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Abstract

This paper is devoted to studying the existence of positive solutions for a class
of higher-order neutral dynamic equations on time scales. First, all various types
of the eventually positive solutions are given by means of their asymptotic behav-
iors. Then, by means of Kranoselskii’s fixed point theorem, the existence criteria
are provided for these type solutions. Some examples in the last section are also
included to illustrate our results.
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1 Introduction

Recall that the existence of positive solutions for first-order neutral dynamic equations
on time scales has been studied in [18], where the authors answer an open problem
in [13]. Subsequently the present author pursued the study for the second-order case in
[16]. In this paper we will follow the trend and consider the classification and existence
of nonoscillatory solutions to higher-order neutral functional dynamic equation

[2(t) + p(t)a(g(t)]>" + f(t,2(q(t)) = 0,t € T, (L.1)

where n is a positive integer with n > 2, T is a time scale with inf T = ¢y and sup T =
00. Here we assume that the reader is familiar with the basic calculus on time scales.
For the details we refer to [1,3-7].
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We remark that there have been numerous results dealing with the neutral dynamic
equations for T = [t, 00), a half-axis, or T = {0, 1,2, ...}, a set of nonnegative in-
tegers. For example, when T = [tg,00) and both ¢ # 1 and 7 are constant, Chen [8]
investigated (1.1) for p(t) = ¢, g(t) =t — T and q(t) =t — §(t) — oo (as t — oo) and
obtained some sufficient criteria to guarantee the existence of nonoscillatory solutions
of (1.1). Kong et al [11] considered a critical and special case, i.e., the following odd
order equation

((t) —a(t — 7)™ +p(t)a(t — ) =0, t =ty

where 0 is a constant, and gave a complete classification of nonoscillatory solutions and
found conditions for each type solution to exist. The relevant topic is also included in
the monograph [2, Chapter 6]. For the classification and existence of nonoscillatory
solutions of neutral difference equations of the form

A”(xk + Cka_T) + f(k?, ZEk_(s) = 0, k= 0, 1, 2, ceey

Zhu [17] and Li [12] et al had given, respectively, the relevant and no overlapping re-
sults. Precisely speaking, the results in [17] were based on the assumption {c;} C
(—1,0] and those in [12] based on the assumption that ¢, is nonnegative constant and
different from 1 for all k. The present paper extends the methods in [8] and the results
to obtain will unify the ones in [8, 12, 17] when tli>rg> p(t) = po with |py| < 1 (see the
next assumption (H3)).

We remark also that there have been recent results which studied the existence of
nonoscillatory solutions to higher-order neutral dynamic equations on time scales, see,
e.g., [9, 14, 15]. It is worthy to say that the results in the present paper are different
from those in [9, 14, 15]. In fact, the three papers mentioned above are concerned with
the existence of bounded nonoscillatory solutions while ours will include the cases of
bound and unboundedness.

Let R be the set of real numbers and C,4(T, R) denote the set of all rd-continuous
functions mapping T to R. Besides the assumptions as above, we will assume further
that

(H1) the forward jump operator on T defined by

o(t):=inf{s € T:s >t}

) .ot .
satisfies that lim Q exists;
t—oo ¢

g9(t)

(H2) g,q € Crq(T, T), g(t) <t with 1tlim = 1, tlim q(t) = oo, and there exists
— 00 — 00

a sequence {¢, }m>0 C T such that lim ¢, = oo and g(¢;n11) = s
- m—00

(H3) p € C,4(T,R) and there exists a constant py with |py| < 1 such that tlim p(t) =
—00
Po;
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H4) f € C(T xR,R) and xf(t,z) > 0 fort € T and = # 0. In addition, we
assume that f is superlinear or sublinear. More precisely, f is said to be superlinear if

f2) - fty)

forx >y>0o0rzx <y<0,

T Y
and sublinear if
t t
f(7$)§f(ay) forx2y>00rl‘§y<0-
x Yy

Let N denote the set of positive integers, ho(t,s) = 1 on T x T and let functions Ay, be
defined recursively by

t
hi(t,s) = / hi—1(1,s)AT, k € N.

Then such functions Ay play a role of “polynomials” on T (see [3, 10]) and satisfy that

hi(t,s) > 0forallt > s and k € N, h2(t,s) = hg_y(t,s) forall k € N;
1)k k(t,s) >0forall k € N and t < s; and
1)%hy(t

(—1)%h(t, s
(—1)*hy(t, s) is decreasing in t provided that ¢ < s,
where hy is the derivative of Ay, with respect to the first variable.

Now we have our first result as follows, which is similar to [16, Lemma 2.1] and [ 18,

Theorem 7]. For completeness we supply the proof.

Lemma 1.1. Suppose that x(t) is continuous and x(t)/hg(t,to) is eventually positive
on T. Suppose further that z(t) = x(t) + p(t)x(g(t)) and tlim [2(t)/hi(t, to)] = b. Then
—00

Tim (1) (8, 10)] = B/(1+ o).

Proof. First we assert that

hi(t,t
lim k(t to) exists for & € N. (1.2)
t—o00 tk
- - . hi(t o)
Indeed, it is clear that (1.2) holds for £ = 1. Suppose that thm T ‘H for some
—00
t
k € N and tlim %) = A (see assumption (H1)). Then, it follows that
—00
(b)) hi(t, to)
lim ————~ = lim
t—oo  thtl t—oo th 4+ th=lg(t) + tF=2(a(t))2 + ... + (o(t))*

H
1+ A+ A2+ .. . 4+ AF’
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where we have imposed L’Hopital’s rule [1, Theorem 4] for the first step. Hence, by
mathematical induction we see that the assertion (1.2) holds. Now by (1.2) we have

i (g(t). to)
hu(9(t):to) _ . [ WO (g(t))’“] 1 for kEN
t—00 ’

1m
t=oo hy(t,to) Bultto) tk
. gt) .
where thm = 1 is due to the assumption (H2).
—00

In addition, by assumptions (H2) and (H3) there exist 7, € T and |py| < p1 < 1
such that z(t) > 0,z(g(t)) > 0 and |p(t)| < p; for all ¢ € [Tj, co)r. Next there are two
cases to consider.

(i) If b is finite, then x(t)/hy(t,to) is bounded on T. Otherwise, there exists a se-
quence {t;} C T witht; > T}, and t; — oo as [ — oo such that

x(t) z(s) _x(gt)
Pl te) — o Tt o) M M p ) )
Note that g(¢) < t, it follows that
() _ x(t) z(g(t))
hi(tito) Byt to) p(tl)hk(thto)
S _2lg(®)) —y x(g(t)  hi(g(h), to)
= hi(gt) o) (gt te) (i to)
> (1 _ pl) w(g(tl))

hi(g(ti), to)
— o0 as | — oo,

which contradicts our assumption for b, where we have imposed the relation

hi(g(t), to)
(1, to) =

for the third step. Now we may assume that

| o a
hrtrisogp Il to) x, htrg(l)glf Pelt to) x.
ote that 0 0 G®) o)t
z x (g k\g(l), %o
o) Anltte) P hg() ) haltto)

we have when 0 < pg < 1,

b>7T+pox and b <1z + poZ,
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which implies that T = 2 when 0 < py < 1. In case —1 < pg < 0, we have
b>7T+poT and b <z + pozx ,

which implies again that T = z.
Since tlim x(t)/hi(t, to) exists, it is clear that tlim x(t)/he(t, to) = b/ (1 + po).
—00 —00
(i) If b is infinite, then b = —oo is impossible. Otherwise, there exists alarge 77 € T
with T} > Tj such that z(¢) < 0 on [T}, co)7. Consequently, it follows that

z(t) < —p(t)x(g(t)) < prz(g(t)) fort € [T}, 00)7. (1.3)

Now by the assumption (H2) we can choose some positive integer my such that c,,, > T3
for all m > mg. Then, for any m > mg + 1, we have from (1.3) that

z(em) < pra(g(em)) = pra(em—1) < pia(g(cm-1)) = piz(cm2)

< ... < pgnimox(g(cmo-‘-l)) - pgnimox(cmo)v

this induces lim z(c,,) = 0 and then lim z(cy,)/hi(cm,to) = 0, which contradicts

m—oo m—0o0
with b = —o0.
Now from
z(t) x(t) 2(g())
= t € [Ty, 00)r,
hk<t7 t()) B hk(t, tO) +p1 hk<t, t(]), [ 0 OO)T
we see that lim x(t)/hy(t,ty) = oo, which completes our proof. =
n—oo

The following is due to [10, Corollary 1].
Lemma 1.2. Ifw € C,4(T,R) and a,t € T, then

/ta /T:.../:w(r)mml...mk = (—1)k/tahk(t,o(7))w(T)AT. (1.4)

Let Ty, Ty € T. For the sake of convenience, we will write [Tp, 0o)r instead of
{teT:t>Ty}and [Ty, Th]rinstead of {t € T : Ty <t < Ty }. Let ri(t) = hi(t,to)
for some integer £ € N and r(t) = 1, Ty, > 0 and C,4[Tp, co)r denote all the rd-
continuous functions mapping [1, co)r into R, and

t
BCh4, [Ty, 00)r := ¢z : x € Cpq[Ip, 00)r and  sup () <00yp. (1.5)
teTy,00)r Tk(1)

When BC,4, [T, 00)r is endowed with the usual linear structure and the norm

|zl = sup |z(@)|/rx(t),

tG[TQ,OO)'[r
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(BCya,[To,00)t, || - ||) is a Banach space. A set X C BC,g, [Ty, 00)T is said to be
uniformly Cauchy if for any given ¢ > 0, there exists a T} € [Ty, 00)r such that for
every r € X,

z(ty)  z(ta)

Tk<t1) Tk(t2>

X is said to be equicontinuous on [a, by C [T}, 0o)r if for any given € > 0, there exists
a 0 > 0 such that for every x € X,

< e forall t1,10 € [Tl, OO)T.

|(L’<t1) — I(t2)| < ¢ forall ti,t9 € [a7b]’]1‘ with |t1 — t2| < 0.

Following the norm ||- || defined as above, we can obtain the next result whose proof
1s similar to [17, Lemma 4].

Lemma 1.3. Suppose that X C BC,4, [Ty, 00)r is bounded and uniformly Cauchy.
Suppose further that X is equicontinuous on [Ty, T1|t for any T\ € [T, 00)r. Then X
is relatively compact.

To continue our discussions, we need a standard result as follows.

Lemma 1.4 (Kranoselskii). Suppose that () is a Banach space and X is a bounded,
convex and closed subset of (). Suppose further that there exist two operators U, S :
X — Q) such that

(1) Ux+ Sy e X forall x,y € X;
(i1) U is a contraction mapping;
(iii) S is completely continuous.
Then U + S has a fixed point in X.
As a special case of Lemma 1.4, we have the following result.

Corollary 1.5. Suppose that () is a Banach space and X is a bounded, convex and
closed subset of (). Suppose further that there exists an operator S : X — () such that

(1) Sx e X forallzr € X;

(ii) S is completely continuous.
Then S has a fixed point in X.
Sett | = rtni%l{g(t), q(t)}. Referring to [4,9], by a solution of (1.1) we mean a
€

real-valued function z(t) € C,4[t_1, 00) with z(t) +p(t)x(g(t)) € C,[t1, 00)T, which
satisfies (1.1) for all t > ¢1, where t; > max{to,t_;} and CJ;;[t;, 00)r denotes the set of
functions ¢ : [t1,00)r — R with " is rd-continuous. Among the solutions of (1.1),
one is said to be nonoscillatory if it is eventually positive or eventually negative. Our
attention will be restricted to eventually positive solutions since dual statements for the
eventually negative solutions can be readily stated.
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2 Types of Positive Solutions

For simplicity, we assume throughout that

2(t) = x(t) + p(t)z(g(t).

Then, (1.1) reads as
AU + f(tx(q(t) =0, t €T, 2.1)

Let ST denote the set of all eventually positive solutions of (1.1) and

. t) ) x(t)
A(a, B) = I€S+:th:a,hm = },kGN,
= | M E ) R )

t—o00

Ap(a) = {x €St limx(t) = a}.
Furthermore, let N[a, b] denote the integer set of the form {a,a + 1,a +2,...,b}.

Theorem 2.1. Suppose that x(t) is an eventually positive solution of (1.1).
(i) If n is even, then either v € Ay(0) or there exists a real number a > 0 and some
integer k € N[1,n/2] such that x belongs to Asj_1(00, a), Aax—1(00,0) or Agx—1(a,0).
(ii) If n is odd, then either x € Ay(«) for some « > 0 or; there exists a real number
a > 0 and some integer k € N[1, (n—1) /2| such that x belongs to Aoy (0, a), Asi(00,0)
or Asi(a,0).

Proof. Let n be even. By the assumption (H3), the assumption for z(¢) and (2.1), there
exists a real number p; with [pg|] < p; < 1 and a sufficient large Ty € T such that
22" (t) < 0and |p(t)| < p, forall t € [Ty, 00)r. Then, z(t) is eventually of fixed sign.
Without loss of generality, we may assume that z(t) is of fixed sign on [T, 00)r.

If we assume that z(¢) < 0 on [}, co)r, then

z(t) < —p(t)x(g(t)) < pra(g(t)), t € [Tp, 00)r.

Note that the assumption (H2) means that there exists an integer m, such that ¢,, > Tj
for all m > my. Consequently we have for m > mg + 1,

z(em) < pra(g(em)) = pra(em—1) < pia(g(cm-1)) = piz(cms)
< .. < pgnimox<g(cmo+1>> = prlnimox(cmo)v
which induces that
lim z(¢p,) =0. (2.2)

m—r0o0

Now we invoke Kneser’s theorem on time scales [1, Theorem 5] and learn that there
exists some even integer m* € [0, n] such that eventually

ZA'(t) < 0for j € N[0, m"],
()™ A1) < 0forj € Nim* +1,n).
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In case m* = 0, we have from (2.2) that tlim z(t) = 0. In case m* > 2, it is easy to see
—00
that lim 2(¢) < 0, which contradicts (2.2). That says tlim z(t) = 0when z(t) <0Oon T
—00

t—o0
eventually. Hence, Lemma 1.1 implies that = belongs to A (0).

Suppose that z(t) > 0 on [Ty, 00)r. Then, by Kneser’s theorem, there exists an odd
integer 2k — 1 for k € N[1,n/2] such that 2™ (¢) > 0,227 (t) > 0,22 (t) < 0.
Thus we may assume that

tlgglo ZAZk_Q(t) = Lop_2, tliglo ZAQk_l(t) = Loj_1,

where 0 < Lgj,_o < ocand 0 < Lqgp_1 < 00.
If 0 < Lox—1 < 00, then Loy_o = co. By L’Hopital’s rule [1, Theorem 4] we have

_ 2(t) . z(t)
lim ) = Ly, lim ) — oo,
350 hok—1(t, to) et hok—2(t, o) =

Hence, by means of Lemma 1.1, we have

) x(t) Lop—1 .. x(t)
lim = , lim ———
t=oo hop_1(t,t0) 1+ po  t=o0 hop_o(t, to)

= OQ.

So x belongs to Ay,_1 (00, a), where a > 0.
In case Loy, 1 = 0 and Log_o = o0, similarly we have tlim [2(t)/har—1(t,t0)] = O
—00
and tlim [2(t) /hak—2(t, to)] = oo, which implies that x belongs to Agy_1(c0, 0).
— 00
Incase Lop 1 = 0and 0 < Lop_o < o0, by the same reason as above we obtain
that tlim [x(t)/hok—1(t, to)] = 0 and tlim [(t)/hog—2(t, to)] = Lax—2/(1 + po). Hence x
—00 — 00
belongs to Asy_1(a,0), where a > 0.

When n is odd, the proof is analogous to those above and we skip it. The proof is
complete. [

3 Existence Criteria for Odd n

Eventually positive solutions of (1.1) have been classified according to Theorem 2.1.
Next we will establish the existence criteria for each type of solutions in Ay(oo,0),
A (00, a) and Ag(a,0), Ag(a) where o« > 0 and a > 0.

We sett_ 1 = r?fréi]{l{g(t), q(t)} and t; > max{to,t_1 } whenever they are defined.

Theorem 3.1. Suppose that n is odd and f is superlinear or sublinear. If (1.1) has a
solution in Agy (00, a) for a > 0 and k € N[0, (n — 1) /2], then there exits some constant
C > 0 such that

/OO hp—ok—1(t1,0(7))f (T, Chor(q(T), t0)) AT < 00. (3.1)

t1

The converse is also true. Here Agy (00, a) denotes Ag(a) when k = 0.
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Proof. Suppose that x(t) € C,4[t1, 00)T is an eventually positive solution of (1.1) satis-
fying

t t
limL—a>0 and l1mL:oo.
t—oo ho(t,t0) t—o0 hop_1(t, to)

Then there exists a 1" € T with T' > ¢; such that

a 3a

§h2k(Q(t)vtO) <z(q(t)) < _h2k( (t),t0),t € [T, 00)T. (3.2)
Note that .

im — (14 po)a, (3.3)

t—o0 h2k (tu tO)
we assert that )
lim 227 () = (1+po)a. (3.4)
— 00
Indeed, noticing (2.1) and (3.2) infer that z2" (£) < 0 on [T, 00), we see that 22 (¢) is
eventually monotonic for all j € N[0, n — 1], which means that

lim 2% (t) = L;, j € N[2k,n — 1],

t—o00

where L; may be infinite. Now it follows by L’Hopital’s rule [1, Theorem 4] that

t A2k—1
Z( ) _ = lim Z—() = lim ZA%(t) = L2k7

lim ————=...=
e hak(t, to) tooo hy(t,tg) oo
which, together with (3.3), yields (3.4) holds. subsequently, (3.4) deduces

lim 22 () =0, j € N2k + 1,n — 1]. (3.5)

t—o00

Now integrating (2.1) n — 2k — 1 times successively and invoking (3.5) in each time,
we obtain

ZA%H / / / flrx(q(m)ATAT -+ - ATy _9k—2. (3.6)
Tn—2k—2

Integrating above equation again, we get

LA (t) — A% (t1) / / / f(r, x( NATAT - ATy ok 1
Tn—2k—1 T1

and hence
/ / / f(r,x(q(m)ATAT ... ATy 91
Tn—2k—1 T1

= 0 (o) (e < B

t1
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where we have imposed the equation (3.4) and Lemma 1.2.
In addition, we see from (3.2) that

Fit,xa(®) = £ ( Shala() ) t = T
when f is superlinear, and

feata) = 3f (0 a0 027

2
when f is sublinear. Now it is clear that (3.7) implies that (3.1) holds since we may take
C' = a/2 when f is superlinear and C' = 3a/2 when f is sublinear.

To see the converse holds under the condition (3.1) for some constant C' > 0, we
first consider the case 0 < py < 1 and proceed in steps. First of all, we take K. = C
when f is superlinear and K, = 2C when f is sublinear. Set Ry (t) = hox(t, to).

Take p; satisfying po < p1 < (1 + 4py)/5 < 1, then py > (5p; — 1)/4. From
tli>rcr>10 p(t)Ror(g(t))/ Rax(t) = po and (3.1), there exists a T € T with T > ¢; such that

5p14— ! <p(t) <p <1, te[Tp,00)r, (3.8)
p(t)Rax(g(t)) _ 5p1 — 1
ng(t) > 4 , te [TOa OO)'JT (3-9)

and

/ / o / f(1,CRox(q(7))) ATAT, ... ATy ok 1
To JTn—2k-1 T1

_ / " hser (To, (7)) £ (7. C R (q(7))) AT

To

< / T b (tr, 0 () (7, C B (q(7))) AT

t1
(1 - pl)Kc
< - 3.10
< 16 (3.10)
Let 795 (t) = h3,.(t, to) = R3,(t). Define the Banach space BC,q,, [Ty, 00) as in (1.5)
and let

K. R(t)

X = {x € BC,q,, [To,00)T 5 <z(t) < Kchk(t)} : (3.11)

It is obvious that X is a bounded, convex and closed subset of BC,.4,, [Ty, 00)r. Note
that the assumption (H2) implies that there exists a 77 € T with 7} > Tj such that

g(Ty) =Ty, g(t) > Ty and q(t) > Tj for t € [T}, 00)r. (3.12)
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So, for any z € X we have

f(t,2(q(t)) < 2f(t, CRa(q(t))), t € [T1,00)7.
Define two operators U and S : X — BC,g,, [T, 00)1 by

3Kcp1Rox(t) _ p(Th)z(g9(Th)) Rar(t)

, t € [Ty, Th]r,
(Uz)(t) = ' e o
DD o)), 1 [100)

and

%%(t)’ t € [To, Ty,

B =1 sxr (t)

CT% + F,(t), t € [T1,00)r,

where

Ei(t) = /Tt /T TIT”W /:%.../ﬁoof(f,x(q(f)))mml...

which, combining with (3.10) and (3.13), implies that

(1—p)K

1— K.
py < E=pEey o) < !

8

CRQk(t), t € [Tl, OO)']I*.

301

(3.13)

(3.14)

(3.15)

ATTL—D

(3.16)

(i) We first prove that Uz + Sy € X for all x,y € X. Indeed, on [Tj, T1]r, using

g(t) <t and (3.8)-(3.9) we have

a0+ (o)) = H AR L
> 3(1 +p1)KcR2k(t) KCR2k<T1)R2k(t)
N 4 s Roy(Th)
KCRQk(t)
- 2
and
(Uz)(t) + (Sy)(t) < 3(1+ pl)ZchRzk(t) —p(TY) KCRQZ (]i(il%z;z%(t)

3(1+ p1)KcRow(t)  p(Th)Rar(g(Th)) KcRox(t)

4 Ry (T71)
< 3(1 +p1)KCR2k(t) _ 5]71 —1 ) KCR2k<t)
- 4 4 2
S KCRQk(t)-

2
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When t € [T}, co)r we have from (3.8)—(3.10) and (3.16) that

3(1 4 p1) K Ro(t)

(Uz)(t) + (Sy)(t) = 1 —p)z(g(t)) + Fy(t)
Z 3(1 -+ pl)ZLKCRQk@) _ lecng (t)
_ (3 — p1) K Rai(t) S K. Rop(t)
4 - 2 ’

(Uz)(t) + (Sy)(t) < 3(1+ p1) K. Rop (1) B p(t) K Roi(t) n (1 — p1) K Rox(t)

4 2 8
< 3(1 —l—pl)Kcng(t) _ 5p1 —1 % KCRQk(t)
- 4 4 2
1—p))K t
L (0= p)EcRu(t)
8
- KCR2k<t)

Thatis, Uz + Sy € X forany z,y € X.
(ii) Next we show that U is a contraction mapping. First we note that tlim Ip(t)| =
—00

po- For the convenience, we may deem that [p(t)| < p; for t > T,. Then, for any
x,y € X, we have when ¢ € [Ty, T1]r,

[(Uz)(t) = (Uy)(#)] ||rv(( 1) = y(9(Th))|

= |p(Th)

R3.(1) Roy(T1) R (t)
2(9(T1)) — y(g(T0))|  |p(T1)|R3,(9(Th))
R3,.(9(T1)) Rox(T) Rox (To)
< pysup z(t) — y(t)]

1, R (t)

where we have used the relations ¢g(7) = T} in (3.12) for the last step.
When t € [T}, 00)T, we have

WD) — OOl Jee(®) — yg0)]
2, (1) = PO
g(t))]

)

lz(g(t)) — y(
R3,.(g(t)
z(t) — y(1)]

= PP TR

> D1

In a word, ||[Uz — Uy|| < p1||z — y|| forall z,y € X. Since 0 < p; < 1, we see that U
is contracting.
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(iii) In this section we prove that S is a completely continuous mapping. From the
proofs in (i), we learn immediately that Sx € X for all x € X.

The continuity for S is similar to those in [18, Theorem 8]. For the completeness,
we supply the proof. Let z, € X and ||z,, — z|| — 0asn — oo. Then z € X and
|z, (t) — x(t)| — 0 as n — oo for any ¢ € [Tj, co)r and hence, for any ¢ € [17,00)r we
have

|f(t, 2a(q(1)) — f(t,2(q(t)))] = 0 as n — ooc. (3.17)
Invoking (3.13), it follows that
|t 2a(q(t)) — f(t,2(q(t))] < 4f(t, CRar(q(t)))- (3.18)

By the definition S we have
(S2a)(t) = (S2)(t) = Fe, — Fa
which implies that
|(San)(t) — (Sz)(1)]
< /t ha (£, (7)) Amy

T
o0

hn—or—1(Th, (7)) | f (7, 2n(q(7))) — f(7,2(q(7)))| AT

S—

T
o]

< hzk(t,to)/ hn—ak1(Ty, o (T)) | f (7, 20 (q(7))) — f (7, 2(q(7))) | AT.

T

Consequently, we have

1(Szn) () = (Sz)(1)]]
< Sup;/ h—ak—1(T1, o (7)) f (7, 20 (q(7))) — f (7, 2(q(7)))|AT,

>Ty Ror(t) Jr

which, together with (3.17) and (3.18), yields that
|(Sz,)(t) — (Sz)(t)|] — 0asn — oo,

where we have imposed Lebesgue’s dominated convergence theorem [6, Chapter 5].
Thus, the continuity of .S is complete.
Next we verify that SX satisfies all the conditions in Lemma 1.3. Since S maps X
into X, we have ||Sz|| = sup |(Sz)(t)/R3.(t)| < K./Rox(Tp) for all 7 € X and hence
>,

>To
S X is bounded.
For any given ¢ > 0, take T € [T}, 00)r so that

1 €
<

RQk(t) - 3K.

forall t € [T, 00)7.
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Then, for any x € X and ¢, ty € [T3, 00)T, it holds that

’( z)(t) _ (S7)(t)
R3.(t)  R3(t )

= Ron(t1) ng(tQ) e Ron(tr) | Ron(t)
i) P k)
2

<

l\DI(‘f)

Thus, SX is uniformly Cauchy.
Let Ty € [Ty, 00)r be arbitrary and, without loss of generality, 75 > T;. We now
show that SX is equicontinuous on [Tj, T5]r. For any x € X, we have

_SK

|(Sz)(t1) = (Sz)(L2)]

(t1) — Rok(t2)|, t1,t2 € [To, Thr

and when t,ty € [T1, Ty],

|(S2)(t1) — (S2)(L2))|

SK (1 _p1>Kc

< (t1) — Rar(t2)| + 3

| hor(t1, T1) — how(t2, Th)|.

Note that since hog(t, ) is continuous with respect to the first variable, we see that for
any € > 0, there exists a § > 0 such that |Roy(t1) — Rax(t2)| < € and |ho(t1,Th) —
hok(t2, T1)| < € when |t; — to| < & on [Tp, Tz]r. This means that SX is equicontinuous
on [Tg, TQ]']I‘.

To sum up, S is a completely continuous mapping by means of Lemma 1.3. Hence,
Lemma 1.4 implies that there exists z € X so that (U + S)z = x. Therefore, we have

oty = SEEPIRIDD iy 1 R0, te oo 319

Also, we can readily verify that z(¢) solves (1.1) on [T}, 00)r. In addition, invoking
(3.13) and Lemma 1.2 we have

FA 1) < / / o /OO F(7, CRo(q(T)ATAT .. ATy_gp1

< /t by o1 (£ 0 (7)) (7, CRog(q(7))) AT < 00,

which, together with (3.1) and L’Hopital’s rule, results in

F,(t FA(t FA* (¢
lim <):limm—(): :limx—():
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Hence, (3.19) implies that

lim 2(t) _ 3(1 —i—pl)Kc’ lim A
t—00 hoy(t, to) 4 t—o0 hop_1(t, to)

= OQ.

This, associated with Lemma 1.1, implies that tliglo [z(t)/hax(t, to)] = 3(1+p1) K./ (4+
4po) and tlggo[x(t)/h%_l(t’ to)] = oo. In summary, (1.1) has a solution in Ay (00, a)
when 0 < py < 1.

In case —1 < py < 0, take p; so that —py < p;1 < (1 —4py)/5 < 1. Then

po < (1 —5py)/4. Similarly, we can choose T € T large enough such that (3.10) holds
and

p(t)Rak(9(t) . Spr—1 Sp—1 _
ng(t) - 4 4 -

p(t) Spl < 17 le [T()aOO)T-

Let T} € T with T} > Tj such that (3.12) holds. Now we introduce the Banach space
BC4[Th, 00) and its subset X as above. Define operator S as in (3.15) and operator U
on X by

_3Kepi Roi(t) — p(T1)x(g(Th)) Rax(t)

(U)(t) = 3K, 4R t ) Row(Th)  t€ o Dl
R FaD) _ate(e), 1 e 00

Then we may prove in a similar manner that (1.1) has a solution in Ay (0o, a) when
—1 < pg < 0. The proof is complete. [

Similarly to the proof of Theorem 3.1, we may take Rox_1(t) = hox_1(t, to) instead
of Rox(t) = hax(t, to) and show that (1.1) has a solution in Ay (a,0). We give the result
without demonstration.

Theorem 3.2. Suppose that n is odd and f is superlinear or sublinear. If (1.1) has a
solution in Aoy (a,0) fora > 0 and k € N[1, (n — 1) /2|, then there exits some constant
C > 0 such that

/ ot ()| (7, Chags (q(7), £0)) AT < 0.

t1

The converse is also true.
Theorem 3.3. Suppose that n is odd, f is superlinear and k € N[1, (n —1)/2]. If (1.1)

has a solution in Agi(00,0), then

/ a1 (b () (o (9(7), £0))) AT < 00, (3.20)

t1
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/OO B oi (11, (P (72 hog (9(7), £0) ) AT = o0 (3.21)
Conversely, if

/OO hnfgkfl(tl, U(T))f(T, h2k<<Q(7'), to)))AT < o0, (322)

t1

/ ot ()| (7, B 1 (9(7), £9)) AT = 00 (3.23)

and tlim [p(t)har(t, to)/hak—1(t, to)] = O provided py > 0, then (1.1) has a solution in
— 00
A2k<oo7 0)

Proof. We set Ror(t) = hay(t, to) and Log_1(t) = hog_1(t, to) throughout the following
discussions. Suppose that x is a solution of (1.1) in Ay, (00, 0). Then

lim [2(t)/Rox(t)] = 0 and lim [2(t)/ Lop_1 ()] = o0

t—o0 t—o00

and hence, there exists a’T' € T such that
Lop1(t) < a(t) < Rog(t), t € [T,00)r, (3.24)

Since ¢(t) — oo as t — oo, we may deem that ¢(¢) > T on [T, 00)r. Furthermore,
since tlim [2(t)/ Rax(t)] = 0 and tlim [2(t)/ Lak—1(t)] = oo, we have
—00 —00

Jim A (t) =0, j € N[2k,n —1]. (3.25)
— 00
as well as .
2k—1
tlgglo 2277 (1) = 0. (3.26)

Now integrating (2.1) n — 2k times successively from ¢, to ¢ and using (3.25) each time,
we have

ZA%(t) AQk tl / / / f T, .1' ATATl ATn,Qkfl. (327)
Tn—2k—1

Invoking (3.24)—(3.25), together with Lemma 1.2, we find that (3.27) fetches (3.20).
Invoking (3.27) again, we gain that

/ / / f(r,z( NATAT .. AT, 91,

which, integrating from ¢, to ¢, gives

ZAQk—1<t) B ZAQk 1 / / / f T, g; ATATl ATn—2k‘
Tn—2k 1
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This, associating with (3.26), induces

/:O / OO - / 100 (7, 2(q(P)ATAT ... ATy 5 = 0.

Now by the right side of (3.24) and Lemma 1.2, it is clear that (3.21) holds.
Conversely, we note first that hoy(t,t9) > 4hor_1(t,to) eventually. Suppose that
0 <py<1and
lim p(t)ng(t)
t=oo Lop_1(t)
Take p; so that py < p; < 1. Then, by the same ways as the proof in Theorem 3.1, there
exist T and T3 with T > T} such that

=0.

g(t) > T(), q(t) > 1T, for t € [Tl,OO)'ﬂ‘, (3.28)
ALy (8) < B(t), ()] < POIE) i o,
Lok (1)

and
0 [e’s) [e’s) 1_
// / F(7, Ros(q(1)ATAT .. ATy_gpr < 8791, (3.29)
To JTn—2k-1 T1

where the last relation is due to (3.22).
Define the Banach space as in (1.5) with 7o, () = R3,.(¢) and let

X = {ZL‘ S BCTde [Tg, OO)T : Lgk_1<t) < l’(t) < ng(t)}

Define two operators by

%szﬂt), t € [Ty, T)r,
wa =4 2
~ Lae-a(t) —p(t)a(g(t)), ¢ € [T, 00)r,
and
%L%—l(t); t € [Ty, Th)T,
s =1 2

§L2k_1(t) + Fx(t), t e [Tl, OO)T.

where F,(t) is defined as in (3.15). Then, when ¢ € [T3, c0)r, it is easy to see that for
any z,y € X,

)0+ (59)1) = 2P L (1) — plt)alo(t) + Fy()

3+ 3p n lp(t)[Rax (1)

2 Lgk_l(t)
Ro(t)

I —p

Lgk_l(t) + RQk(t)

IN
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and
3+3 )| Rax(t
(Ul')(t) + (Sy)(t) > D1 . |p( )| 2k( ) L2k71(t>
2 Log_1(t)
> Lop_1(%).
Similarly to the proof in Theorem 3.1, there exists x € X such that
3(1+
o(t) = 2P L) e + B, e Moo (B30)

Using tlim [Lox—1(t)/Ror(t)] = 0, together with (3.22) and (3.23), equation (3.30) im-
—00
plies that tlim [2(t)/ Rax(t)] = 0 and tlim [2(t)/ Lax—1(t)] = co. Hence, by Lemma 1.1
—00 —00
we are convinced that (1.1) has a solution in Ay (00, 0) when 0 < py < 1.

When —1 < py < 0, take p; satisfying —py < p; < (1 —4pg)/5 < land Ty < T}
so that (3.28) and (3.29) come into existence and

P Lo (9(8) _ =1

0< _p(t) S D1, 4L2k71(t) S RQk(t)a L2k71(t> = 4 ) te [T07 OO)T'
Let U be replaced by
1
§L2k71(t>7 t € [T, Th)r,
Ua)(t) =3 24,
—Tszfl(t) —p(t)z(g(t)), t € [T1,00)r.
The remainder is similar to those as above so we skip it. The proof is complete. [

Let R™ denote the set of positive real numbers. The next two results are concerned
with the solutions of (1.1) in Ay(0). We only give a brief proof for the first one.

Theorem 3.4. Suppose that n is odd and f is superlinear. Suppose further there exists
1
a function ) : T — R with \(t) < ;fort > 0and aTy € T with Ty > 0 such that

p(HA(g(t)) < =A(t), t € [To, 00)x

and
/t hn—1(t,o(7))f (T, %T)) AT < %+ %, t € [Ty, 00)r.

Then equation (1.1) has a solution in Ay(0).

Proof. We may take T} > Tj in T so that g(¢) > Tp and ¢(t) > T} on [T}, 00)1. Define
the Banach space as in (1.5) with r¢(¢) = 1 and then let

X = {:(: € BCou [Ty, 00)r : A(v(t)) < 2(v(t)) < % for ¢ € [T}, 50)r and

AMT) < z(t) <

~ | =

for t € [To, Tl]’]]‘} s
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where v(t) is one of ¢(t) and ¢(t).
Define an operator S on X by

Y (T)z(9(Th)) + Fu(Th), t € [To, Thlr,
(S2)(t) = { Cotelg(t) + ey, te [Thyoo),

=

where F(t) defined by

Fo(t) = / " b (t, 0 (1)) (r, 2(g(7)))Ar.

The straightforward verifications indicate that all the conditions in Corollary 1.5 are
satisfied and thus, there exists z € X such that

z(t) + p(t)x(g(t)) = /too hna(t, 0 (7)) f (7, 2(q(7))) AT, T € [Th, 00)r.

By Lemma 1.2, we see that x is an eventually positive solutions of (1.1). Furthermore,
by tlim z(t) = 0 we have tlim z(t) = 0. The proof is complete. O
—00 —00

Quoting the same ways as the proof of Theorem 3.4, it follows that

Theorem 3.5. Suppose that n is odd and f is superlinear. Suppose further there exists

1
a function X : T — RT with \(t) < ;fort >0, aTy € Twith Ty > 0 and a constant
K > 0 such that
0 <p(t) < Kg(t)A\(t), t € [Ty, 00)r,

/t (o () f (7 AG(P) AT > (K + DA(D). £ € [Ty, 00)r.

and

| hattoons (T’ Tlf>> Ar < te (Moo

Then equation (1.1) has a solution in Ay(0).

We remark that the conclusions similar to Theorem 3.3-3.5 can been established
when f is sublinear.

4 Existence Criteria for Even n

When n is even and k£ € N[1,n/2], similar manners as above section can be used to
prove that (1.1) has a solution in Ay,_1(00,a), Agk_1(a,0), Agx_1(00,0) or Ap(0). We
will only sketch out the proof of Theorem 4.4 and ignore the others.
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Theorem 4.1. Suppose that n is even and f is superlinear or sublinear. If (1.1) has a
solution in Agy,_1(00,a) for a > 0 and k € N[1,n/2], then there exits some constant
C > 0 such that

/too P—ok(t1, (7)) (T, Chag—1(q(T), t0) ) AT < o0.

The converse is also true.

Theorem 4.2. Suppose that n is even and f is superlinear or sublinear. If (1.1) has
a solution in Agy,_1(a,0) for a > 0 and k € N[1,n/2], then there exits some constant
C > 0 such that

/too |hn—okr1(t1, o ()| f (T, Char—2(q(7), t0) ) AT < 0.

The converse is also true.

Theorem 4.3. Suppose that n is even, f is superlinear and k € N[1,n/2]. If (1.1) has
a solution in Agy,_1(00,0), then

/ " B (b, o (1)) (7, haa((q(r), 0))) AT < o0,

t1

/ i (b1 o ()£ s (q(7) 1)) A = o0,

t1

Conversely, if

/ " B (b, o (1) F(7, B (7). 0))) AT < oo,

t1

/OO \hp—ap1 (L1, (7)) F (T, har—2(q(T), t0) ) AT = 00

t1
and tlim [p(t)hak—1(t, to) /har—2(t, to)] = O provided py > 0, then (1.1) has a solution in
—00
Azk_l(OO, 0)

Theorem 4.4. Suppose that n is even and f is superlinear. Suppose further there exists
1
a function ) : T — RY with \(t) < ;fort > 0and aTy € T with Ty > 0 such that
p(t)t Z _g(t>7 te [T07 OO)T,
p(t)A(g(t)) < =A(t), t € [Tp,00)r

and

/too 1 (£, 0 (7)) | (T, Wlﬂ) AT < {—p@x@ - 1} MO 1 e oo

then equation (1.1) has a solution in Ay(0).
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Proof. Take X as in Theorem 3.4 and define S by

[ —p(T)e(g(Ty) — Fu(Ty), t € [To.Ti)r,
“””W)‘{ P)2(g(0) ~ Fu(t), 1 [Thyo0)r

Then, with the same manners as the proof in Theorem 3.4, we can obtain an x € X
solving (1.1) on [T}, 0o)r and satisfying tlim x(t) = 0. The proof is complete. O
—00

When p(t) is eventually nonnegative and n is even, the fact is different from The-
orem 3.5. Indeed, if, for the time being, (1.1) has an eventually positive solution x(t)
satisfying

lim z(t) = 0,

t—o00

then, tlim z(t) = 0. Moreover, z(t) > 0 and 22" () < 0 eventually. Therefore we have
—00

lim 22’ (t) =0, j € N[1,n — 1].

t—o00

Now we assume that

z(g(t)) > 0,2(q(t)) > 0,p(t) 2 0, t € [Tp, 00)r.

Then from (2.1) it comes into being that

o(t) = —plt)elo(®) - [ / / | srataonaran . An = T

which results in z(¢) < 0 on [T}, co)r and arrives at a contradiction. Immediately we
obtain our last result as follows.

Theorem 4.5. Suppose that n is even and [ is superlinear or sublinear. If p(t) is even-
tually nonnegative, then equation (1.1) has no solutions in Ay(0).

S Examples

Example 5.1. Let [¢] stand for the integral part of the real number ¢. Further, let T =
U2 o[2k, 2k + 1] and p be a backward jump operator defined by

p(t) =sup{s € T : s < t}.
Consider equation

(=DM ha(o(t),0)
t

2
ab(

=0, teT, (5.1)
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then f(t,z) = hy(o(t),0)/[0°(t)x] is sublinear, o(t)/t — 1 and p(t)/t — 1 ast — oo.
So the assumptions (H1)—(H4) are satisfied. Furthermore,

/100 ho(1,0() F (7, ha(o(7), 0) AT < 1,

/1 ho(1,0(1)) f(T, 1)AT < /1 25(7) AT <1,
as well as

| Imo@)lfe o m.0par <1
1
Now by making use of Theorem 3.1-3.2 we see that (5.1) has a solution in Ay (o0, a),

Ap(a) and As(a, 0), respectively.

Example 5.2. Let ¢ > 0 and T = {kc : k € N}. Then hs(t,s) = (t — s)(t —s —¢)/2.
Consider the following equation

z(o(?))

t3

[(t) + p(t)z(p()]>" + —0, teT, (5.2)

where p(t) satisfies the assumption (H3) and f(¢,z) = x/t? is superlinear. Then, refer-
ring to [6, Chapter 5] we have

/OO ha(e, o(7)) (7, ho(o(7), ) AT = 00
as well as -
/ ho(c,o(T))f(T, ha(o(T),c)) AT = 0.

Now we see that Theorem 4.3 implies (5.2) has neither a solution in A;(co,0) nor in
Ag (OO, 0) .

Example 5.3. Let T = [0, c0), a half-axis, and consider the following equation

(2(t) + p(t)z(g(1)A" + 2e= 5ty (%) —0, t>0, (5.3)

34+(—=1)"™

where n € {2,3), q(t) = t/2 and f(t,z) = 2ze~ T . Let p(t) = (t — 1)e~" and
g(t) =t —1forn = 3, p(t) = —e V' and g(t) = t — 2v/t for n = 2. Then the
assumptions (H1)-(H4) are all satisfied. In addition, we have, when n = 3,

p(t) = g(t)e™,

/too ho(t,o(T)) f(T, e_Q(t))AT =2t
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and

/too ho(t, o (7)) f (T, ﬁ) AT < 32i_2, t>0.

Hence, if we let A(t) = e~*, then Theorem 3.5 implies that (5.3) has a solution in A,(0)
asn = 3.
For the case n = 2, it follows from p(¢) — 0 and g(t)/t — 1 as t — oo that

p(t)t > —g(t) for eventually large ¢ € T.

Further, we have
p(t)e 9 < —e~tfort > 0,

e 1
hi(t,o(T f(T,—)ATge_tfortZZl
|ttt (n
as well as
[—p(t)et_g(t) — 1] et >etfort>1.

Thus, Theorem 4.4 implies that, when n = 2, (5.3) has a solution in Ay(0).
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