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Abstract

The aim of this paper is to present new existence results for ¢-Laplacian Dirich-
let boundary value problems on bounded intervals of the real line with a nonlin-
earity depending on the first derivative. A recent fixed point theorem is used to
prove existence of continuously differentiable positive solutions in a suitable posi-
tive cone.
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1 Introduction

In this paper, we are concerned with the existence of positive solutions to the Dirichlet
boundary value problem

— (o)) () = f(z,u(x),d(z), 0<z<l
{ u(0) =u(l) = 0, (1.1)
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where [ : [0,1] x R x R — R™" is a Carathéodory function and ¢ : R — R is an
increasing homeomorphism such that ¢(0) = 0. The model case is

p—2
o =as={ 10 Z0

where p > 1 is a fixed real number and corresponds to the so-called one-dimensional
p-Laplacian; it has been widely investigated in the literature (see, e.g., [2] and the refer-
ences therein). The difficulty is that the operator ¢, is linear only for p = 2. This type of
equations arise in different areas of physics, mechanics, and more generally in applied
mathematics. The positivity of the solutions is required since © may refer to a density,
temperature, etc.

The case where the nonlinearity does not depend on the first derivative is well inves-
tigated in many recent works (see [12] and the references therein for p-Laplacian prob-
lems and [3-5] for ¢-Laplacian problems). In [12], the upper and lower solution method
is used to get existence of solutions. When f = f(x,u,u’), existence of triple positive
pseudo-symmetric solutions for the one-dimensional p-Laplacian is proved in [6] using
the Avery—Peterson fixed point theorem of functional type. In [10-13], the authors have
considered multipoint boundary conditions associated with problems with p-Laplacian
operators. The Avery—Peterson fixed point theorem is again employed to prove exis-
tence of solutions. Instead, the Legget—Williams fixed point theorem is used in [15] to
prove existence of triple solutions for the problem:

{ (0p(W) (z) + a(x) f(u(z),v'(r)) = 0, O0<z<1
w'(0) =wu(l) = 0.

The latter fixed point theorem is also used by Liu and Zhang in [9] where local growth
restrictions on f are assumed to get existence of positive solutions. We may notice that
in most of these works, the Legget—Williams fixed point theorem [8] or its generalization
the Avery—Peterson fixed point theorem [1] yield existence of multiple solutions under
local growth restrictions on the nonlinearity f.

The aim of this paper is to consider a general ¢-operator and obtain existence of
positive solutions under quite general growth conditions on a nonlinearity depending
on the first derivative. After collecting some ingredients in Section 2, Problem (1.1) is
formulated as a fixed point problem for an operator denoted 7. This operator is proved
to be compact. Then, three existence results are obtained in Sections 3—5. The first one
extends similar results obtained in [4] in the case when f does not depend on v’. For a
class of sub-multiplicative nonlinear operators ¢, that is satisfying

Va,B €RT, p(a.B) < ¢(a)-¢(B),

an existence result of positive solutions is provided. Finally, Theorem 5.1 considers
the case when f is superlinear in terms of u. The proofs rely on a recent version of
the Krasnosel’skii’s fixed point theorem of cone expansion and compression [7] proved
in [14]. Our existence results are illustrated by means of examples of applications.
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2 Preliminaries and Auxiliary Lemmas

Denote by C*([0, 1], R) the Banach space of all continuously differentiable functions
from [0, 1] into R with the norm

[[ull = max ([lullo, [[«]lo) ,
where ||ul|o = sup (Ju(z)], 0 <z <1).Let
E :=Cy([0,1]) = {u € C'([0,1],R), u(0) = u(1) = 0}. (2.1)
Then, for any v € E and any x € (0, 1), there exists an € R, 0 < 1 < x such that
u(z) = zu'(n). Therefore, |u(z)| < |u'(n)], for all z € [0,1]. Hence ||u|g = ||u||o and
s0, equipped with the norm |||y, E is a Banach space. Further recall that L*((0, 1), R)

is the Lebesgue space of real integrable functions on (0, 1). The norm in this space is
denoted by

1
fuly = / ju()| da.
0
We have

Definition 2.1. f : [0,1] x R* — R is a Carathéodory function if
(i) the map z — f(x,y, z) is measurable for all y, z € R,
(ii) the map (y, z) — f(x,y, z) is continuous for almost every = € [0, 1].

If further there exists h € L*([0, 1]) such that | f(x,y, 2)| < h(x), fora.e. z € [0, 1] and
for all y, z € R, then f is said L'-Carathéodory.

In order to transform Problem (1.1) into a fixed point problem, we need some back-
ground material and preliminary results which are collected in this section.

Lemma 2.2 (See [3, Lemma 2.1]). For any function w € L' (0, 1) positive almost ev-
erywhere, the problem of seeking 0 < x < 1 such that

/Ox ¢! (/ju(r) dr) ds = /; ¢! </:u(7') dT> ds 2.2)

has uniquely one solution § = 0(x) such that 0 < § < 1.

Lemma 2.3 (See [3, Lemma 2.2]). Consider the following boundary value problem
—(o(v) = u@), 0<z<l
v(0) =

(%
o) = 0, (23)
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where w € L' (0,1) is positive almost everywhere. Then, Problem (2.3) has a unique
solution given by

z 0
/ ¢—1 (/ u(T) dT) ds, if 0<z<¥6
v(r) =4 ; (2.4)

DRV
/¢(/ u<T>dT) i, i 0<w<l,
x 0

where 0 = 0(u) is as given in Lemma 2.2.

Lemma 2.4 (See [3, Lemma 2.4]). Let u € L'([0,1]), u > 0 a.e. and let v satisfy

—(¢(") (#) = wu(x), O0<z<]l
{ v(0) =v(1) = 0. (2.5)
Then
v(z) > p(x)l|vlle, Y el0,1]
with
p(z) = min(z,1 —z), z €[0,1]. (2.6)

Consider the operator 7' : C*([0,1],R") — C*([0, 1], R") defined by

)~ / (/ Flru(r ))dT) ds, if 0<z<0 .

/ </fTu ))d7'>d8, if 0<az<1,

where 6 = 6(u) is as defined in Lemma 2.2 with u replaced by f(.,u(.),%'(.)). Then

0
[ rGumitenr), it osr<o
(Tu) () = :,
" /f<r,u<7>,u/(7))d7 L g<a<L,
(4

It is clear that fixed points of 7" are solutions for the boundary problem (1.1) and con-
versely. Moreover, we have the following.

Lemma 2.5 (See [3, Lemma 2.6]). Let T' and 0 be as defined in (2.7) and consider a

1
real number ) < 0 < X Then the operator T satisfies

( y f(77u<7')7u/(7'))d7'>, if 0 >0
0
oz | o0 ([ Srue o), poz1-

0

0
267 ([ smumaionir) + 5o ([ strute o)
J 1




One-Dimensional ¢-Laplacian Dirichlet BVPs 163

Let X be a linear space which satisfies the following conditions. There is a norm
u — ||ul|; under which X is a normed linear space which is not necessarily complete
and there is a semi-norm ||.||2 such that under ||u| = max{||ul|1, ||u|]2}, X is a Banach
space. For instance, equipped with ||u||; = ||ulo, the space X = C'([0,1],R) is an
incomplete normed linear space. Let |[ullo = ||u/]|o. Obviously, ||u]|; is a semi-norm of
X. If we define ||u|| = max{||ul|1, |||z}, then X is a Banach space. The following
theorem will be the main tool used in this paper.

Theorem 2.6 (See [14, Theorem 2.8]). Let O = {u € E,||ully < r} and Qs = {u €
E, |lulli < R} be two open sets in E withr < R. Let T : KN (Q\ Q) — Kbea
continuous map with relatively compact image T(K N (Q3 \ Q1)). Suppose that one of
the following two conditions is satisfied.:

(@) [|[Tv|| < ||v|| forv e KN OQy and ||Tv||1 > (v for v € K N0y,
®) |[Tv||y > [|v||s forv € K NOQy and || Tv| < ||v|| for v € K N0y,
Then T has at least a fixed point in K N (£ \ Q).

Notice that €2; and €2, need not be bounded. We now present our first existence
result.

3 A First Existence Theorem

Theorem 3.1. Suppose that

(H1) There exist q; € C([0,1],R") and nondecreasing functions p1,1, € C(R,R")
such that
¢(ro)

1
: To
drg>0: /0 q1(s)1 ( S ) ds < 21(70)
and 0 < f(z,u,v) < q1(z)p1(u)p(v) forall x € [0,1], 0 <u <ry, veER.

(H2) There exist ¢ € C([0,1],R") and po, 15 € C(R,R") with oy nondecreasing, 1,
nonincreasing and there exist Ry, 19 € (0,+00) (Rg # ro) with

1
R
oD* > 2R, / q2(8)s (—0) ds < o0
0 s
and such that
f(z,u,v) > ga(x)pa(uw)ha(v), forall x € [0,1], cRy < u < Ry, and v € R.
Here D* := min D(x) and the function D is defined by

o<lz<Ll—0o

D) = o ([ weatora () ds)
e ( / 7 a(8)oa(0 R (%) ds) |
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Then Problem (1.1) has a positive solution satisfying
min(rg, Ry) < |Jull; < max(rg, Rp).
Let £/ and T be as defined in (2.1) and (2.7). Consider the positive cone
K={ueE: u(x)zp()|ull, v €[0,1]} 3.1
with p(z) := min(z, 1 — ). The proof relies on the following lemma.

Lemma 3.2. Assume that the condition (Hy) holds. Then T : K — K is continuous
and for the open ball B, = {u € E, ||luly < p}, the image T(K N B,) is relatively
compact. Here p := max(rg, Ry).

Proof.

(a) T is well defined. First notice that, by Lemma 2.4, the mapping 7" maps K into
itself. Moreover, since u € E is concave, then for any = € (0, 1), there exists an € R,

ue) _

0 < n < x such that u(x) = zu'(n). Therefore u'(n) > /(). Now, for any

u € K, we have

e < o ([ st to as)

A
©i

()1 (o)) s
(sl e (41 as)

S

el (1) a)

< ¢!

< +o00,

IA
S
TN TN N

hence || Tu||gp < oo, Yu € K.

(b) To show that 7' : K — K is continuous, let h{l}_l |un, — ug||g = 0. Then there
n—-+0oo

exists some M > 0 such that ||u,|| < M, forall n € N. Let v,(-) = f(-, un(), u,(+)).

» o

Since f is Carathéodory, v,(-) — v(-) = f(-,u(-),u () a.e. on [0, 1] as n — +o00. By
the Lebesgue dominated convergence theorem, for a.e. s € (0, 6,,), we have

On
0 < lim |on(T) — |d7’<hm/ |on(T) —v(7)|dT =0,

n—oo s n—o0

where 6,, = 6(u,,) is as defined in Lemma 2.2. Since 0 < 6,, < 1, then 6,, converges, up
to a subsequence, to some limit 6, € [0, 1]. Assume 0 < 6, < 1. Again by the Lebesgue
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x On
dominated convergence theorem, the integral / ot ( / U (T) dr) ds converges to
0 s
T 0
/ ot ( / v(T) dT) ds because ¢ is a homeomorphism. The same holds for the
0 s
second term in (2.7) with § = 6,,. In addition,
. 7 B
/ ¢>—1(/ f(-,u(-),u’(-))ch) ds, if 0<z<B<1
0 s

Tu(x) = ) .
/m ¢_1(/9 f(-,u(-),u’(-))ah) ds, if 0<0<z<1,

where 0 = 0(u) is uniquely defined by (2.2). Since

[ ([ stmerienar) = o ([ st o) s

invoking once again the Lebesgue dominated convergence theorem, and passing to the
limit as n — +o0, we find that

/09* ¢—1</j* f(-,u(-),u’(.)))dr> ds = /91 gzs—l(/; f(-,u(-),u’(-)))dr> ds.

By uniqueness of §, we get §, = 0, proving the continuity of 7. Now, assume 6, = 0.

Then . .
/0¢1 (/O f(-,u(-),u'(-))dr) ds = 0.

o ([ et ) <o e oy

and f(-,u(-),v'()) = 0 aeon [0,1], leading to a contradiction. Analogously, we
check that 6, # 1, ending the proof of our claim.

Hence

(c) Finally, we show that 7'( K N B,,) is relatively compact. Obviously, B,, is unbounded
in K. For any u € K N B,, we have

(Tu)(z)] < o ( /0 a()er(lull ) (@) ds)

< ¢! (/01 01 (s)pr1(p)tn (S) d8>

< +o00,

hence T'(K N B,) is bounded. To study the equicontinuity of 7'(K N B,), let x1, x5 €
(0,1). Then we may distinguish between four cases according to the relative position of
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x1, To With respect to 6. For brevity, we only assume 0 < zq, zo < 6, in which case,
we have

2

B(T0) (1) — §(T0) (22)] = F(s,u(s), u/(s))ds
< / () () o (o () ds

j " q1(s)e1(p) (g) ds

1

— 0, as|z; — 3| — 0.

IN

Consequently, {¢(T(K N B,)(x))} is equicontinuous, whence {T'(K N B,)(x)} is
equicontinuous, because ¢ is a homeomorphism. The Arzéla—Ascoli theorem then im-
plies that 7" is completely continuous. [

Proof of Theorem 3.1. Consider the open sets
Q={ueE: ||ul|li <re} and Qo :={ue€ E: |u|i < Ro}.

(@) Letu € K NOQy, thatis u € K and ||ul|; = ro. For any z € [0, 1], since 7 is
nondecreasing, we have

(Tw) ()] < ¢ 1(/ Fs,u(s),u'(s)) ds
< ¢(/ Seluler (141 a)
- w(gol (s )
< ro=Julh < ||1—||u||2

Passing to the supremum, we get ||T'ul|s < ||ul|s for any u € K N 0y, that is || Tu|| <
||u|| for any u € K N 0S;.

(b) Let u € K N 0S)y, thatis u € K and |lul|; = Ry. By Lemma 2.4, we have that
u(z) > p(x)||ully > o||lu||i, for x € [o,1 — o] and then u verifies

oRy = o||uljy < u(z) <||uly = Ry, YV € 0,1 —0]. (3.2)

In addition, the following discussion holds:
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eIfd < oorf >1— o,then, from Assumption () and Lemma 2.5

ITuly > op (/fu )

v

Vv
Q
A

Il
Q
A

vV

Q

M
/\/\/\/\/\

AV,

Here the function p is as defined in (2.6).
e Iff € [0,1 — o], then

207l 2 oo [ st as) oo ([ ssuto) o) )
> ogt (/j(h() ()0 (5) s
vt ([ wlo)eatutseatul(s) ds
all

IV
Q
S
N

T~

patp(e) e (140 ) as)
91_0612(8)%02( ()l (”‘;”1)
02(5)02(p(5) Ro) (5) ds)

)

1—

q

AV

)

S
P
q\%/‘\

X

[\V]

\_/ Q

5

)

= ®

<

(V)
P

';U
O
~

QL
\/%|

top ( - G2(5)p2(0 Ro)1hs (ﬁ) ds)
>

9
= o0D(0) > oD* > 2Ry = 2|ul|;.

Therefore || T'ul|; > ||u||; for any u € K N 0. By Theorem 2.6, Problem (1.1) has a
positive solution such that min(rq, Ry) < ||ul/; < max(rg, Ro). N
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Remark 3.3. One can replace condition (#;) in Theorem 3.1 by the following weaker
one: there exists a continuous function G nondecreasing with respect to its variables
u, v and

1
drg>0: / G(s,ro,m0/8)ds < ¢(10)
0
such that 0 < f(x,u,v) < G(z,u,v), forall z € [0,1],0 < u < rp,and v € R;

Proof. Indeed, let u € K N 0§y, thatis u € K and ||u||; = ro. For any z € [0, 1], we

" (/01 f(s,u(s),u'(s))ds)

([ cttontsn as)

0

ot (/0 G <S, w1, HUSHl) ds)

ot 1 G (s,ro, r—;) ds)

< 1o = [lully < Jl'fh = a2

(Tw) (2)] <

¢—1
(ﬁfl

IN

IN

7 N\
=)

Passing to the supremum, we get ||7'u||2 < ||ul|2 for any u € K N0Q;. Thatis ||Tu|| <
||u|| for any u € K N 0. O

4 A Special Case

Assume the nonlinear function ¢ is such that the inverse ¢! is super-multiplicative, that
is:

Va,B €RT, ¢ Ha.B) > ¢ Ha).o  (B). 4.1)
Remark 4.1.
(a) If ¢ is sub-multiplicative, say

Va,B€RT,  ¢(a.f) < d(a).6(B), (4.2)

then ¢! is super-multiplicative. The p-Laplacian operator is super-multiplicative and
sub-multiplicative, hence a multiplicative mapping.

(b) From (4.1), we infer the lower bound
Va,BeRT, ¢ '(a)+ ¢ (B) > ¢ (a+ ), (4.3)
where

®* := min (¢~ '(t) +¢ (1 —1)). (4.4)

te(0,1]
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Indeed (4.3) is obtained by adding the inequalities

«

o o) > ¢! " ¢ (a+ B)
—1 —1 B -1
@) = 07 () o)
(c) It is clear that
0<d*<1. 4.5)

Indeed, 0 < ®* < ¢~'(1) with ¢~*(1) > (¢~'(1))*; thus ¢~'(1) < 1 and the claim
follows.

(d) Moreover, if condition (4.3) holds, then we have

l1—0

D) 2 Du(o) =07 ([ aeatomaye () as), o

where @ is as defined by (4.4).

Thus, in case ¢~ ' is super-multiplicative, we state without proof the following result.

Theorem 4.2. Suppose that the condition (4.3) holds and

(H1)' There exist ¢ € C([0,1],R") and py,v; € C(R,R"), where 1,1, are nonde-
creasing and there exists ro > 0 with

/01 1 (s)n (T—;) ds

IA

such that
0 < f(z,u,v) < q(x)p1(u)hi(v), forany x €[0,1],0 <u <ry, and v eR.

(Hz) There exist o € C([0,1],R"), 2,19 € C(R,R") py is nondecreasing, 15 is
nonincreasing and there exists Ry # ro with

0< Ry < GD;U) and /01 q2(8) s (%) ds < 00
such that
flz,u,v) > qo(x)pa(u)iha(v), forany x € [0,1], cRy < u < Ry, andv € R.
Then Problem (1.1) has a positive solution satisfying

min(rg, Ry) < |lu|l; < max(ro, Ro).



170 K. Bachouche, S. Djebali, and T. Moussaoui

Example 4.3. Let ¢ = ¢, withp = g Define the functions f(z,u,v) = q(x)g(u)h(v),

q € C([0,1],(0,400)) with ||¢|][o < 1 while g, h are nonnegative continuous functions
1 1
such that g(s) = 5 (p1(s) + w2(s)) and A(s) = S (¥1(s) + ¥a(s)). Here

e
p1(s) = (4D, als) = (1+[sDE v (5) = V5, and dfs) = ——
Since
1 " 1 o 1 -
a(s)in () ds < llallo [ va () ds< [ v () s,
0 § 0 § 0 §
then Assumption ()" in Theorem 4.2 becomes
3
1 1 V1 -1 3
7y > 0, + —ln( + 7o )g "o %))
Vitro—1 1+re+1 VIitrg+1 (1412

which is satisfied for ry large enough. As for the condition (#5)" in Theorem 4.2, it is
fulfilled whenever

l1-0o 1
o®*p? / q(s)\/1+ |O'R0|—€_%d8 > 2Ry,

that is if

l1-0o 1
A(Ry) :i=0® ¢ [ m V14 |oRy|———e"
o /1 + %

where m := min (¢(z),0 < x <1—0) > 0. Since

R

~ds | > 2R,, (4.8)

lim A(Ry) = 0®* ¢~ (m(1 — 20)),

Ro—)0+

the condition (4.8) is satisfied for small Ry. Therefore, all assumptions in Theorem 4.2
are met and then Problem (1.1) has at least one positive solution u with Ry < ||u]| < 7.

S The Superlinear Case
Our final existence result is given by

Theorem 5.1. Suppose that condition (4.1) holds and
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(H3) There exists a nondecreasing function 1; € C(R, (0, +00)) with

(1)
12

0< dt < +00

1

such that

— lim su f(x,u,v)
Jo = S ) 0)

=0, uniformly in x € [0,1] and v € R.

(H4) There exists a nonincreasing function 1o € C(R, (0,400)) with ¢5(s) > 1 for
s € R and such that

foo := liminf M

u=toe B(u)iha(v)

= 400, uniformly in x € [0,1] and v € R.

Then Problem (1.1) has at least one positive solution in E.
Proof.

(a) Since fy = 0, then for some 0 < ¢ < there exists M; > 0 such

Jr ety
12 N
that f(z,u,v) < ep(u)i;(v), forz € [0,1,0 < u < My, and v € R. Let M; =

M,
min(1, M), then 5/ (N (T) ds < 5/ Uy ( ) ds < 1. Consider the open set
0

0, = {uEE: ul|x <J\Z}.

Let u € K N oSy, thatis u € K and |jull; = ]\Z, then 0 < u(z) < ]\Z For any
x € [0, 1], we have

@) < o ([ st as)

¢(/ S(u(3))h (o (5)) d

)
/¢ lull) <|| ||1> )
= ot (eo(i0) / " (—) ds>

< M= Jully < [l = fJulla.

IN

IA

Then passing to the supremum, we get ||[Tulls < ||ul|z for all w € K N 9. That is
|ITu|| < ||u|| forallu € K N oQy.
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1 2
(b) Since f., = oo, then for some A positive satisfying A\ > 0] , there
1—20" \o2d*

exists My > 0 such that f(z,u,v) > Ap(|u])be(v), for z € [0,1],u > M, and v € R.
Then

a2 ®*p (A1 —20)) > 2.

Since ¥y > 1, we get
l1—0o k
o?d* ot <)\/ Yo (—) ds)
o s

—~ M.
Let My > 2 and define the open set
o

v

o?®* ¢~ (A1 — 20))
2, Vk > 0.

S.D

V

Q= {UEE: ||l w1 <]\%}

Then v € K and |jul|; = M, implies that <m<1111 u(z) > of|lully = oMy > Ms. Two
o<zr<l—o
distinct cases are then discussed.

eIfd < oorf > 1— o,then, from Assumption (#,) and Lemma 2.5

a2 o6 ([ slosuts)a as)

v

S
S

T

T

q
>
=
=
L
<

[}

Q\
—
N

IS

V)

IV
Q
S
N N N
T
T
Q
>
=
=
—~
»
-
=
-
=
V)
NN
I
&
~~_
QL
o
~_

vV
Q
A
;“‘L
4
>
=
=
=
=
=
no

v
)
<
;“‘l
4
>
S
Q
5
=
(V)
~/
<
L
9
N————

[V |
KA Q
G
Q
SN
-
=Y,
/:/\\S:
I Q
< s
"
N
qEN
N——
a5
N——

> 2M, > |luls,

where the function p is as defined in (2.6).
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e If ) € [0,1 — o], then, making use of (4.3) and arguing as above, we arrive at the
estimates

ATul, > o6 (/fsu s ) o5 ([ slssuts)aronas)

o®*p (/ f(s,u(s), u’(s))ds)

o

oo ([ otutsvatu )

. 1-0o M
::#Mﬁ%4<{/ %(—ﬁd%
o S
> oM, = 2([ulls-

Hence ||Tul||y > ||ul|; for any u € K N 0. By Theorem 2.6, Problem (1.1) has a
positive solution such that min(M;, Ms) < ||ul|; < max(M;, Ms). O

v

%
N

Remark 5.2. From the proof of Theorem 5.1, notice that Assumption (?4) could be
replaced by the following one:

foo :=liminf M

i dnf = = 400 uniformly in z € [0,1] and v € R.

Example 5.3. Consider the boundary value problem

— (@) (@) = q(@)glu(@)h(/(@), 0<z<1
{ w0 —u() = 0. 6:2)

where ¢ € C([0,1], (0, +00)). Let (u) = dp(u) + ¢q(u), g(u) = ki|ds(u)|+ kaldi(u)],

v, ifv>0 .
for some positive constants

and h(v) = /1 +9Y(v), where J(v) = _
0, otherwise,

kl,kgand
l<p<g<tand 1 <p<s<t.

Let ¢;(v) = h(v) and ¥2(v) = 1 + e~ ". Then, Problem (5.2) has a positive nontrivial
solution. Indeed, the ratio

gu)h(v) ks + kpu'!
P(wn(v)  wrt !

behaves as u°~” when u approaches 07, hence goes to 0 since s > p. Likewise, the ratio

, u>0

s—1 t—1 1
g(u)h(v) _ ket A+ Ry v1i+w >0, vER
d(u)he(v) up—l a1 1+ev
behaves as u'~? when u goes to +o0o. Hence lim f(u)g(v) = o0 uniformly in
u=-t00 G(u)ihy(v)

v € R, since t > ¢. Thus Theorem 5.1 yields the existence of at least one positive
solution.
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