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Abstract

The aim of this paper is to present new existence results for φ-Laplacian Dirich-
let boundary value problems on bounded intervals of the real line with a nonlin-
earity depending on the first derivative. A recent fixed point theorem is used to
prove existence of continuously differentiable positive solutions in a suitable posi-
tive cone.
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1 Introduction
In this paper, we are concerned with the existence of positive solutions to the Dirichlet
boundary value problem{

− (φ(u′))
′
(x) = f(x, u(x), u′(x)), 0 < x < 1

u(0) = u(1) = 0,
(1.1)
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where f : [0, 1] × R+ × R −→ R+ is a Carathéodory function and φ : R −→ R is an
increasing homeomorphism such that φ(0) = 0. The model case is

φ(s) = φp(s) =

{
|s|p−2s, for s 6= 0

0, for s = 0,

where p > 1 is a fixed real number and corresponds to the so-called one-dimensional
p-Laplacian; it has been widely investigated in the literature (see, e.g., [2] and the refer-
ences therein). The difficulty is that the operator φp is linear only for p = 2. This type of
equations arise in different areas of physics, mechanics, and more generally in applied
mathematics. The positivity of the solutions is required since u may refer to a density,
temperature, etc.

The case where the nonlinearity does not depend on the first derivative is well inves-
tigated in many recent works (see [12] and the references therein for p-Laplacian prob-
lems and [3–5] for φ-Laplacian problems). In [12], the upper and lower solution method
is used to get existence of solutions. When f = f(x, u, u′), existence of triple positive
pseudo-symmetric solutions for the one-dimensional p-Laplacian is proved in [6] using
the Avery–Peterson fixed point theorem of functional type. In [10–13], the authors have
considered multipoint boundary conditions associated with problems with p-Laplacian
operators. The Avery–Peterson fixed point theorem is again employed to prove exis-
tence of solutions. Instead, the Legget–Williams fixed point theorem is used in [15] to
prove existence of triple solutions for the problem:{

(ϕp(u
′)′(x) + a(x)f(u(x), u′(x)) = 0, 0 < x < 1

u′(0) = u(1) = 0.

The latter fixed point theorem is also used by Liu and Zhang in [9] where local growth
restrictions on f are assumed to get existence of positive solutions. We may notice that
in most of these works, the Legget–Williams fixed point theorem [8] or its generalization
the Avery–Peterson fixed point theorem [1] yield existence of multiple solutions under
local growth restrictions on the nonlinearity f.

The aim of this paper is to consider a general φ-operator and obtain existence of
positive solutions under quite general growth conditions on a nonlinearity depending
on the first derivative. After collecting some ingredients in Section 2, Problem (1.1) is
formulated as a fixed point problem for an operator denoted T. This operator is proved
to be compact. Then, three existence results are obtained in Sections 3–5. The first one
extends similar results obtained in [4] in the case when f does not depend on u′. For a
class of sub-multiplicative nonlinear operators φ, that is satisfying

∀α, β ∈ R+, φ(α.β) ≤ φ(α).φ(β),

an existence result of positive solutions is provided. Finally, Theorem 5.1 considers
the case when f is superlinear in terms of u. The proofs rely on a recent version of
the Krasnosel’skii’s fixed point theorem of cone expansion and compression [7] proved
in [14]. Our existence results are illustrated by means of examples of applications.
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2 Preliminaries and Auxiliary Lemmas

Denote by C1([0, 1],R) the Banach space of all continuously differentiable functions
from [0, 1] into R with the norm

‖u‖ = max (‖u‖0, ‖u′‖0) ,

where ‖u‖0 = sup (|u(x)|, 0 ≤ x ≤ 1) . Let

E := C1
0([0, 1]) = {u ∈ C1([0, 1],R), u(0) = u(1) = 0}. (2.1)

Then, for any u ∈ E and any x ∈ (0, 1), there exists an η ∈ R, 0 < η < x such that
u(x) = xu′(η). Therefore, |u(x)| ≤ |u′(η)|, for all x ∈ [0, 1]. Hence ‖u‖E = ‖u′‖0 and
so, equipped with the norm ‖u′‖0, E is a Banach space. Further recall that L1((0, 1),R)
is the Lebesgue space of real integrable functions on (0, 1). The norm in this space is
denoted by

|u|1 =

∫ 1

0

|u(x)| dx.

We have

Definition 2.1. f : [0, 1]× R2 −→ R is a Carathéodory function if

(i) the map x −→ f(x, y, z) is measurable for all y, z ∈ R,

(ii) the map (y, z) −→ f(x, y, z) is continuous for almost every x ∈ [0, 1].

If further there exists h ∈ L1([0, 1]) such that |f(x, y, z)| ≤ h(x), for a.e. x ∈ [0, 1] and
for all y, z ∈ R, then f is said L1-Carathéodory.

In order to transform Problem (1.1) into a fixed point problem, we need some back-
ground material and preliminary results which are collected in this section.

Lemma 2.2 (See [3, Lemma 2.1]). For any function u ∈ L1 (0, 1) positive almost ev-
erywhere, the problem of seeking 0 < x < 1 such that∫ x

0

φ−1
(∫ x

s

u(τ) dτ

)
ds =

∫ 1

x

φ−1
(∫ s

x

u(τ) dτ

)
ds (2.2)

has uniquely one solution θ = θ(x) such that 0 < θ < 1.

Lemma 2.3 (See [3, Lemma 2.2]). Consider the following boundary value problem{
−(φ(v′))′ = u(x), 0 < x < 1

v(0) = v(1) = 0,
(2.3)
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where u ∈ L1 (0, 1) is positive almost everywhere. Then, Problem (2.3) has a unique
solution given by

v(x) =


∫ x

0

φ−1
(∫ θ

s

u(τ) dτ

)
ds, if 0 ≤ x ≤ θ∫ 1

x

φ−1
(∫ s

θ

u(τ) dτ

)
ds, if θ ≤ x ≤ 1,

(2.4)

where θ = θ(u) is as given in Lemma 2.2.

Lemma 2.4 (See [3, Lemma 2.4]). Let u ∈ L1([0, 1]), u ≥ 0 a.e. and let v satisfy{
− (φ(v′))

′
(x) = u(x), 0 < x < 1

v(0) = v(1) = 0.
(2.5)

Then
v(x) ≥ p(x)‖v‖0, ∀x ∈ [0, 1]

with
p(x) = min(x, 1− x), x ∈ [0, 1]. (2.6)

Consider the operator T : C1([0, 1],R+) −→ C1([0, 1],R+) defined by

Tu(x) =


∫ x

0

φ−1
(∫ θ

s

f(τ, u(τ), u′(τ)) dτ

)
ds, if 0 ≤ x ≤ θ∫ 1

x

φ−1
(∫ s

θ

f(τ, u(τ), u′(τ)) dτ

)
ds, if θ ≤ x ≤ 1,

(2.7)

where θ = θ(u) is as defined in Lemma 2.2 with u replaced by f(., u(.), u′(.)). Then

(Tu)′(x) =


φ−1

(∫ θ

x

f(τ, u(τ), u′(τ)) dτ

)
, if 0 ≤ x ≤ θ

−φ−1
(∫ x

θ

f(τ, u(τ), u′(τ)) dτ

)
, if θ ≤ x ≤ 1.

It is clear that fixed points of T are solutions for the boundary problem (1.1) and con-
versely. Moreover, we have the following.

Lemma 2.5 (See [3, Lemma 2.6]). Let T and θ be as defined in (2.7) and consider a

real number 0 < σ <
1

2
. Then the operator T satisfies

‖Tu‖0 ≥



σφ−1
(∫ 1−σ

θ

f(τ, u(τ), u′(τ))dτ
)
, if σ ≥ θ

σφ−1
(∫ θ

σ

f(τ, u(τ), u′(τ))dτ
)
, if σ ≥ 1− θ

σ

2
φ−1
(∫ θ

σ

f(τ, u(τ), u′(τ))dτ
)

+
σ

2
φ−1
(∫ 1−σ

θ

f(τ, u(τ), u′(τ))dτ
)
,

if σ ≤ θ ≤ 1− σ.
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Let X be a linear space which satisfies the following conditions. There is a norm
u → ‖u‖1 under which X is a normed linear space which is not necessarily complete
and there is a semi-norm ‖.‖2 such that under ‖u‖ = max{‖u‖1, ‖u‖2}, X is a Banach
space. For instance, equipped with ‖u‖1 = ‖u‖0, the space X = C1([0, 1],R) is an
incomplete normed linear space. Let ‖u‖2 = ‖u′‖0. Obviously, ‖u‖2 is a semi-norm of
X . If we define ‖u‖ = max{‖u‖1, ‖u‖2}, then X is a Banach space. The following
theorem will be the main tool used in this paper.

Theorem 2.6 (See [14, Theorem 2.8]). Let Ω1 = {u ∈ E, ‖u‖1 < r} and Ω2 = {u ∈
E, ‖u‖1 < R} be two open sets in E with r < R. Let T : K ∩ (Ω2 \ Ω1) → K be a
continuous map with relatively compact image T (K ∩ (Ω2 \ Ω1)). Suppose that one of
the following two conditions is satisfied:

(a) ‖Tv‖ ≤ ‖v‖ for v ∈ K ∩ ∂Ω1 and ‖Tv‖1 ≥ ‖v‖1 for v ∈ K ∩ ∂Ω2,

(b) ‖Tv‖1 ≥ ‖v‖1 for v ∈ K ∩ ∂Ω1 and ‖Tv‖ ≤ ‖v‖ for v ∈ K ∩ ∂Ω2.

Then T has at least a fixed point in K ∩ (Ω2 \ Ω1).

Notice that Ω1 and Ω2 need not be bounded. We now present our first existence
result.

3 A First Existence Theorem
Theorem 3.1. Suppose that

(H1) There exist q1 ∈ C([0, 1],R+) and nondecreasing functions ϕ1, ψ1 ∈ C(R,R+)
such that

∃ r0 > 0 :

∫ 1

0

q1(s)ψ1

(r0
s

)
ds ≤ φ(r0)

ϕ1(r0)

and 0 ≤ f(x, u, v) ≤ q1(x)ϕ1(u)ψ1(v) for all x ∈ [0, 1], 0 ≤ u ≤ r0, v ∈ R.

(H2) There exist q2 ∈ C([0, 1],R+) and ϕ2, ψ2 ∈ C(R,R+) with ϕ2 nondecreasing, ψ2

nonincreasing and there exist R0, r0 ∈ (0,+∞) (R0 6= r0) with

σD? ≥ 2R0,

∫ 1

0

q2(s)ψ2

(
R0

s

)
ds <∞

and such that

f(x, u, v) ≥ q2(x)ϕ2(u)ψ2(v), for all x ∈ [0, 1], σR0 ≤ u ≤ R0, and v ∈ R.

Here D∗ := min
σ≤x≤1−σ

D(x) and the function D is defined by

D(x) = φ−1
(∫ x

σ

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
+φ−1

(∫ 1−σ

x

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
.
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Then Problem (1.1) has a positive solution satisfying

min(r0, R0) ≤ ‖u‖1 ≤ max(r0, R0).

Let E and T be as defined in (2.1) and (2.7). Consider the positive cone

K = {u ∈ E : u(x) ≥ p(x)‖u‖1, x ∈ [0, 1]} (3.1)

with p(x) := min(x, 1− x). The proof relies on the following lemma.

Lemma 3.2. Assume that the condition (H1) holds. Then T : K → K is continuous
and for the open ball Bρ = {u ∈ E, ‖u‖1 < ρ}, the image T (K ∩ Bρ) is relatively
compact. Here ρ := max(r0, R0).

Proof.

(a) T is well defined. First notice that, by Lemma 2.4, the mapping T maps K into
itself. Moreover, since u ∈ E is concave, then for any x ∈ (0, 1), there exists a η ∈ R,

0 < η < x such that u(x) = xu′(η). Therefore
u(x)

x
= u′(η) ≥ u′(x). Now, for any

u ∈ K, we have

‖(Tu)′‖0 ≤ φ−1
(∫ 1

0

f(s, u(s), u′(s)) ds

)
≤ φ−1

(∫ 1

0

q1(s)ϕ1(u(s))ψ1(u
′(s))) ds

)
≤ φ−1

(∫ 1

0

q1(s)ϕ1(‖u‖1)ψ1

(
u(s)

s

)
ds

)
≤ φ−1

(∫ 1

0

q1(s)ϕ1(‖u‖1)ψ1

(
‖u‖1
s

)
ds

)
< +∞,

hence ‖Tu‖E <∞, ∀u ∈ K.
(b) To show that T : K → K is continuous, let lim

n→+∞
‖un − u0‖E = 0. Then there

exists some M > 0 such that ‖un‖ ≤ M, for all n ∈ N. Let vn(·) = f(·, un(·), u′n(·)).
Since f is Carathéodory, vn(·) → v(·) = f(·, u(·), u′(·)) a.e. on [0, 1] as n → +∞. By
the Lebesgue dominated convergence theorem, for a.e. s ∈ (0, θn), we have

0 ≤ lim
n→∞

∫ θn

s

|vn(τ)− v(τ)| dτ ≤ lim
n→∞

∫ 1

0

|vn(τ)− v(τ)| dτ = 0,

where θn = θ(un) is as defined in Lemma 2.2. Since 0 < θn < 1, then θn converges, up
to a subsequence, to some limit θ∗ ∈ [0, 1]. Assume 0 < θ∗ < 1. Again by the Lebesgue
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dominated convergence theorem, the integral
∫ x

0

φ−1
(∫ θn

s

vn(τ) dτ

)
ds converges to∫ x

0

φ−1
(∫ θ∗

s

v(τ) dτ

)
ds because φ is a homeomorphism. The same holds for the

second term in (2.7) with θ = θn. In addition,

Tu(x) =


∫ x

0

φ−1
(∫ θ

s

f(·, u(·), u′(·)) dτ
)
ds, if 0 ≤ x ≤ θ < 1∫ 1

x

φ−1
(∫ s

θ

f(·, u(·), u′(·)) dτ
)
ds, if 0 < θ ≤ x ≤ 1,

where θ = θ(u) is uniquely defined by (2.2). Since∫ θn

0

φ−1
(∫ θn

s

f(·, un(·), u′n(·)) dτ
)

=

∫ 1

θn

φ−1
(∫ s

θn

f(·, un(·), u′n(·)) dτ
)
ds,

invoking once again the Lebesgue dominated convergence theorem, and passing to the
limit as n→ +∞, we find that∫ θ∗

0

φ−1
(∫ θ∗

s

f(·, u(·), u′(·))) dτ
)
ds =

∫ 1

θ∗

φ−1
(∫ s

θ∗

f(·, u(·), u′(·))) dτ
)
ds.

By uniqueness of θ, we get θ∗ = θ, proving the continuity of T. Now, assume θ∗ = 0.
Then ∫ 1

0

φ−1
(∫ s

0

f(·, u(·), u′(·)) dτ
)
ds = 0.

Hence

φ−1
(∫ t

0

f(·, u(·), u′(·))ds
)

= 0, t ∈ [0, 1]

and f(·, u(·), u′(·)) = 0 a.e on [0, 1], leading to a contradiction. Analogously, we
check that θ∗ 6= 1, ending the proof of our claim.

(c) Finally, we show that T (K ∩Bρ) is relatively compact. Obviously, Bρ is unbounded
in E. For any u ∈ K ∩Bρ, we have

|(Tu)′(x)| ≤ φ−1
(∫ 1

0

q1(s)ϕ1(‖u‖1)ψ1

(
‖u‖1
s

)
ds

)
≤ φ−1

(∫ 1

0

q1(s)ϕ1(ρ)ψ1

(ρ
s

)
ds

)
< +∞,

hence T (K ∩ Bρ) is bounded. To study the equicontinuity of T (K ∩ Bρ), let x1, x2 ∈
(0, 1). Then we may distinguish between four cases according to the relative position of
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x1, x2 with respect to θ. For brevity, we only assume 0 ≤ x1, x2 ≤ θ, in which case,
we have

|φ(Tv)′(x1)− φ(Tv)′(x2)| =

∣∣∣∣∫ x2

x1

f(s, u(s), u′(s))ds

∣∣∣∣
≤

∫ x2

x1

q1(s)ϕ1(u(s))ψ1(u
′(s))ds

≤
∫ x2

x1

q1(s)ϕ1(ρ)ψ1

(ρ
s

)
ds

→ 0, as |x1 − x2| → 0.

Consequently, {φ(T (K ∩ Bρ)(x))} is equicontinuous, whence {T (K ∩ Bρ)(x)} is
equicontinuous, because φ is a homeomorphism. The Arzéla–Ascoli theorem then im-
plies that T is completely continuous.

Proof of Theorem 3.1. Consider the open sets

Ω1 := {u ∈ E : ‖u‖1 < r0} and Ω2 := {u ∈ E : ‖u‖1 < R0} .

(a) Let u ∈ K ∩ ∂Ω1, that is u ∈ K and ‖u‖1 = r0. For any x ∈ [0, 1], since ψ1 is
nondecreasing, we have

|(Tu)′(x)| ≤ φ−1
(∫ 1

0

f(s, u(s), u′(s)) ds

)
≤ φ−1

(∫ 1

0

q1(s)ϕ1(‖u‖1)ψ1

(
‖u‖1
s

)
ds

)
= φ−1

(
ϕ1(r0)

∫ 1

0

q1(s)ψ1(
r0
s

) ds

)
≤ r0 = ‖u‖1 ≤ ‖u′‖1 = ‖u‖2.

Passing to the supremum, we get ‖Tu‖2 ≤ ‖u‖2 for any u ∈ K ∩ ∂Ω1, that is ‖Tu‖ ≤
‖u‖ for any u ∈ K ∩ ∂Ω1.

(b) Let u ∈ K ∩ ∂Ω2, that is u ∈ K and ‖u‖1 = R0. By Lemma 2.4, we have that
u(x) ≥ p(x)‖u‖1 ≥ σ‖u‖1, for x ∈ [σ, 1− σ] and then u verifies

σR0 = σ‖u‖1 ≤ u(x) ≤ ‖u‖1 = R0, ∀x ∈ [σ, 1− σ]. (3.2)

In addition, the following discussion holds:
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• If θ < σ or θ > 1− σ, then, from Assumption (H2) and Lemma 2.5

‖Tu‖1 ≥ σφ−1
(∫ 1−σ

σ

f(s, u(s), u′(s)) ds

)
≥ σφ−1

(∫ 1−σ

σ

q2(s)ϕ2(u(s))ψ2(u
′(s)) ds

)
≥ σφ−1

(∫ 1−σ

σ

q2(s)ϕ2(p(s)‖u‖1)ψ2

(
u(s)

s

)
ds

)
≥ σφ−1

(∫ 1−σ

σ

q2(s)ϕ2(p(s)‖u‖1)ψ2

(
‖u‖1
s

)
ds

)
= σφ−1

(∫ 1−σ

σ

q2(s)ϕ2(R0p(s))ψ2

(
R0

s

)
ds

)
≥ σφ−1

(∫ 1−σ

σ

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
≥ R0 = ‖u‖1.

Here the function p is as defined in (2.6).

• If θ ∈ [σ, 1− σ], then

2‖Tu‖1 ≥ σφ−1
(∫ θ

σ

f(s, u(s), u′(s))ds

)
+ σφ−1

(∫ 1−σ

θ

f(s, u(s), u′(s))ds

)
≥ σφ−1

(∫ θ

σ

q2(s)ϕ2(u(s))ψ2(u
′(s)) ds

)
+σφ−1

(∫ 1−σ

θ

q2(s)ϕ2(u(s))ψ2(u
′(s)) ds

)
≥ σφ−1

(∫ θ

σ

q2(s)ϕ2(p(s)‖u‖1)ψ2

(
‖u‖1
s

)
ds

)
+σφ−1

(∫ 1−σ

θ

q2(s)ϕ2(p(s)‖u‖1)ψ2

(
‖u‖1
s

)
ds

)
= σφ−1

(∫ θ

σ

q2(s)ϕ2(p(s)R0)ψ2

(
R0

s

)
ds

)
+σφ−1

(∫ 1−σ

θ

q2(s)ϕ2(p(s)R0)ψ2

(
R0

s

)
ds

)
≥ σφ−1

(∫ θ

σ

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
+σφ−1

(∫ 1−σ

θ

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
= σD(θ) ≥ σD∗ ≥ 2R0 = 2‖u‖1.

Therefore ‖Tu‖1 ≥ ‖u‖1 for any u ∈ K ∩ ∂Ω2. By Theorem 2.6, Problem (1.1) has a
positive solution such that min(r0, R0) ≤ ‖u‖1 ≤ max(r0, R0).
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Remark 3.3. One can replace condition (H1) in Theorem 3.1 by the following weaker
one: there exists a continuous function G nondecreasing with respect to its variables
u, v and

∃ r0 > 0 :

∫ 1

0

G(s, r0, r0/s)ds ≤ φ(r0)

such that 0 ≤ f(x, u, v) ≤ G(x, u, v), for all x ∈ [0, 1], 0 ≤ u ≤ r0, and v ∈ R;

Proof. Indeed, let u ∈ K ∩ ∂Ω1, that is u ∈ K and ‖u‖1 = r0. For any x ∈ [0, 1], we
have

|(Tu)′(x)| ≤ φ−1
(∫ 1

0

f(s, u(s), u′(s)) ds

)
≤ φ−1

(∫ 1

0

G(s, u(s), u′(s)) ds

)
= φ−1

(∫ 1

0

G

(
s, ‖u‖1,

‖u‖1
s

)
ds

)
≤ φ−1

(∫ 1

0

G
(
s, r0,

r0
s

)
ds

)
≤ r0 = ‖u‖1 ≤ ‖u′‖1 = ‖u‖2.

Passing to the supremum, we get ‖Tu‖2 ≤ ‖u‖2 for any u ∈ K ∩ ∂Ω1. That is ‖Tu‖ ≤
‖u‖ for any u ∈ K ∩ ∂Ω1.

4 A Special Case
Assume the nonlinear function φ is such that the inverse φ−1 is super-multiplicative, that
is:

∀α, β ∈ R+, φ−1(α.β) ≥ φ−1(α).φ−1(β). (4.1)

Remark 4.1.

(a) If φ is sub-multiplicative, say

∀α, β ∈ R+, φ(α.β) ≤ φ(α).φ(β), (4.2)

then φ−1 is super-multiplicative. The p-Laplacian operator is super-multiplicative and
sub-multiplicative, hence a multiplicative mapping.

(b) From (4.1), we infer the lower bound

∀α, β ∈ R+, φ−1(α) + φ−1(β) ≥ Φ∗φ−1(α + β), (4.3)

where
Φ∗ := min

t∈[0,1]

(
φ−1(t) + φ−1(1− t)

)
. (4.4)
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Indeed (4.3) is obtained by adding the inequalities

φ−1(α) ≥ φ−1
(

α

α + β

)
φ−1(α + β)

φ−1(β) ≥ φ−1
(

β

α + β

)
φ−1(α + β).

(c) It is clear that
0 ≤ Φ∗ ≤ 1. (4.5)

Indeed, 0 < Φ∗ ≤ φ−1(1) with φ−1(1) ≥
(
φ−1(1)

)2
; thus φ−1(1) ≤ 1 and the claim

follows.

(d) Moreover, if condition (4.3) holds, then we have

D(x) ≥ D1(σ) := Φ∗φ−1
(∫ 1−σ

σ

q2(s)ϕ2(σR0)ψ2

(
R0

s

)
ds

)
, (4.6)

where Φ∗ is as defined by (4.4).

Thus, in case φ−1 is super-multiplicative, we state without proof the following result.

Theorem 4.2. Suppose that the condition (4.3) holds and

(H1)
′ There exist q1 ∈ C([0, 1],R+) and ϕ1, ψ1 ∈ C(R,R+), where ϕ1, ψ1 are nonde-

creasing and there exists r0 > 0 with∫ 1

0

q1(s)ψ1

(r0
s

)
ds ≤ φ(r0)

ϕ1(r0)

such that

0 ≤ f(x, u, v) ≤ q1(x)ϕ1(u)ψ1(v), for any x ∈ [0, 1], 0 ≤ u ≤ r0, and v ∈ R.

(H2)
′ There exist q2 ∈ C([0, 1],R+), ϕ2, ψ2 ∈ C(R,R+) ϕ2 is nondecreasing, ψ2 is

nonincreasing and there exists R0 6= r0 with

0 < R0 ≤
σD1(σ)

2
and

∫ 1

0

q2(s)ψ2

(
R0

s

)
ds <∞

such that

f(x, u, v) ≥ q2(x)ϕ2(u)ψ2(v), for any x ∈ [0, 1], σR0 ≤ u ≤ R0, and v ∈ R.

Then Problem (1.1) has a positive solution satisfying

min(r0, R0) ≤ ‖u‖1 ≤ max(r0, R0).
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Example 4.3. Let φ = φp with p =
5

2
. Define the functions f(x, u, v) = q(x)g(u)h(v),

q ∈ C([0, 1], (0,+∞)) with ‖q‖0 ≤ 1 while g, h are nonnegative continuous functions

such that g(s) =
1

2
(ϕ1(s) + ϕ2(s)) and h(s) =

1

2
(ψ1(s) + ψ2(s)). Here

ϕ1(s) = (1 + |s|)
3
2 , ϕ2(s) = (1 + |s|)

1
2 , ψ1(s) =

√
1 + s, and ψ2(s) =

e−s√
1 + s

·

Since ∫ 1

0

q1(s)ψ1

(r0
s

)
ds ≤ ‖q‖0

∫ 1

0

ψ1

(r0
s

)
ds ≤

∫ 1

0

ψ1

(r0
s

)
ds,

then Assumption (H1)
′ in Theorem 4.2 becomes

∃ r0 > 0,
1√

1 + r0 − 1
+

1√
1 + r0 + 1

− ln

(√
1 + r0 − 1√
1 + r0 + 1

)
≤ r

3
2
0

(1 + r0)
3
2

(4.7)

which is satisfied for r0 large enough. As for the condition (H2)
′ in Theorem 4.2, it is

fulfilled whenever

σΦ∗φ−1

∫ 1−σ

σ

q(s)
√

1 + |σR0|
1√

1 + R0

s

e−
R0
s ds

 ≥ 2R0,

that is if

A(R0) := σΦ∗φ−1

m∫ 1−σ

σ

√
1 + |σR0|

1√
1 + R0

s

e−
R0
s ds

 ≥ 2R0, (4.8)

where m := min (q(x), σ ≤ x ≤ 1− σ) > 0. Since

lim
R0→0+

A(R0) = σΦ∗φ−1(m(1− 2σ)),

the condition (4.8) is satisfied for small R0. Therefore, all assumptions in Theorem 4.2
are met and then Problem (1.1) has at least one positive solution u with R0 ≤ ‖u‖ ≤ r0.

5 The Superlinear Case
Our final existence result is given by

Theorem 5.1. Suppose that condition (4.1) holds and
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(H3) There exists a nondecreasing function ψ1 ∈ C(R, (0,+∞)) with

0 <

∫ +∞

1

ψ1(t)

t2
dt < +∞

such that

f0 := lim sup
u→0+

f(x, u, v)

φ(u)ψ1(v)
= 0, uniformly in x ∈ [0, 1] and v ∈ R.

(H4) There exists a nonincreasing function ψ2 ∈ C(R, (0,+∞)) with ψ2(s) ≥ 1 for
s ∈ R and such that

f∞ := lim inf
u→+∞

f(x, u, v)

φ(u)ψ2(v)
= +∞, uniformly in x ∈ [0, 1] and v ∈ R.

Then Problem (1.1) has at least one positive solution in E.

Proof.

(a) Since f0 = 0, then for some 0 < ε <
1∫∞

1
ψ1(t)
t2
dt
, there exists M1 > 0 such

that f(x, u, v) ≤ εφ(u)ψ1(v), for x ∈ [0, 1], 0 ≤ u ≤ M1, and v ∈ R. Let M̃1 =

min(1,M1), then ε
∫ 1

0

ψ1

(
M̃1

s

)
ds ≤ ε

∫ 1

0

ψ1

(
1

s

)
ds < 1. Consider the open set

Ω1 :=
{
u ∈ E : ‖u‖1 < M̃1

}
.

Let u ∈ K ∩ ∂Ω1, that is u ∈ K and ‖u‖1 = M̃1, then 0 ≤ u(x) ≤ M̃1. For any
x ∈ [0, 1], we have

|(Tu)′(x)| ≤ φ−1
(∫ 1

0

f(s, u(s), u′(s)) ds

)
≤ φ−1

(∫ 1

0

εφ(u(s))ψ1(u
′(s)) ds

)
≤ φ−1

(
ε

∫ 1

0

φ(‖u‖1)ψ1

(
‖u‖1
s

)
ds

)
= φ−1

(
εφ(M̃1)

∫ 1

0

ψ1

(
M̃1

s

)
ds

)
≤ M̃1 = ‖u‖1 ≤ ‖u′‖1 = ‖u‖2.

Then passing to the supremum, we get ‖Tu‖2 ≤ ‖u‖2 for all u ∈ K ∩ ∂Ω1. That is
‖Tu‖ ≤ ‖u‖ for all u ∈ K ∩ ∂Ω1.
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(b) Since f∞ = ∞, then for some λ positive satisfying λ ≥ 1

1− 2σ
φ

(
2

σ2Φ∗

)
, there

exists M2 > 0 such that f(x, u, v) ≥ λφ(|u|)ψ2(v), for x ∈ [0, 1], u ≥ M2, and v ∈ R.
Then

σ2Φ∗φ−1(λ(1− 2σ)) ≥ 2.

Since ψ2 ≥ 1, we get

σ2Φ∗φ−1
(
λ

∫ 1−σ

σ

ψ2

(
k

s

)
ds

)
≥ σ2Φ∗φ−1 (λ(1− 2σ))

≥ 2, ∀ k > 0.
(5.1)

Let M̃2 ≥
M2

σ
and define the open set

Ω2 :=
{
u ∈ E : ‖u‖1 < M̃2

}
.

Then u ∈ K and ‖u‖1 = M̃2 implies that min
σ≤x≤1−σ

u(x) ≥ σ‖u‖1 = σM̃2 ≥ M2. Two

distinct cases are then discussed.

• If θ < σ or θ > 1− σ, then, from Assumption (H4) and Lemma 2.5

‖Tu‖1 ≥ σφ−1
(∫ 1−σ

σ

f(s, u(s), u′(s)) ds

)
≥ σφ−1

(∫ 1−σ

σ

λφ(u(s))ψ2(u
′(s)) ds

)
≥ σφ−1

(∫ 1−σ

σ

λφ(p(s)‖u‖1)ψ2

(
u(s)

s

)
ds

)
≥ σφ−1

(∫ 1−σ

σ

λφ(p(s)‖u‖1)ψ2

(
‖u‖1
s

)
ds

)
= σφ−1

(∫ 1−σ

σ

λφ(M̃2p(s))ψ2

(
M̃2

s

)
ds

)

≥ σφ−1

(∫ 1−σ

σ

λφ(σM̃2)ψ2

(
M̃2

s

)
ds

)

= σφ−1

(
φ(σM̃2)λ

∫ 1−σ

σ

ψ2

(
M̃2

s

)
ds

)

≥ Φ∗σ(σM̃2)φ
−1

(
λ

∫ 1−σ

σ

ψ2

(
M̃2

s

)
ds

)
≥ 2M̃2 > ‖u‖1,

where the function p is as defined in (2.6).
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• If θ ∈ [σ, 1 − σ], then, making use of (4.3) and arguing as above, we arrive at the
estimates

2‖Tu‖1 ≥ σφ−1
(∫ θ

σ

f(s, u(s), u′(s))ds

)
+ σφ−1

(∫ 1−σ

θ

f(s, u(s), u′(s))ds

)
≥ σΦ∗φ−1

(∫ 1−σ

σ

f(s, u(s), u′(s))ds

)
≥ σΦ∗φ−1

(∫ 1−σ

σ

λφ(u(s))ψ2(u
′(s))ds

)
= σ2M̃2Φ

∗φ−1

(
λ

∫ 1−σ

σ

ψ2

(
M̃2

s

)
ds

)
≥ 2M̃2 = 2‖u‖1.

Hence ‖Tu‖1 ≥ ‖u‖1 for any u ∈ K ∩ ∂Ω2. By Theorem 2.6, Problem (1.1) has a
positive solution such that min(M̃1, M̃2) ≤ ‖u‖1 ≤ max(M̃1, M̃2).

Remark 5.2. From the proof of Theorem 5.1, notice that Assumption (H4) could be
replaced by the following one:

f∞ := lim inf
u→+∞

f(x, u, v)

φ(u)
= +∞ uniformly in x ∈ [0, 1] and v ∈ R.

Example 5.3. Consider the boundary value problem{
− (φ(u′))

′
(x) = q(x)g(u(x))h(u′(x)), 0 < x < 1

u(0) = u(1) = 0,
(5.2)

where q ∈ C([0, 1], (0,+∞)). Let φ(u) = φp(u)+φq(u), g(u) = k1|φs(u)|+k2|φt(u)|,

and h(v) =
√

1 + ϑ(v), where ϑ(v) =

{
v, if v ≥ 0

0, otherwise,
for some positive constants

k1, k2 and
1 < p < q < t and 1 < p < s < t.

Let ψ1(v) = h(v) and ψ2(v) = 1 + e−v. Then, Problem (5.2) has a positive nontrivial
solution. Indeed, the ratio

g(u)h(v)

φ(u)ψ1(v)
=
k1u

s−1 + k2u
t−1

up−1 + uq−1
, u > 0

behaves as us−p when u approaches 0+, hence goes to 0 since s > p. Likewise, the ratio

g(u)h(v)

φ(u)ψ2(v)
=
k1u

s−1 + k2u
t−1

up−1 + uq−1

(√
1 + v

1 + e−v

)
, u > 0, v ∈ R

behaves as ut−q when u goes to +∞. Hence lim
u→+∞

f(u)g(v)

φ(u)ψ2(v)
= +∞ uniformly in

v ∈ R, since t > q. Thus Theorem 5.1 yields the existence of at least one positive
solution.
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