operator. If

Au # pu foru € 002, u > 1,

then the topological degree deg(I — A,,6) = 1.

3 Existence of Nontrivial Solutions

Theorem 3.1. Suppose (H,) holds. In addition, f satisfies the following conditions:
(W1) There exist 1 > 0 and d € C(I), such that

ftu) > (N +e)u—dE), Vtel,uelR;
(Ws) There exist 0 < g5 < ), (N} — €2)A]" < 1 and e € O(I) such that
ft,u) > (N —e)u—e(t), Vtel,ueR,;
(W3) There exist 0 < e3 < X} and r > 0, such that
[f (& u(t)] < (X —es)u(t)], VielueR|ul <

where )i, \| are defined by (2.11). Then the problem (1.1) has at least one nontrivial
solution.
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Proof. Since (N] — &2)A\{ " < 1, the operator I — (\; — £5) K has the bounded inverse
operator (I — (N — &3)K) ™', We set

R>max{r, (I - (% —=)K)"|

< (50 [ dheaias =677 [ elstpatsras + el | @

Now we show that
U_AU#M‘PM ueaBR,,UEO, (32)

where ¢, is defined in (2.11). In fact, if (3.2) is not true, then there exist uy; € 0Bg, j4; >
0 satisfying

— Auy = py1. (3.3)
Combining (1/7), (2.11) and (3.3) yields

/01 uy (t)pa(t)dt > /OI(AM)(t)apg(t)dt

— (W 4e) / (/Gtsg@()dt)ul( \ds
/(/Gtsgog dt)d()d

= (Ml +e)Ar 1/0 ui(s)pa(s)ds — N|™ 1/0 d(s)pa(s)ds.
So . X
/0 u(8)pa(s)ds < 51_1/0 d(s)pa(s)ds. (3.4)

By (2.11), (3.3), (3.4), (W>) and Lemma 2.6, we get u; — (A} — e2)(Kuy) + (Ke) € Py
and

lur = (X} — &2)(K'wua) + (Ke)|

S n / w(t) — (X, — 22)(Kun)(t) + (Ke)(6)] walt)dt

- 51152/ ui(s)ga(s)ds + o7 /le(s)cpg(s)ds

0

1 1
< ot [ A 150 [ ol
0 0

So R = ||uy]|, which is less than or equal to the right-hand side of (3.1), hence contra-
dicting (3.1). Then (3.2) holds. By Lemma 2.7,

deg(l — A, Bg,0) = 0. (3.5)
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In the following, we prove that
Au# tu, uw€oB,,m>1. (3.6)

Otherwise, there exist u, € 0B, and 7; > 1 such that Aus = Tuy. We may suppose
71 > 1. By (2.8),(W3) and (2.11), then

n / ua®la(t)dt < / 1 ( / 1 G<t,s>\f<s,u2<s>>\ds> oo(t)dt

< e [ 1 (/ R lua(ellds) a0

= (A —e3) /01 (/01 G(t, s)gOQ(t)dt) |us(s)|ds

- (-e) [ (Tn)()ua(s)lds

= 0= [ Aot

= (=) [ ol
which implies

1
/ s (1) a(t)dt < 0. 3.7)
0

On the other hand, p,(t) > 0 for all 0 < ¢ < 1 by the maximum principle and (%)
attains zero on isolated point by Sturm’s theorem. Hence

/01 s (8)] pa(t)dt > 0,
which contradicts (3.7). Thus (3.6) holds. By Lemma 2.8.
deg(I — A, B,.,0) = 1. (3.8)
By (3.5), (3.8) and the additivity of degree, we have
deg(I — A, BR\B,,0) = deg(I — A, Bg,0) — deg(I — A, B,,0) = —1 # 0.

Thus A has at least one fixed point in B R\FT. This means that the problem (1.1) has at
least one nontrivial solution. O

Corollary 3.2. Assume that (Hy), (A1), (A2), (As) from Section 1 hold. Then the
problem (1.1) has at least one nontrivial solution.
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Proof. From (A;), for 0 < g5 < \;, (\] —e2)A\;! < 1, there exists [; < 0 such that
flt,u) > (N —edu—0(t), tel,u<l. (3.9)
From (A,), there exist ; > 0 and a sufficiently large number /s > 0 such that
flt,u) > (N +e)u, telu>l,. (3.10)

Since f : [0, 1] x (—o0,+00) — (—00, 400) is continuous and b(t) € C(I), then there
exists a constant /5 that

f(t,u)2()\’1+61)u—l32()\’1—52)u—l3, tGI,UZO,

flt,u) > (N —eg)u—1I3> (N +e)u—1l3, tel,u<o.

Thus, (W7) and (W) hold. It is easy to see that (A3) = (WW3). So, by Theorem 3.1, the
problem (1.1) has at least one nontrivial solution. L]

Remark 3.3. In our paper, the green function is asymmetric. In fact, our results can be
applicable to the case that the green function is symmetric, and then K = T, A\; = \],

Y1 = P2.

Theorem 3.4. Suppose that (Hy) holds, and f satisfies the following conditions:
(W) There exist €4, 7 > 0 such that

ft,u) > (N +egu, Vtel,ueC(),u|<r;
(Ws) There exist 0 < e5 < X, (\} —e5)A\;' < Land r > 0 such that
fltu) > (N, —es)u, Vtel,ueC(I),|ul <r
(Ws) There exist 0 < e < A} and g € C(I) such that
(& u(t)] < (X —o)ut)] +[g(t)], Viel,ueR,

where A\, \| are defined by (2.11). Then the problem (1.1) has at least one nontrivial
solution.

Proof. Now, we show that

where ¢ is defined by (2.11). Suppose on the contrary, then there are u; € 9B,., 1y > 0
satisfying
uy — Auy = pyp1. (3.12)
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Combining (W), (2.11) and (3.12) yields
1 1 1
/ u(t)pa(t)dt > (N + 64)/ (/ G(t, s)ul(s)ds) o (t)dt
0 0 0
1

= (e [ unlsea(s)as

Thus .
/ s (o (1)t < 0.
0

On the other hand, by (2.11), (3.12), (3.13), (W5) and Lemma 2.6, we get u; —

e5)(Kuy) € Py and

(3.13)

(A —

ur(t) — (A — &) (Ku)(t) < X151_1/0 (ur () = (M) — e5) (Kun) (1)) oo (t)dt

1
= 51155/ u1(s)pa(s)ds
0

< 0.
Then u; = 0, which contradicts u; € dB,. Thus (3.11) holds. By Lemma 2.7,
deg(I — A, B,,0) = 0.

Let
R > max {r, 5g1||g]|}.

In the following, we prove that

Au # tu, w € 0Bg, 7> 1.

(3.14)

(3.15)

(3.16)

Otherwise, there is us € 0By and 73 > 1 such that Aus = Tyus. We may suppose

71 > 1. Then by (2.11) and (W),
1 1 1
[l < 06-a) [ ( / G(t,s>|u<s>|ds) (1)t
0 0 0

w [ ([ atsatsas) e

— (e / s (3)] pa(s)ds + X! / 19(5)lpa(s)ds.

So
/0 (luals)] — 5 19() ) pa(t)dt < 0.

(3.17)
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Because () > 0 for 0 < ¢ < 1 by maximum principle, then |uy(s)| — g5[g(s)| < 0
for 0 < s < 1. Thus, R = [Jus|| < &4 , which contradicts (3.15). So (3.16) holds.
By Lemma 2.8,

deg(l — A, Bg,0) =1 #0. (3.18)
By (3.14), (3.18) and the additivity of degree, we have

deg(I — A, BR\B,,0) = deg(I — A, Bg,0) — deg(I — A, B,,0) =1 # 0.

Thus A has at least one fixed point in B R\ET. This means that the problem (1.1) has at
least one nontrivial solution. [

4 Examples

In this section, we give two examples to demonstrate the applications of our main re-
sults.

Example 4.1. Consider the boundary value problem

—u"(t) = f(t,u(t)) = hu(t) +w*(t), tel,
{ u(0) —u'(0) = 0,u(1) = u(n), (4.1)

where g € (0,1),0 < hy; < A and )] is the first eigenvalue of 7" corresponding to (4.1).

The boundary value problem (4.1) can be regarded as a form of (1.1), where § =
v = « = 1. Then (H;) holds.
(@) For u(t) > N+ 1 — hyoru(t) <0, f(t,u(t)) > (/\’1 + Du(t); for 0 < u(t) <
AN+ 1= hy, f(tu(t) > (A + Dul(t ) (X +1—hy)% So,

ftu) >N+ Du— (N +1—h)? Vtel,uecC).

This means that (1/) holds.
(1) We select 5 that max{\| — A, 0} < g5 < A}, where ), is the first eigenvalue of K
corresponding to BVP (4.1). If \] —e5—hy > 0, then for u(t) > \]—ea—hy oru(t) <0,
Ftu(t)) > (N —ex)u(t); for 0 < u(t) < N —ea — hy, f(t,u(t)) > (N] — e2)u(t) —
(N, —ea—h1)2. If N —eo—hy < 0, then foru(t) > 0oru(t) < Ny —eo—hy, f(t,u(t)) >
(N] —ex)u(t); for Ny —eg —hy < u(t) <0, f(t,u(t)) > (N —ex)u(t) — (N, — o — hy)>.
Thus
ftu) > (N, —e)u— (N —ea — hy)?, VtelLueC(I).

This means that (1¥5) holds.

(ii1) We select e3 that 0 < g3 < A} — hy, 0 < w(t) < N —e3 — hy, f(t,u(t))
(N) — e3)u(t); for —(N) —e3) — by < u(t) < 0, (\] — ez — h)u(t) < u?(t)
(—(A1 —€3) — ha)u(t), and then (A} — e3)u(t) < f(t,u(t)) < —(A] — e3)u(t). So,

Ft )] < (N —es)u()] Vi€ Lue C), llull < X — 25— hu.
Thus, (W3) holds. By Theorem 3.1, BVP (4.1) has at least one nontrivial solution.

VANRVAN
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Example 4.2. Consider the boundary value problem

{ —u"(t) = [f(t,u(t))
u(0) — u'(0) = 0,u(1)

hau(t) +us(t), el 42)

u(n),
where 0 < hy < A} and )] is the first eigenvalue of T corresponding to BVP (4.2).

(¢) Similar as Example 4.1, we can find that (/) holds.
(i1) For u(t) < (N} 4+ 1 — ha) 72, f(t,u(t)) > (N, + 1)u(t) . Thus

ftu) > (N +u, VielueCU) |lul] < (N +1—hy)™

Then (W,) holds.

(ii1) We select 5 that max{\] — \,0} < e5 < A]. If \] —e5 — hy > 0, then for
u(t) < (N) —e5 — ha) 72, f(t,u(t)) > (N) — es)u(t). If N} — &5 — hy < 0, then for
u(t) > (N — &5 — ha) ™2, f(t,u(t)) > (N] — e5)u(t). So

Ftw) > (X —s5)u, Ve Lue C(I), |lull < (N — 25 — hy)|~

Then (W5) holds.

(iv) We select gg that 0 < g6 < A} — ho. Then for u —eg—ho)?

| A

(t) > (M :

(N] — eg)u(t); for 0 < u(t) < (N] — e — ha) >, f(t,u(t)) < (N — 6)u

g6 — ha) 75 for —((N] —6) — ha) > < u(t) <0, |f(t,u( )| < (A —e6)lu

g6+ ha) 75 for u(t) < (—=(N —g6) — ha) 7>, | f(t,u(t))| < (N} — 6)|u(t)
)

Ftu(®)] < X — o) [ul)] + (N — e+ ha) 2 Yt € Lue C(I).

Thus, (Ws) holds. By Theorem 3.4, BVP (4.2) has at least one nontrivial solution.

F(t u(t))
() + (X —
(O] + (X =
; So

’
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