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Abstract

We consider the vector equation

(1) = /O ARt Yt~ 7).

where R(t,7) is an n x n-matrix-valued function. It is proved that, if the non-
homogeneous equation

i) = /Ooo . R(t, 7)a(t — 7) + F(t) (£ >0)

with f € LP([0,00),C") (p > 1) and the zero initial condition, has a solution
x € LP([0,00),C™), then the considered homogeneous equation is exponentially
stable.

AMS Subject Classifications: 34K20.
Keywords: Functional differential equation, linear equation, exponential stability.

1 Introduction

Recall that the Bohl-Perron principle means that the homogeneous ordinary differential
equation (ODE) y = A(t)y (¢ > 0) with a variable n x n-matrix A(t¢), bounded on
[0, 00) is exponentially stable, provided the nonhomogeneous ODE & = A(t)x + f(t)
with the zero initial condition has a bounded solution for any bounded vector valued
function f, cf. [4]. In [7, Theorem 4.15] the Bohl-Perron principle was generalized to
a class of retarded systems with finite delays; besides the asymptotic (not exponential)
stability was proved. The result from [7] was afterwards considerably developed, cf.
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the books [1, 10] and very interesting papers [2, 3], in which the generalized Bohl-
Perron principle was effectively used for the stability analysis of the first and second
order scalar equations. In particular, in [2] the scalar non-autonomous linear functional
differential equation %(t) + a(t)xz(h(t)) = 0 is considered. The authors give sharp
conditions for exponential stability, which are suitable in the case that the coefficient
function a(t) is periodic, almost periodic or asymptotically almost periodic, as often
encountered in applications. In the paper [3], the authors provide sufficient conditions
for the stability of rather general second-order delay differential equations.

In the present paper we derive a result similar to the Bohl-Perron principle in the
terms of the norm of the space L”, which we will call the L”-version of the generalized
Bohl—-Perron principle. In the case L our result is deeply connected with the Bohl-
Perron principle. In Section 3 below, we show that the L”-version can be effectively
used for the stability analysis. In particular, in the case p = 2 the stability analysis can
be reduced to the estimates for the characteristic matrix-valued functions. Such esti-
mates can be found, for instance, in [5,6]. As it is well-known, the basic method for the
stability analysis of vector time-variant equations is the direct Lyapunov method. By
that method many very strong results are obtained. But finding Lyapunov’s type func-
tionals for equations with infinite delay is usually difficult. At the same time, in Section
3 we suggest explicit stability conditions. Besides, we improve and generalize [5, Theo-
rem 9.2.2] and [8, Theorem 5.2.2] in the case of linear equations with continuous delay.

Let C" be a complex Euclidean space with the scalar product (.,.), the Euclidean

[Av][
All, = sup
veCn ||U||n
is the spectral norm. Denote by L”(w) = LP(w,C") (p > 1) the space of functions u

defined on a set w C R with values in C" and the finite norm

norm ||.||, = v/(.,.) and the unit matrix I; for an n X n-matrix A,

lullee = Nlull o) == [/ lu(®)[I5dt]? (1 < p < 0),

and ||u| ooy = vrai sup ||u(z)||,. In addition, C'(w) = C(w,C") is the space of con-
TEW
tinuous functions defined on w with values in C" and the finite sup-norm ||.||¢. For a lin-

SUPyerp(w) [ Mul| o)

|| 2o ()

ear operator M acting from LP(w) into LP(w;), put ||M||r» =

Consider in C" the equation
i) = [ AR 1) (22 033(0) = dy/), (L.
0

where R(t,7) is an n X n-matrix-valued function defined on [0, c0)?, which is continu-
ous in ¢ for each 7 > 0 and right-continuous in 7 for each ¢ > 0. The integral in (1.1)
is understood as the improper vector Riemann—Stieltjes integral. For the details see for
instance [8, p. 136-138].
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Everywhere below it is assumed that the variation of R(¢,7) in 7 is uniformly
bounded on [0, c0):

V(R) = sup / |, R(t,7) | < oo,
0

>0
where - .
| 1R = i [
0 =% Jo
and the latter integral on a finite segment [0, 7] means the limit, if it exists, of the sums

m—1
IR, s¢7) — R(t, s8]
k=1

0 = sm) < s( m o< s = ) as mkax\s,(:_t)l — s,&m)\ — 0.

Take the initial condition

y(t) = o(t) (—oo <t <0) (1.2)
for a given ¢ € C(—00,0) N L'(—00,0). A solution of problem (1.1), (1.2) is an abso-
lutely continuous function, which satisfies that equation on (0, o) almost everywhere
and condition (1.2). The existence results and stability definitions can be found for

instance in [8, p. 138].
Consider also the nonhomogeneous equation

) = [ diR(t.alt =)+ 50 (2 0) (1.3)
0
with a given vector function f(¢) and the zero initial condition

2(t) =0 (—o0 < t < 0). (1.4)

So problem (1.3), (1.4) can be written as

i(t) = /Ot & R(t,7)a(t — 1) + f(t) (t>0). (1.5)

2 Main Result

If f € LP(0,00), p > 1, then a solution of problem (1.3), (1.4) is defined as a locally
absolutely continuous function x(t), with &(t) € LP(0,¢;) for any positive finite t1,
which satisfies condition (1.4) and equation (1.3) on (0, o) almost everywhere.
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We will say that (1.1) has the e-property, if
sup/ (e —1)||d-R(t,7)|l, — 0ase— 0 (¢ > 0).
t>0 Jo

Equation (1.1) is said to be exponentially stable, if there are positive constants v and
mg, such that

ly®)lln < mollllc-oc0) €™ (£ =0)

for any solution y(t) of problem (1.1), (1.2).
Now we are in a position to formulate our main result.

Theorem 2.1. Forap > 1 and any f € LP(0,00), let the nonhomogeneous problem
(1.3), (1.4) has a solution x € LP(0,00). If, in addition, equation (1.1) has the -
property, then it is exponentially stable.

The proof of this theorem is divided into a series of lemmas presented in this section.
Introduce the operator E : LP(—o00, 00) — LP(0, 00) by

Bu(t) = /OOO dR(t, P)u(t — 7) (¢ > 0: u € LP(—o0,00)).

Lemma 2.2. For any p > 1, the inequality | E||» < V(R) is true.

Proof. Forau € L'(—o00,00) we have

1Bulom = [ 1 [ Rt s)ule = s)]de <
0 0

/OOO /OOO |dsR(t, )|l ]|u(t — s)||.dt.

Hence,

1Bullom <sup [ IR sup [ ut = o)t =
720 J0 0

s€[0,00)

V(R)[ull £ (~o0.00)-
This proves the lemma in the case p = 1. Furthermore, fora v € L>(—o0, 00), we have

(e 9]

||EU||L00(0,OO) = vrai sup || dsR(t,s)v(t — s)||ln <
t>0 0

sup / IR )l sup [[0(t = )00y = VR0 1 oo
0

T s€[0,00)

Hence, by the Riesz—Torino interpolation theorem [9] we get the required result. [
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Lemma 2.3. Under the hypothesis of Theorem 2.1, any solution of the homogeneous
problem (1.1), (1.2) is in LP(0, c0).

Proof. With a > 0, put

- o [ eMp(0) ift >0,
Pu(t) = { 0 if —oo<t<0

Clearly, [|¢l[7(— o0 < 19]l1(-o00) [19]1E: Lo,y SO O € LP (00, 00). By the previous

lemma Egzbu e LP(0,00). Substitute y = qﬁu + x unto (1.1). Then we have problem
(1.3), (1.4) with f = e "¢ (0) + E¢,,. By the condition of the lemma z € L?(0, c0).
We thus get the required result. 0

Lemma 2.4. If a solution y(t) of problem (1.1), (1.2) is in L*(0,00) (p > 1), then it is
bounded on [0, 00). Moreover, if p < oo, then

910,00y < PV (BINYINT 0,00 19l 200,000 < PV (BT o -

Proof. By (1.1) and Lemma 2.2, ||9||zr(0,00) < V (R)||Y|l£r(~c0,00). For simplicity, in
this proof we put ||y(¢)||, = |y(¢)|. The case p = oo is obvious. In the case p = 1 we

have Ood\ (t )| -
()] = - / Ayl 3 < / W(t)ldt < oo (> 0),

since yy € L'. Assume now that 1 < p < co. Then by the Gélder inequality

wiop =~ [ B~ [ e 24, <

dt, 1

p [ P gttt < pl [ ot an Ve [ lgeopar) e,
t t t
where ¢ = p/(p — 1). Since q(p — 1) = p, we get the inequalities
YO < DY 1T t0.00) 191120000 < PIYIT2000) V (BYll 00000y (> 0).
As claimed. O

Proof of Theorem 2.1. By the variation of constants formula, v = W f, where

— /0 tG(t, s)f(s)ds

Here G(t, s) is the fundamental solution to (1.1). For all finite 7" > 0 and w € LP(0, 00),
let Pr be the projections defined by

o= {510 15
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and Py, = I. Operator W is bounded in L”(0,T"), since [0,7]] is finite. Thus, the
operators Wy = PrW are bounded on L”(0,00). But Wy strongly converge to W as
T — oo. So by the Banach—Steinhaus theorem, W is bounded in L?(0, co).

Furthermore, substituting into (1.1) the equality
ye(t) = eTy(t) (e >0; £>0), we(t) =y(t) (t<0) 2.1)
we obtain the equation
Ue(t) = Ecye(t), (2.2)

where

Eaw(t) = ew(t) +/ e dR(t,dr)w(t —T) (t>0).
0

Besides, y.(t) = e“¢(t) (t < 0). We thus get

Ye — Y = Eeye - Ey = E(ys - y) + (Ee - E)ye
Hence,

1ye = Yllzoo,r) < (W oo,y | (Ee — E)yellzr(o,m)
for a finite T". Here HWHLP(O’T) = sup HW'LUHLP((LT)/HwHLP(O’T). But

weLr(0,T)

|(Ee = E)yYellro,r) < €llyellro,r) + || / (1 —eT)d-R(t, T)ye(t — )|l Lr(—oor) <
0

U(6>Hye||Lp(—OO,T)a

where

v(e) = e + sup / (e — Dl Rt

t>0

So
yellzeo,ry < N1Wllzeo,00) + 0(€) (1Yelle ) + 1|91 Lo (=00,0)) IW || Lo (0.1) -

Take ¢, such that v(e)||W||ro,r) < 1, for all sufficiently large T'. This is possible due
to the e-property. We have

el ooy < (1Yl ze0,00) + ()W Loy 18]l Lo (—00,0)) (1 = v(€) W ]| Logosry) -

Letting 7" — oo, we get y. € LP(0,00). By Lemma 2.4 hence it follows that a solution
y. of (2.2) is bounded on [0, 00), if € is small enough. Now (2.1) proves the theorem. [
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3 Equations with Continuous Delay

In this section we illustrate Theorem 2.1 in the case p = 2 and show that it enables us
to apply the Laplace transform. Consider in C" the equation

i(t) = /OOO A(F)y(t — 7)dr + /Ooo Koyt —ndr £>0), ()

where A(T) is a piece-wise continuous matrix-valued function defined on [0, c0) and
K(t,7) is a piece-wise continuous matrix-valued function defined on [0, 00)?. Besides,

|A(S) |l < Ce ™ and || K (t,s)]|, < Ce ™ (C,u=const >0; t,s >0). (3.2)

Then, clearly, (3.1) has the e-property. It is also supposed that the operator K defined
by

Kuw(t) = /o K(t,m)w(t — 7)dr

is bounded in L? = L*(0, o). To apply Theorem 2.1, consider the equation
x(t) = /t A(T)z(t — 7)dr + /t K(t,m)x(t—7)dr + f(t) (t>0) (3.3)
0 0
with f € L% To estimate solutions of the latter equation, we need the equation
a(t) = / " A(r)ult — 7y + h(t) (£ 0) (3.4)
0

with h € L?(0, 00). Applying to (3.4) the Laplace transform we have
2i(2) = A(2)a(z) + h(2)

where are A(z),4(z) and h(z) are the Laplace transforms of A(t), u(t) and h(t), re-
spectively, and z is the dual variable. Then

a(z) = (zI — A(2)) 'h(z).

It is assumed that det (2] — A(z)) is a stable function, that is all its zeros are in the open
left half plane, and

A 1
0o := sup || (iwl — A(iw)) n < —=——-.
weR | K| 2

(3.5)

As it was above mentioned, various estimates for #y can be found in [5, 6]. By the
Parseval equality we have |[u||r2 < 0o||h||z2. By this inequality, from (3.3) we get
I2ll2 < 6ollf + Kzll2 < 0ol fllz2 + Ooll K| 21| 2.

Hence (3.5) implies that z € L. Now by Theorem 2.1 we get the following result.
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Corollary 3.1. Let the conditions (3.2) and (3.5) hold. Then (3.1) is exponentially
stable.

For example, K satisfies conditions (3.2) and (3.5), if
Kt s)lln < ealt) (t,5 = 0)

with a bounded function a € L*(0, c0) satisfying the inequality 6|al| r2(0,00) < V2v.
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