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Abstract

We construct formal series solutions of linear partial differential equations as
linear combinations of powers of solutions of first order nonlinear differential equa-
tions, following the classical tanh method. We give sufficient conditions under
which the constructed formal series define holomorphic functions on some punc-
tured polydiscs of C2. Moreover, we study the rate of growth of these solutions
near their singular points.
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1 Introduction

In the literature, the tanh method, which has been initiated by W. Malfliet in [11], is
an effective algebraic method for finding explicit exact solutions of certain nonlinear
partial differential equations with constant coefficients of the form

H(u(t, ), 0uu(t, ), Opu(t, ), 0%u(t,z),...) =0

where H is a polynomial. The method consists in looking for solutions of the form

ult,z) =Y uj(p(s(a — wt)y
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where J is a finite subset of Z, u;, k, w are constants and ¢ is a solution of a Ricatti
equation

¢'(&) = a+bp(§) + c(v(€))?,

where a, b, c are well chosen real numbers. Notice that this approach has been general-
ized in several directions and encounters a growing success these recent years, see for
instance [3], [4], [13].

In this paper, we will consider special solutions of linear partial differential equa-
tions of the form

EX(tz)= Y alt, 200N X(t, z)

k=(ko,k1)€T

with holomorphic coefficients ay(t, z) on some domain D C C with respect to ¢ and
near the origin in C with respect to z. Inspired by the tanh method, we are looking for
solutions in the form of infinite sums

X(t,2) = X;(t,2)(g(t)) (1.1)

320

where X;(t, z) are holomorphic functions on D with respect to ¢ and near the origin in
z and ¢(t) is a solution of a general algebraic first order differential equation

¢'(t) = P(t, o(t)) (1.2)

where P(t, X) is a polynomial in X of degree larger than 2, with holomorphic coef-
ficients on D. These kind of series are also called transasymptotic expansions in the
terminology of J. Ecalle, see [8]. In the framework of differential equations, similar se-
ries have been used to study the formation of complex singularities and local behaviour
of the holomorphic solutions near the singular points along Stokes directions for sys-
tems of non linear differential equations with irregular singularity at O of the form

t%y'(t) = F(t,y(t)),

where F' is a holomorphic function from R x R" into R", for n > 1. The constructed
holomorphic solutions are of the form y(t) = Za:l(t)(go(t))l, where z,;(t) are the
1>0

k—sums of formal series ;(t) € C"[[t]] in some direction d, see [6], and where () is
a solution of the differential equation —t*¢’(t) = (t). More recently, a similar study
has been investigated for g-difference-differential equations by the first author, see [10].

From the result of P. Painlevé, see [9], we know that the only movable singularities
in C of the solutions ¢(t) of (1.2) are poles and/or algebraic branch points. In this
work, we will show that the special solutions (1.1) define holomorphic functions with
respect to ¢ near a movable singularity ty € D of ¢ and near the origin with respect to
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z. Moreover, we will analyse the local behaviour of the constructed solutions as ¢ tends
to o in D.

In Section 2, we consider a Cauchy problem in C* with holomorphic solutions
V (t, z,T), which extends both the classical Cauchy—Kowalevskii problem in holomor-
phic functions spaces near the origin in C* with respect to ¢, z and a global version in
entire functions spaces with exponential growth with respect to 7' given by J. Dubin-
skii, see [7]. The difficulty to combine these two results comes from the fact that the
growth rate of the solution V' (¢, z, T) in the local variable ¢ and the global variable 7'
both depend on the variable z near the origin as observed in [12], [7].

In Section 3, we first construct the special solutions (1.1) in a formal sense. Then, in
Section 4, using a majorizing series method, we reduce the problem of the description
of their convergence domain to the construction of a solution of an auxiliary Cauchy
problem in C* to which the results of Section 2 can be applied. Finally, in the theo-
rem 4.2, we show that the solutions (1.1) have at most an exponential growth rate as ¢
approaches ¢, in D.

2 A Cauchy Problem in a Class of Entire Functions with
Exponential Growth and Finite Order

2.1 Weighted Banach Spaces of Holomorphic Functions in C?

Definition 2.1. Let m, o, 01, d2, ¢ and b be positive real numbers such that ¢ > 1 and
b > 1. We define a vector space G, (1, d2; o) which is a subspace of the vector space
A(C){t, z} of entire functions V' (¢, z, T') with respect to 7" which are holomorphic on a
neighbourhood of the origin in C? with respect to (¢, z). A function

tm 2P
Vit z,T)= Upg(1T)— —=
57)= 32 ol
belongs to G, (01, d2; o), if the series
onel
AT 102
Z ||U 16( )Hﬁ;o‘ (n+ﬁ)|

n,620

converges, where
[[on,6(T)| 5, = b |V, 6(T)| (1 +|T])™" exp (—ary(3)|T]%)

with

G
Tb(ﬁ) = Z (n+ 1)b

n=0
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We also define a weighted L' norm on G, (6, 0»; o) as

WVt 2T S ons(Tl,, 0%
poar = 2 Tl G5y

One can easily show that <Qq (01,09;0), ]\.][51752;(7) is a Banach space.

Remark 2.2. We have the following continuous inclusions
Gy (01,0530") — Gy (01,025 0)

if 07 > 01, 05 > 09, 0 < o and r,(03) is such that lim r,(3) = ((b) where  is the

B——+o0
Riemann zeta function.

In the next proposition, we study the rate of growth of the entire functions belonging
to the constructed Banach spaces.

Proposition 2.3. Let V (t,2,T) € G, (61, 02;0). Then, there exists a positive constant
J J
C such that VT € C, Vt € C with |t| < 31 and ¥z € C with |z| < 52, we have

20¢]\ KA m q
Vs <o (1-50) (1-57) @I e (eI,
Proof. We expand V (t, z, T') in powers of t and z
t” 2P
V(t, zT) Z Zvng Tk
B>0 n>0

AsV(t,z,T) € G, (61, 09; 0), there exists a positive constant ¢; such that

onol
||n,5(T )IIBJ—(THW <

for all n, 3 > 0. So that for all T" € C, we have

[on,6(T) m o L (n+B)
S S I e on(BITI) e

2.1

for alln, 5 > 0.

Lemma 2.4. We have (n + 3)!/(n!3!) < 2" for all n, 3 > 0.
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The lemma is a consequence of the classical binomial formula. From the estimates
(2.1) we deduce that

oDl < 1+ 1) o onnire) (3 ) (53)6 2

for all T' € C, and for all n, 8 > 0. From (2.2), we get that VI € C, Vt € C with
) 0
It| < 51 and Vz € C with |2| < 52

vn,6(T)|
Vt=T)<)y ) fﬁl URE

£5>0 n>0

2|z
<o (d4+]TH™ 2|t| Zexp ory(8)[T]9) ( (|$2|>

31 8>0
Now, as 7,(3) < ((b) for all § € N, we get that there exists a positive constant ¢;, such
J 0.
that VT' € C, Vt € C with [¢| < 51 and Vz € C with |z| < 32 we have

1

_ 20
1=

Vit T)| < e (L+T1)" — 57 exp (oCOITT)
e

This proves the proposition. [

2.2 Linear Operators Defined on the Weighted Banach Spaces
We define the integration operator 9, ' : A(C){t, 2} — A(C){t, 2} as

(07'V) (t,2,T) == /O V(t, & T)dE

and recall the classical estimates
~ 7 2.3)

for all v > 0, as x tends to +oc.

In this subsection, we study the continuity property of some linear operators defined
on the spaces G, (d1, d2; ). In the next proposition, we analyse some integro-differential
operator.

Proposition 2.5. Let s, v, k and S be non negative integers satisfying

b(s+k(g—1))
q

+v<S.
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Then the operator T*0050° is a bounded linear operator from the Banach space

(gq (61,6950), [ 115, 62,a> into itself. Moreover, there exists a constant Cs > 0 such that

|(T°0¢ 0505V (t.2.7)| |, 5, < Codi “05 ||V (.2, T)]5,

,02;0

forallV(t,z,T) € G, (61, 09;0).
Proof. For

Vi(t,zT) ZZU”B ‘B'GQq((Sl,Csz, o),

>0 n>0

we have

(T*0¢ 0505V (1, 2,T) }:XZT%%ng(%W,
B8>S n>0

Therefore, by definition, we obtain that

onel
(1207 0505V) (8,2, D], 5,0 = D D T Ovnsnss) (T,
T B>Sn>0 (n+5)

where

| ‘ (Tsal;*'er»V,ﬁ*S) (T> | ’ﬁ;o’

= S (T 0 ns0,3-5) (T)] (L T exp (—on(ITI)

From Cauchy’s theorem, for 7" € C, we have

k)

(T Fvnsass) (T) = / T onivps(€)
€T

-1y

2w

where a > 0 can be chosen arbitrarily. We replace £ by T+ a exp(if), where 0 € [0, 27|
and obtain

s n |7W
|(T aTvn-‘rl/,,@—S)( )| < 2 ||vn+l’ﬂ S( >||ﬁ75;o'

27
&/ (14 |T + aexp(i6)))™ exp (ors(3 — S)|T + aexp(i6)|7) do.
0

Using the triangle inequality, we get

S QYK K‘/! S
(T 07 vntv5-5) (D) < AT [[nsns-s(T)ll 5g4

X (1+|T| + a)™ exp (ory(8 = S)(IT| + a)?) .
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We denote by 1, 5(T) a part of the right-hand side of inequality below
k! m
I.s(T) = E|T\s (1+ 1T+ a)" exp (orp(B — S)(|T| + a)?) .

Now, our aim is to estimate ||(1°070n1v,6-5) (T)|] 5,

05 tniv-5) (Dl < (300 LuolT)(1 + [T1) " exp (o AT )

X vnt-s(T)l_s,0
So we have to prove the following lemma.
Lemma 2.6. There exists a constant Cg > 0 such that

b(s+r(g—1))

0 Los(T)(1+ T1) ™" exp (—om(B)T|") < G~

forall 3 > S.

Proof. We denote by J, 5 the supremum to estimate

Ja,p = Sup Lop(T)(1 + |T])"™ exp (=ore(5)[T1]%).
S

By definition of I, 3(7"), we have

Jo,3 = Klsup

|T|® (1 +|T|+a
Tec af

1+|T)|

As |T| € [0,4o0[ and a, m > 0,

14+ |T| +a\™ a "
SN ) <1 ga)m,
( T ) ( 1+|T\) <+a)

we have

F

Jop < Klsup | (I4a)™exp (o {rp(B—=5) —rp(B)} (|T] + a)?)

Tec A"

xexp (o7 (8) {(IT] + a)* = |T|"}),

using the equality 7172 — Y374 = 71(72 — 73) + 73(71 — 74) in the exponential.

After, we shall also need the estimates

1 < S
+ 1) = (B+1)b

8
n(B) —m(B-5) = Y o

n=F—S+1

215

2.4)

)mexp (0 (B — S)(IT| + )" — r(BDITIY)
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Now, remember that the radius a in the Cauchy’s theorem is still arbitrarily. As sug-
gested by Y. Dubinskif in [7], let us choose a > 0 such that (|T| +a)? = |T]? + 1,
thus

a=(T]"+ DY —|T].

Then, we obtain that

Jaﬂ < klexp (U’I’b<ﬁ)) exp (_ (6181)b>
(1 i+ 1) —yr))" o5
T|° / = |T7 ).
gd ((|T|q + 1) - m) o < GRS )

To estimate the supremum on the right-hand side, we distinguish two cases. For the first
case, using Taylor’s formula at the origin

x
(14 2)Y9 =1+ = + ze(x), lz] <1
q
while £(z) in the remainder term satisfies lir% e(x) = 0, there exists a constant 0 < ¢ <
1 such that .
€ < —
(o)l < 5

for || < ¢. Therefore, for |T| > ¢~%/%, there exists a constant ¢; > 0, independent of /3
such that

(1 + (7| + 1)V - |T|>m

(ITe + 1)V = 7))
(

1+%+%5( 1>>m
_ |T|n(q—1)< q|T)e—1 |T[a—1 7| < 61|T|K(q_1).

(3= ()

Let A, B positive numbers, a study of the function f(z) = z** exp(—Bz) shows that its

supremum yields at x = A\ B, thus

oS
sup 5D exp (—— T q)
Te(C,\T\4>g*1| | (ﬁ+ 1)b| ‘

str(g—1)

s <s+ﬂ(q—1)(6+1)b>qexp <_s+f@(qq_1)>.

qoS
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It turns out that there exists a constant ¢ > 0, independent of (3, such that

(1+ g+ )M — 1) o5
|T° £ — exp ( (ﬁ n

b(?-&-n(q 1)

sup

: IT17) < g™
TeC,Tjo>6-1 <(,T|q )M m) 1)?

For the second case |T'| < <714, it is easy to see that there exists a constant ¢z > 0,
independent of 3, such that

q 1/q _ "
|T|S<1+(IT| +1) |T|> . (—%ITIQ) o

sup ﬁ—l—lb

recitrst (T4 )M - 7))

for all # > S. Hence, we have two constants ¢4, c5 > 0, independent of 3, such that

US b(s+r(g—1))
Jo 5 < cak! b —_ 7 ) gilstrle-1))/a < e
5 < carlexp (o((b)) exp ( G+ 1)b) 8 < csf
for all 8 > S. This proves the lemma 2.6. [

Now, we return to the proof of proposition 2.5. Using Lemma 2.6, we obtain that
there exists a constant ¢; > 0, independent of 3, such that

b(s+m(q 1))

(T 07 vnsvp-5) (D)l g, < 13 lontv,5-5(T)l 55,0

for all n > 0 and for all # > S, and hence

(T°0205075V) (1. 2.7, 5, < 107765

etnla=1) (n+v+p-29)
X ZZ ||Un+1/,,3—5< )||ﬁ S;o
B>S n>0 (n T ﬁ) (

5n+y55 S
n+v+p3-29)

b(s+r(g—1))

Using the estimates (2.3) and our hypotheses that +v < S, there exists

q
a constant ¢ > 0, independent of 3, such that
b(st+r(g—1))
wetsa-) (n+v+B—S) B @
g SC—5F— S0
(n+ 9)! Bs—v

for all 5 > S. To conclude the proof of Proposition 2.5, there exists a constant c3 > 0
such that

,02;0

(107 07075V (8, 2.T) |5, 5,0 < €301705 [[V (8,2, T)|5,

forall V(t,2,T) € G, (01,02;0). N
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In the next proposition, we study the continuity of the operator of multiplication by
a holomorphic function.

tn 2P
Proposition 2.7. Let a(t, z) Z Z (n,p 1 7
£>0 n>0 ﬁ

jal(t,z) =) | nﬁ\

>0 n>0

a holomorphic function near the ori-

gin in C*. We define

Then there exists a constant C'; > 0, such that
‘ ‘a(t7 Z)V(t7 2 T) ’ |61
forallV(t,z,T) € G, (61, 09;0).

,62;0

S C?‘a’((sh (52) HV(t, Z, T)Hle

,62;0

Proof. For
tZT sznﬁ ‘/Blegq((Sl)éQ) )
>0 n>0
we have
"o zﬁo n!p3! tn 2P
t Z, T Un—n B—0 (T)——
TL()' ﬂo [;50 7;0 n() n — TL() '60 (6 ﬁ ) 0 0 7’L' 6'
Therefore, by definition, we obtain that
o B0
_Z_v(t> Z, T)
ol ol
nlg! 5{‘65
=2 2| = no)1Bol(3 — Aot e D) gy
B>Po n>ng O 0 0° B;o ’
where

n!g!

no'(n— no)'ﬁol

(ﬁ . ﬁO)' U'fl—'floﬂ—ﬁo (T)

Bio
n!p!
no!(n = no)!Bo!(8 — Go)! [[Vn—n0,8-50(T)ll 35

and
0350 (D)3 = SUP [t -5 (T (1 +71) " exp (=oms (D)1
for all n > ny and for all § > f3,. Observe that

[10n—n0,8-0 (Tl < SU [Un—no, -0 (T)] (1 + [T])"" exp (=om(8 = Bo)[T])



On Complex Singularity Analysis of Holomorphic Solutions of Linear PDEs 219

since r,(3) > (8 — o) for all B > [y. Therefore, we have

[vn—no,8-0 (Tl 5.5 < |[0n-no.8-80 ()l 5_p,;0
for all 3 > (3. Using the upper mentioned inequalities, we obtain
tno ~Bo

no! Bo!

7 5~ y nvm (n—ny + 3 — )]

—V(t,2,T
=D Sl 2 2 =B (n+ 9

5?—% 55—[30

X ||Un—no,,@—ﬂo(T)||gng;g (n—no+ 4 — ﬁo)‘

On the other hand, using the estimates (2.3), there exists a constant ¢; > 0 (independent
on n and [3), such that

<c
(n—no)! (B — Bo)! (n+ f)! =
for all n > ng and for all 5 > [, therefore
tno zﬁo 5"0 (5/60
—Vi(t,z,T <caq——=—||V(t,z,T .
Tlo 50 ( ) 51 6010 1 '/6 | || ( )||(51 b2;0
So that, there exists a constant c¢s > 0 such that
tno 0o
||a<t’z)v(tvZ7T)||61,62;a < Z Z a?m,ﬂo N 5 (t,Z,T)
50>0m0>0 0 818250
o B0
< Z Z |an0 Bo ‘—'—'V(t, Z7T) < c |a| (517 52) ||V(t7 Z7T)||61,62;U ’
B0>0no>0 no! fo! 81,0250
0 0=
This proves proposition 2.7. [

In the next proposition, we analyse the action of some differential operator on func-
tions of G,(d1, d2; o) which are polynomial in the variable z.

Proposition 2.8. Let s, v, k and 0 non negative integers and let W (t, z, T') in the space
Gy (01,0, 025 00) with W (t, z,T) polynomial in the variable z. Then there exist 6; > 0,
small enough (6, < 01) and o, big enough (o > o) with

1
O'OT’b(d) + 5 S g,

such that the series (T°0; 050°W) (t,z,T) belongs to G, (61,062;0). Moreover; there
exists a constant Cy > 0 such that
[(T0y 070IW) (8, 2. T) |5, 5,0 < Cs01 78 NIW (2, D)5, o s

forallW(t,z,T) € G, (01,0, 62; 00) such that W (t, z,T') is a polynomial in the variable
z.
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Proof. For W (t,z,T) € G, (91,0, 02; 0¢) and

Wi(t,z,T) Zang t?%ﬁ'

B=0 n>0
polynomial in the variable z, we have
d—0 i B
(T°0;0702W) (¢, 2,T) = >3 (10 s0510) (T) 1y

Therefore, by definition, we obtain that

d— n 5
070
(207 07 02W) (8,2, 1) |5, 5,0 = D D (T Own s 10) (T, mf@; (2.5)

B=0 n>0

where

(T %t ss10) (Tl

= 50 (Tt sa,10) (1) (14 T1) " exp (= (B)IT17).

As in the proof of Proposition 2.5, using Cauchy’s theorem, we have, for all 7' € C

- il
(T Oftnsansio) (T)] < 5 wsn320(T) 11

27
X / (14 |T + aexp(it)|)™ exp (oory(8 + 0)|T + aexp(iT)|?) dr
0

where a > 0 can be chosen arbitrarily and o, will be chosen later. Using the triangular
inequality, we get

S QK I{I! S
(IO wnswp0) (D) < —2 T 1w pr0 (Tl g g0,
X (14 |T|+ a)™ exp (oors(8 + 0)(|T| + a)?) .
As in (2.4), we define
k! m
Lo gioo(T) i= T (14 |T| + a)™ exp (o0rs(5 + O)(IT] + a)?).

Now, our aim is to estimate ||(T°07wntv,510) (T)|]5,,- In fact, we have

105 tnt20) (Tl < (508 o (L + [T1) " exp (-or(AITI?) )

X [wnsv500(T) g1g,6, - (2:6)

So we have to prove the following lemma.
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Lemma 2.9. There exists a constant Cq > 0 such that

sup Lapioo (T)(1 4 |T]) ™™ exp (—ary(8)|T]7) < Co
€

forall0 < (3 <d-—86.

Proof. As in the proof of Lemma 2.6, we denote by J, 3.5, the supremum to estimate
Tugiaver = S0P Lo o (D)(1+ 7)) exp (omy( B)T]7).
S

By definition of I, s.,,,(T"), we have

TeC a

T|* <1+ T+ a

) e o3+ 0T+ 0y = an(G)ITT.

As in the proof of Lemma 2.6, as |T'| € [0, +00[ and a, m > 0,
1+ |7+ a)m ( a )m
SRR (1) <(1+a)m
( L+ |T| L+ \|11) — ( )

7°

K

and we have

(14 a)™ exp ({a0rs (8 + 0) — orp(9)} (IT] + a)?)
x exp (oro(B8) {(IT] + ) = [T]"})

using the equality V172 — 73714 = Y1 (72 — 73) +¥3(71 — 74) in the exponential. Now, we
will fix 0. Itis necessary that oy < 0. Therefore, we can show that forall0 < g < d—¥6

TeC A

aory(B 4 0) — ore(B) < oorp(d) — o1p(0) = oorp(d) — 0.

Let ¢ (¢ > oy) such that
1
o > oory(d) + 3

then we have that ]

oors(8 +0) — ory(B) < —3

forall 0 < § < d — 0. It turns out that

’ S

(1+a)™ exp (—%(|T| + a)q)

x exp (ory(8) {(IT] + )" = [T]"}).

Jupimoe < Klsup
TeC @

With the same choice for the radius a as before

a=(T|"+1)"" = |T],
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we obtain that

1
Josons < Klexp (oy(3)) exp (——)

2

(e i)

x sup |T|° Y w— €Xp (——’T’q>
rect (Tl 1) - 7))

for all 0 < 3 < d — 6. On the other hand, there exists a constant ¢; > 0, such that

(1 (g + e — ) |
sup [T 7 —exp | 5|17 ) s a
et (T - )

and therefore, there exists a constant c; > 0, independent of 3, such that
Ja,ﬁ;ao,o S C2
forall 0 < 3 < d — 6. This proves the lemma 2.9. O

Now, we return to the proof of proposition 2.8. Using Lemma 2.9, we obtain for
(2.6) that there exists a constant ¢; > 0, independent of 3, such that

(T° 05 wntv+0) (D)l 5.0 < 1 |Wntvpro(T) 5400,
for all n > 0 and for all 0 < < d — 6, and hence (2.5) becomes

H(Tsa:a;aew) (t 21|y, 5 < 1077057

(n+v+5+0)!
3 g oo,
=0 n>0

5n+u6,@+0
n+v+p+0)

Using the estimates (2.3)
(n+v+pB8+0)!
(n+ p)!

as n tends to infinity and for 0 < 3 < d — 6, there exist two constants ¢, > 1, ¢35 > 0,
independent of n and (3, such that

~ (TL + ﬁ)ll-ﬁ-e

n+v+p+0) .
(n-|-ﬁ)' <6362+

foralln > 0 and forall 0 < g < d — 6. We get that there exists a constant ¢4, > 0 such
that

(c261)" 05

|[(T*0y 050 (¢, 2,T) Ha bro S 10170 GZZHwnﬁ Mo (n+ )

B=0 n>0



On Complex Singularity Analysis of Holomorphic Solutions of Linear PDEs 223

Now, choosing d; > 0 such that 6; < d; o/c2, we conclude that

||(T°0y 07.0°W) (t, 2, T < 07085 ||Wt, 2,T)

)H51,52;U H51,0752;00

forall W(t,z,T) € G, (1,0, 02; 0¢). This proves the proposition 2.8. O

2.3 A Cauchy Problem in the Weighted Banach Spaces

In the next two definitions, we introduce some linear operators.

Definition 2.10. Let M the linear operator from A(C){¢, z} into A(C){¢, 2} defined as

MUtz T)=0U(t,z,T) = Y By(t,2,T)OF0F02U(t,2,T) (2.7)

a=(qo,q1,92)€Q

where Q, S and By(t, z, T') satisfy the following assumptions.
(A1) Sis apositive integer, Q is a finite subset of N 3 and we denote by
a=(q,q,q) € Q.

(A2) Forallq € Q, By(t,2,T) is polynomial in T

bii(t, 2) T’

2
&

By(t,2,T) =
=0

where o(q) is the degree of B(t,z,T") with respect to the variable 7" and the
coefficients b (t, z) are holomorphic functions near the origin in C2.

(A3) Forallq = (q,q1,9) € Q,

b(o(q) +qi(qg—1))
q

+ g0+ qp<S

where ¢ > 1 and b > 1 are positive numbers defined from our Banach space

gq (617 52) U)

Definition 2.11. Let N\ be the linear operator from A(C){¢, 2} into A(C){¢, z} defined
as
N (U(t,2,T)) = Bq(t,z,T)0F04 02 U(t, 2, T) (2.8)

qeQ

where Q, S and By(t, z,T') satisfy the assumptions (A1), (A2) and (A3).



224 S. Malek and C. Stenger

Using the definitions (2.7) and (2.8), we obtain the following relation between the
operators M and N/
Mod ¥ =1d— N (2.9)

where Id is the identity operator from .4(C){¢, z} into itself. In the next proposition, we
show that A\ is a linear bounded operator on the constructed Banach spaces with small
norm.

Proposition 2.12. Let N be the operator defined by (2.8) and which satisfies the as-
sumptions (A1), (A2) and (A3). Then, there exists a real number 65 > 0, small
enough (which depends on the coefficients Bq(t, 2,T) for 4 = (qo, q1,q2) € Q), such

that N is a bounded linear operator from (Qq (61,6250), |[-]15, 52,U> into itself. More-
over, there exists a constant Cy, 0 < Co < 1, such that

IV U 2, T, 00 < CrollUE 2, D)5, 5350

forallU(t,z,T) € G, (61,69;0).

Proof. By definition (2.8) of the operator A/ and the assumption (A2), we get

o(a)
IN (Ut 2, D)5, 500 < > D |04 )T 0P 08 0%5U (8, 2,T)| 5, 620
qeQ j=0

for all U(t, z,T) € G, (01,02; ). From the fact that b%(, z), for j = 0, ..., o(q), are
holomorphic functions near the origin in C?, we deduce from Proposition 2.7 that there
exists a constant ¢; > 0, such that

o(a)
IV (Ut 2 D)y 00 < €1 ) > V3] (01,02) || V003 025U (8,2, T) | 5,5,
qeQ j=0

forallU(t, z,T) € G, (61, 02; o). Under the assumption (A3), we can apply proposition
2.3 and we obtain the existence of a constant ¢; > 0, such that

o(q)
IV (Ut 2 T)ls, 500 < €2 | D 03] (61,62) | 6,785 % | [|U(t,2,T)]ls,.

qeQ \ j=0

0250

forall U(t,z,T) € G, (01,02;0). Now, with §, > 0 small enough, we have

o(a)
0<CQZ Z‘b;l‘((sl,ég) 51—q05§9—q2 = 06< 1.
qeQ \ j=0

This proves the proposition. [
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As a consequence of the proposition 2.12, we deduce the invertibility of the operator

Mo d;®.

Proposition 2.13. Let M the operator defined by (2.7) and which satisfies the assump-
tions (A1), (A2) and (A3). Then, there exists a real number 05 > 0, small enough
(which depends on the coefficients By(t,z,T) for @ = (qo,q1,q2) € Q), such that,

M o 975 is a bounded invertible operator from (gq (01,02;0), H-H(sl,ag;a) into_itself.

Moreover, there exists a constant C'y; > 0, such that

H(M 00;%) " (V(t,2,T))

515 S Cll HV(t, Z7T)H61,52;cr
1,02;0

forV(t,z,T) € G, (61, 09;0).
Now, we are able to prove the main result of this section.

Theorem 2.14. Consider a partial differential equation of the form
O5U(t,2,T) = Bq(t,z,T)0F 03 02U (t, 2,T) (2.10)
qeQ

which satisfies the assumptions (A1), (A2) and (A3). We impose the following initial
conditions. Forall )0 < j < § —1,

(2U) (t,0,T) = v;(t,T) (2.11)

where the 1;(t,T') belong to G, (91,0, 02,0; 00), for given 61 o, 029 and ¢ > 0.
Then, there exists 61, 0o and o > 0, such that the problem (2.10) and (2.11) has a
unique solution U(t, z,T) € G, (01, 92; 0).

Proof. A formal series U(t, z,T) € A(C)[[t, z]] which satisfies the equation (2.11) can
be written in the form

Ult,z,T) = 07V (t,2,T) + W(t,z,T)
where

S—1 :

Zj

W(t, Z, T) = Z ’l/}j<t, T)F
=0 ‘

From the fact that the initial conditions (2.11) belong to G, (01 0, d2,0; 0¢) and Proposi-
tion 2.7, we get that W (¢, z, T') belongs to G, (010, d2,0; 7). Moreover, U(t, z,T) is a
solution of (2.10) and (2.11) if and only if V' (¢, z, T') satisfies the equation

(Mo %) (V(t,2,T)) = -MW(t,zT)). (2.12)
From the fact that W (¢, z, T') is a polynomial in the variable z, and that

W(ta Z, T) S gq (51,07 52,0; 00) 5
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using Proposition 2.7 and Proposition 2.8, we get that there exist 4; and o > 0 such that
M (W(tﬂ Z, T)) € gq (51a 52,0; 0) .

Therefore, by Proposition 2.13, for d, > 0 small enough, there exists a unique solution
V(t, z,T) of (2.12) which belongs to G, (41, d2; o). To conclude, it remains to show that
U(t,2,T) € G, (61,02 0). Indeed, we have U(t, 2, T) = 9,5V (t,2,T) + W(t, z,T).
Using Proposition , we get that 3;°V (t, 2, T) € G, (61, 5; o). Moreover, we have also
Wi(t, z,T) € G,(61,02;0). In conclusion, U(t,z,T) belongs to G, (d1,d2;0). This
proves our theorem. 0

3 Formal Solutions of a Linear Cauchy Problem
Let us consider ¢(t) a holomorphic solution of the ordinary differential equation

¢'(t) = P (t, (1)) 3.1

where P(t, X) is a holomorphic function on some domain D C C with respect to ¢
and polynomial in the variable X of degree larger than 2. Consider the following linear
partial differential equation

EX(tz)= Y alt,2)0 0N X(t, z) (3.2)

k=(ko,k1)€T

where S is a positive integer and 7 is a finite set which satisfies
jC{k:(k’o,k’l)EN2|k’1§S—1}. 3.3)

The coefficients ay(t, z) are holomorphic functions on the domain D with respect to ¢
and near the origin in C with respect to z. Our aim is to look for transseries solution
X(t, z) of (3.2) in powers of ¢(t) and 2z

. .8
X(t,z) = ZZXw(t)(bth;)a (3.4)

where X, 5(t) are holomorphic functions on the domain D C C. To fix the notations,
for all integers n > 1, for all vectors p = (p1,...,p,) € N", we define

Pli:=p1+p2+...+p, and [pla:=pi+2p2+ ... +1p,.
We define the set Py(n) as
Po(n):={p=(p1,...,pn) EN"| |pl2 =n}.

By convention, we put P5(0) = {0}.
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Remark 3.1. If p € Ps(n), then |p|; < n. Indeed,
—lPh =p1+2p2+. . Anpn—(pr+p2+ ... +pn) = p2+2p3+...+(n—1)p, 2 0.

Proposition 3.2. Let X, ¢ > 0,0 < 3 < S — 1, be given holomorphic functions on
D. Then the partial differential equation (3.2) has a formal solution X (t, z) of the form
(3.4) for given initial conditions

(& X)( ZXM ' ,0<j<S—1. (3.5)
>0 )

Proof. Our goal is to construct a sequence of holomorphic functions X, 5(t), £, 3 > 0,
such that the formal series X (t, z) is a solution of the problem (3.2), (3.5).

In a first step, we plug X (t,z) into the equation (3.2) using the formal expansion
(3.4) and we deduce a recursion for the coefficients X, 5(¢) by identification of the
powers of ¢(t) and z. For the left-hand side term of (3.2), we obtain

t.p
s ZZ )Z
8th Xgﬁ+5 /! ﬁ'

B>0 £>0

For the right-hand side term, it will be more complicated. A first calculus shows us that

14 B
OO X(tz) =) > o {me( )gbff!) }Z—. (3.6)

|
B8>0 £>0 p!

Using Leibniz formula for

l
Dy (10(0) = 0" { X (02 .

we have

ko ,
e = 5 o) (2.

m=0

¢
To expand 0, ¢(Z‘)

, we use Faa di Bruno formula

Ipl1
atm¢(t)e - ¥ m! t)P

m Pk
0 i () e

P € Pz(m) k=1



228 S. Malek and C. Stenger

We introduce the notation

Q (t,6(t) ==Y _ Dy (t, = Z ml k:o — 1 0" Xeg (1))

>0 £>0 m=0
! t=lply ™ (k) Pk
S ml ¢<t> 1(%0)
Pl opw! (0 — \p\l)!k_l k!
p € Pa(m2) B
Ipli </
Therefore, the equation (3.2) yields
B B
t2 B k( z
ZZXgﬁ_i_s g‘ ﬁ' = Z t z ZQ —. (38)

B>0 £>0 kZ(ko,k’l) cTJ £5>0
Using for ay(t, z) the Taylor expansion

B

alt,2) = Za‘g@%,

820
where the coefficients alﬂ‘(t) are holomorphic functions on D, we obtain from (3.8)

> (ZXW sy

B8>0 \ >0

ZB

3 Z@ 5 e (15, (1, 6(0) | 5y

B>0 \ k=(ko,k1)€T B2=0

By identification of the coefficients of = ﬂ' , we get
> x W: SOy 00w 69
>0 pansll ¢ (ko ﬁQﬁ Ba)t |
0,k1)€T B2=0

for all 3 € N. On the right-hand side, the term €, (¢, ¢(t)) has the form

g, (¢ => Z (010 ™ X gy (1)) W™ (£, 6(2)) (3.10)
£>0 m=0
where
k,m _ ko! 1 ¢(t)€—|p|1 m ¢(k)(t) Pk
w, (L o(t) = (ko — m)! Z pl!”_pm!(g_‘p‘l)!kl;[l( o ) )
P € PQ( )
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contains powers of ¢(t) and powers of ¢ (¢) for k = 1, ..., m. In the next two lemmas,
we are going to specify the form of w)™™ (t, ¢(t)).

Lemma 3.3. Let us consider the ordinary differential equation (3.1) with
X7
Pt X)=> pit)=, d>2

where the coefficients p;(t) are holomorphic on some domain D C C and d is the degree
of P(t, X) with respect to the variable X (in particular py(t) # 0). Then, for all positive
integer n, there exists a function Q.,,(t, X) such that

o™ (t) = Qn (. 6(1)) (3.11)
with

Q. X) = D a0

j=0

where the coefficients gy, j(t) are holomorphic on D. Moreover,

is the degree of Q,,(t, X) with respect to the variable X and
- d;!

o () = (g T =

tnan(t) = a0 T[

Proof. We prove this lemma by induction on n. The assertions are true for n = 1, with
Q:1(t, X) = P(t, X), therefore

1
dy!
di=d=(d—1)+1 and  qqt) = pat) = pa®) || =——=.
! b ]Hld!(dl—d)!

We suppose, that the assertions are true until n > 1. Differentiating (3.11) gives

dn dn,—1 .
40 = 3,07 S RUp IO G.12)
=0 j=0 '

By (3.1), the highest power in (3.12) of ¢(t) is in the second sum, it is

¢td_1+dn d—1+dn' ¢td_1+dn
Pa(t)dn.. (t)d!((cgn —1) <d!(dn = 1)!) Palt)inn (1) = +d,)!
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Therefore, the right-hand side of (3.12) can be written as

dn+1

Qn+1 Z qn+1 j

where the coefficients g,1 j(t) are holomorphic on D which are sums and products of
the p;(t), gn;(t) and q,, ;(t). Moreover,

dn—i—l = degX Qn-i—l(t?X) =d— 1+dn = (n+ 1)(d_ 1) +1

and
I n+1

dn 1 n
st (1) = g e O = a0 T G R

This proves our lemma. 0

Lemma 3.4. Let m € Nwithm > 1 and p € Py(m). Under the assumptions of Lemma
3.3, there exist a positive integer D,, and holomorphic coefficients Q;”(t) on D, such

that
oW (t ) Z
II Q' (t)
(%
where
Dy, =m(d—1)+ |ph
and

m Hk d;! Pk
a0 =puor ([T

k=1

Proof. Using Lemma 3.3, we have

O IR - T AR SN () A
[ (%) See)

In the right-hand side, the highest power of ¢(t) is

k=1 k=1

Ms

d—1)+1)pp=(d—1) Zk‘pk+2pk m(d—1)+|pls

()"

because p € P»(m). Also, the coefficient Q5 () of D

. de
QDm Dm‘H ( k'cl;k

k=1

is given by
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By Lemma 3.3, we get
m d;! Dk
m 1 ( )" j=1 di(d;—d)!
@b, () = D! (pa(t H ( k\dy! '
k=1
This proves our lemma. [

We return to the proof of our proposition 3.2. By Lemma 3.4, w,"™ (t, ¢(t)) has the
form

ol Z+J Ipl1
e = X 'ZQm @~ ol
PGPz(m)

Ipli <

For fixed ¢, wy™ (t, #(t)) is a polynomial in ¢(t) with powers of ¢(t) between £ — m
and ¢ + D,, — |p|1 = ¢+ m(d — 1). To avoid confusion for the identification of the

nyY;
coefficients of ¢(€') we will replace £ by L in w;"™ (¢, ¢(t)). Therefore (3.10) has the
form '

91/3(2 Z Z ako "X ﬁ2+k1( )) (t, Qb(t))

L>0 m=0

and we obtain for equation (3.9)

£
> Xus(
>0 '
ko—m
- Z Z aﬂ ,6'2 ZZ a XLﬁ2+k1( ))
=(ko,k1)€T B2= ﬁ2 /6 ﬁQ L>0 m=0
I L+j—Iph
(ko —m)! pil e pul £ ( Ipl )J! (L+J — Ip)!
P c Pg(m)
ph <L
(3.13)
t ¢
for all 4 € N. By identification of the coefficients of ¢<€|) , we get the following
recursion for the coefficients X (), '
ko !
X t) = a —_ (3.14)
sl T3 e LW

k=(ko,k1)€T B2=
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1 14
X (05" X1 gy (1)) ——— QT ()
’ Looopn! 7Y L — 141
(Lpd)EALm pi...p (L = [pl)l

where
Ae,m:{(L;P;j) ENXNmXN’p€P2<m>7 j:O,...,Dm, L+j—‘p‘1:€}

for all (¢, 3) € N?,

In a second step of the proof, we consider now given holomorphic functions X, 5(¢)
on D, forall ¢ > 0, for 3 = 0,...,5 — 1. From (3.3), we deduce that there exists
a unique sequence (X¢5(t)) ¢ 550 ©of holomorphic functions on D which satisfies the
recurrence (3.14) for the given initial holomorphic functions X, 5(¢), for all £ > 0, for
B =0,...,5— 1. From the first part of the proof, we deduce that the formal transseries

- t B
X = Y XSS
£>0,6>0 ) )

is a solution of the Cauchy problem (3.2), (3.5). This ends the proof of Proposition
3.2. ]

4 Holomorphic Solutions of the Linear Cauchy Prob-
lem

In this section, we will give sufficient conditions under which the formal transasymp-
totic series solutions of the Cauchy problem (3.2), (3.5) constructed in the previous
section are convergent in some punctured polydiscs of C?.

4.1 Classification of Singularities for First Order Ordinary Differ-
ential Equations

Consider our first order non linear differential equation (2)

¢'(t) = P (t, (1)),

where P(t, X) is polynomial in X of degree larger than 2, with holomorphic coefficients
in D. As a consequence of a result of P. Painlevé (see [9], Theorem 3.3.2), we know
that the only movable singularities in C of the solutions ¢(t) of (2) are poles and/or
algebraic branch points.

In the following, we define Dy(t, ) as an open disc D(t,r) centered at ¢t € C with
radius r > 0, minus the segment [¢,7¢”), for § € R. Let ¢(t) a solution of (2) defined
on Dy(tg,m9) C D, withry > 0, and § € R, where ¢(t) can be represented by a Puiseux
series of the form

St) = Y fult —to)"* (4.1)

n>—ng
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where 1+ > 1 and ny > 1 are positive integers such that f_,,, # 0. If x is equal to 1,
the point ¢, is called a pole of order n( and then the function ¢(¢) is holomorphic on
D(to,r) \ {to}, otherwise the point ¢, is called an algebraic branch point.

4.2 An Auxiliary Linear Cauchy Problem

Let
Ung,e,8 = Sup |0y Xy 5(t)|
teD

for all ng, ¢, § > 0, where (X¢5()) 5 55 is the sequence constructed in Proposition
3.2. In this subsection, we will construct a majorizing sequence s, ¢ of vy, ¢ 3 such
that the formal series

tnOTZ 16]
Ult,2,T) =3 D Y tngts lglzﬁl

B>0 £>0 no>0

satisfies a linear Cauchy problem.
We recall the recursion formula (3.14) for the coefficients X, 5(¢)

Xeprs(t) = ) Z T 52,2 ko (4.2)

k= ]{30 kl)ejﬁ =0

1 14 K o —
X E - - A’m_ (t) (8 0 mXLg 4k (t))
Looopp) 7106 — 9)! 3,8—B2 t Ba+k1
(Lpea,, Pt bl JH(E =)

where A;‘ 5 g, () = alg_ 5,(1)Q7 () (with alg(t) the coefficient of 2’ /3! in the expansion

of ay(t, z) with respect to z and Q)" (t) are defined in Lemma 3.4 and
A&m: {(L,p,j) ENXNm XN’jIO,...,Dm; pEP2(m); L"—j— \ph :g}

for all £, 3 > 0. From the Leibniz formula, if we differentiate n, times equation (4.2),
we have

o ! k! 1
[STRUEE D 9 oD -

I pql |
k=(ko,k1)€T B2=0m=0 (L,p,j)EA; m)plpm

€| no n()! no—n1 Ak,m ko—m-+n
. '(g —j)| 7;) Tll!(no — nl)l <a AJIB ,32( )> (at XL,ﬁz-Hﬂ(t))
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for all ng, ¢, 3 > 0. Therefore, we get the following inequalities for the v, ¢ 3

Ungt,6+5 = Sup |07 Xy 515(t)]
teD

G 3! k!
S 2 22 X GGGt

k:(k'()ykl)ej B2=0 m=0 (vavj)eA@m

1 é' 0 no! k
X y . sup |~ AR (¢ ‘
pI!...pmu!<€—y>!§m!<no_nl)! Sup |0 A5 (1)
X sup ‘8fo—m+n1 X1 Byt (t){ 4.4)
teD

for all ng, ¢, 3 > 0. As A;(ﬁm(t) is holomorphic on D, using Cauchy estimates, there
exist two constants M; 3 and 7 (r depends only on D) such that

sup
teD

8?0—n1Al§,m (t)) < Mjﬂ*ﬁQ (7“)(

]7ﬁ7ﬂ2 /r.nofnq

ng — nl)' = Ano—nhjﬂ—ﬁz‘ (45)

Therefore, we obtain from (4.4)

B ko no
31 k!
Uno 645 = Z Z Z Z Z G218 — B2)! (ko —Om)! (+0)

k=(ko,k1)€T B2=0m=0 (L,p,j)EA , n1=0

1 0 ng! A
Xp1! N pm' j'<£ _ j)' 77/1!(710 _ TL1>‘ no—n1,j,8—B2Vko—m-+n1,L,B2+k1

for all ng, ¢, 3 > 0. Now, let (tn,.s5)

the sequence satisfying

ZUtZ UM

B ko ng ﬁ' k’o' 1
totsrs = D XD DL X GG - min

|
k=(ko,k1)€T B2=0m=0 (L,p,j)EA¢m n1=0 Pm

4.7)

X]'(E _ j)' nll(no _ n1>‘ no—n1,j,6—B2 Wko—m-+n1,L,B2+k1

for all ng, ¢, 5 > 0. From (3.3), we have 0 < k; < S — 1 forall k = (ko, k1) € J.

ZUtZ UMW

the initial conditions
Ung 0,6 = Ungt,5 = SUD |0, Xy 5(t)| (4.8)
teD

for 3 =0,...,5 — 1 and for all ng, £ > 0. We deduce from (4.6), (4.7) and (4.8) that

Ung,t,8 < Ung 0,8 4.9)

for all ng, ¢, 5 > 0.
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Now, we define the formal series

n {0
Ut 2,T) Zzzunowto!%% (4.10)

>0 £>0 no>0

where the coefficients wu,, ¢ g satisfy (4.7) and (4.8) for all ng, ¢, 3 > 0. We have the
following proposition.

Proposition 4.1. The formal series (4.10) is the unique solution of the Cauchy problem
O5U(t,z,T)= Y By(t,z,T)0P0F0RU(t,2,T) 4.11)
a=(¢0,q91,42)€Q

for given initial conditions

. no ot
(U)(,0,T) = Y vnm iR 0<j<S—1, (4.12)

£,ng,>0

where

Q:{q:(QOthQZ)ENS‘k:(kO;kl) cJ; m=0,...,ko; p€Pa(m);
g =ko—m; ¢ = |Pl1i; @2 =k}
and

B
By(t,z,T) = 'ZZZ Wﬂt T!] ;! (4.13)

C]o pit. . pm! 3>0 j=0 n>0
where the coefficients A,, ; 3 are defined by (4.5).

Proof. We plug U(t, z,T') into (4.11) using the expansion (4.10). For the left-hand side
term of (4.11), we obtain

tno T LB
U(t,zT) ZZZ”"O”JFS NG (4.14)
B>0 £>0 no>0
For the right-hand side term, a first calculus shows us that
tno Tt 28
82108%1 822 t % T Z Z Z Ung+qo,6+q1,8+q2 'Wa
820 £>0 no>0

Using for By(t, z,T) the expansion (4.13), we obtain

By(t, z, T)0F 0% 02U (t,2,T) ZZ Z (Z Z Z Bo! 5 B2)!

B>0 £>0 np>0 041=0n1=0
% g‘ no! ko' 1
L= 0) gl (ng —na) gl pr! . o

tno Tt 2P
XAno n1,—£1,8— 02 Uni+q0,01+q1,02+¢2 o | f' ﬁ' (4.15)
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where A, _pn, 11, -, = 0 for ¢ — ¢, > D,,. By identification of the coefficients of

tno Tt B8
_'F@ in (4.11), using (4.14) and (4.15), we get
Nog: £ 0.

a=(q0,q1,92)€Q B2=0 £1=0n1=0

ko! 1
@pll D ] Ano—m,f—fl,ﬁ—ﬁb Uny +qo,01+q1,62+q2

B ¢ ng
Uno,0,5+5 = Z Z Z Z ﬂg'(ﬁ—ﬁg)'gl'(g—61)"”1'(”0_nl)'
|

for all ng, £, 5 > 0 and where A,,,_,, ¢—¢, p—g, = 0 for £ — ¢; > D,,. Using the
definition of the set O, we have

Unq,,6+S

SHD S DID Db 3 3) PRt I—CE—
K=(ko k)€ M=0 pePy(m) Ba=0 f1=011=0 B! (B — Ba)! 11(€ — £1)! ny! (ng — ny)!
ko! 1

X Ano—n1 0—01,6—B2Uni+ko—m,l1+|p|1,82+k1
(ko —m)!pi!. .. pp!

for all ng, ¢, 8 > 0 and where A,,,_,, ¢—¢, p—p, = 0 for ¢ — ¢y > D,,. Or with an other
formulation, we obtain

U’no,f,,@ﬁns'
ko B Dm mno
D IRID NI I S S B e T
k=(ko,k1)€J m=0 pePy(m) Ba=0L=0n1=0 "2’ 2)-v2 2= TR0 1

ko! 1

X A”O*nl £3,68—B2Un1+ko—m —Lao+|p|1,B2+k1
(ko —m)!'pi!. .. py!

for all ng, ¢, # > 0, which is exactly equation (4.7). This proves our proposition. [

4.3 The Main Result

We are now in position to state the main result of the paper.
Theorem 4.2. Consider an ordinary differential equation
¢'(t) = P(t, (1)) (4.16)

where P(t, X) is a holomorphic function on some domain D C C with respect to t
and polynomial in the variable X of degree d > 2. Let ¢(t) be a holomorphic solution
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of (4.16) on some punctured disc Dy(to,m0) C D, where an expansion (4.1) holds.
Consider the partial differential equation

BEX(tz)= Y alt,2)0 00 X(t, z) (4.17)

k=(ko,k1)eT
where S is a positive integer and [J is a finite set which satisfies
J C {k=(ko, k1) e N*| ky < S —1}.

The coefficients ax(t, z) are holomorphic functions on the domain D with respect to t
and near the origin in C with respect to z. We make the following assumptions.

(A4) There exist two real constants b > 1 and q > 1 such that

b(m(d — 1 ot D
max max (m( )+qlpi+...+p ))+k0_m+k1<5
OSmSkO (p1 ..... pm)epz(m) q

forallk = (ko, k1) € J, where Po(m) = {(p1,...,pm) € N"/p1 +2ps + ... +
mpm = m}, for allm > 1, and P»(0) = {0} by convention.

(AS) Let Xy5(t), ¢ > 0,0 < 8 < § — 1, be bounded holomorphic functions on D,
satisfying the estimates

TZ
> sup [0 Xes(1)] o

=0 €D

forall 3=0,...,5 -1 Z

n>0

Then, the formal series (3.4)

¢.p
X(t.2) = 303 Xy () A

I Al
== ARG

constructed in Proposition 3.2, solution of (4.17), defines a holomorphic function on

56
the open set Dy(tg,r9) X D <O, f),fora given § € (0,1) and 65 > 0. Moreover, the

00
function X (t, z) has the following rate of growth on the set Dy(ty,r0) X D <0, 72) If

ro is small enough, there exist positive constants C1 and C'5 such that

sup ’X(t, Z)‘ S Cll(l — 5)71’15 — to‘inom/'u eXp(C12|t — t0|fn0q/u) (418)

56
|Z|§TQ

forall t € Dy(to, o).
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Proof. From Proposition 4.1, the formal series (4.10)
tro T 2P
Ult,2,T) =) D> Y tnrp— no! 01 6!
B>0 £>0 no>0
is solution of the auxiliary partial differential equation (4.11)
2U(t,z,T)= Y Byt,z,T)0P0F0RU(t,2,T)
a=(40,91,92)€Q

where

Q={a=1(q,q,¢0) € N*|k=(ko,ki) € T; m=0,... ko p € Pa(m);
go = ko —m; ¢1 = |pli; CI2=I€1}
and
t" TJZB
Bq(t,2,T) = ZZZ nif
q()p1 m'ﬁ>0] 0 n>0 !5!

The formal series U (¢, z, T') satisfies also the initial conditions

tno TZ
U (t,0,T) Zzu%w wwi) —: (t, T)

£>0 no>0

forall 5 =0,...,5 — 1. From the assumptions (A5), we get that the series 13(t,T)
belong to the Banach space G, (01 0, d2,0; 0¢), forall 5 =0, ..., S—1, for some d2 o > 0.

Moreover, the equation (4.11) satisfies the assumptions (A1) and (A2). From the
assumption (A4) one can easily check that the equation (4.11) also satisfies the con-
dition (A3). We get that all the assumptions of Theorem 2.14 are satisfied and we
deduce the existence of d1, o and ¢ > 0 such that the formal series U (t, z,T") belongs
to G, (91, d2; o) for b, ¢ given in the assumption (A4).

Now, consider the formal series in powers of 7" and z

Tfﬁ
Wit =1 = XY X5
B>0 >0

where (X 3(t)),s >0 18 the sequence constructed in Proposition 3.2. We have from
Proposition 2.3 and (4.9), that there exist a positive constant ¢; such that, for T € C,

(0.5 171)

<a(l=8)7 A+ [T exp(a¢(D)[T]?) (4.19)

)
teDandz € C, |2| < 72, where § € |0, 1] is given,

T 1 (66
sup sup|WtzT|<ZZv0w i ﬁl( 2)

8
|2|< %2 t€D 8>0 £>0
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So that W (t, z,T') defines a holomorphic function on D with respect to the variable t,
00
on D (O, 72> with respect to the variable z and an entire function with respect to the

variable 7" with at most an exponential growth of order q.
We deduce that the function

X(t,2) =W (t,2,6(t))

)
solution of (4.17) defines a holomorphic function on Dy(ty, 7o) X D (0, 72 . On the

other hand, from the expansion (4.1), there exist two constants 1m4, my > 0 such that

my |t — to| T < | (t)] < malt — to| T/, (4.20)
forallt € Dy(to, o). In conclusion, we deduce from (4.19) and (4.20) that the estimates
(4.18) hold, if ry > 0 is small enough. ]
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