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Abstract

This article develops an inverse polynomial method for determining the un-
known coefficientsD = D(z) andc = ¢(x) of the transport-diffusion operator
Au = uy — (D(x)ug)y + v(c(x)u(x)), from the boundary measurements given
in the form of Dirichlet and Neumann type boundary conditions. The presented
approach is based on the Lagrange—Hermite interpolation of the solution of the
corresponding direct problem and use of the information about singular points.
The main distinguished feature of the proposed approach is the possibility of re-
construction of the unknown coefficient in the neighborhood of the singular point.
This guarantees the high accuracy of the reconstruction in whole infervall).
An efficiency and applicability of the method is demonstrated on various numerical
examples with noisy free and noisy data.

AMS Subject Classifications:35J65, 35K60, 35A15.
Keywords: Inverse coefficient problem, transport-diffusion equation, optimal control,
nonlocal condition.

1 Introduction

The mathematical model of sludge particles settling in the water treatment plant (settler)
is given by the transport-diffusion operatét := u;—(D(x)u, ). +v(c(z)u(z)),. Inthe
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case of the residence time of sludge particles in the settler, the model leads to a nonlin-
ear age-dependent transport-diffusion with nonlocal additional condition. Identification
of the diffusion coefficienD(z) is considered. This problem is formulated as an identi-
fication/optimal control problem, where the boundary flux measurements is assumed to
be a control. For the case of constant (“average”) velocity, as a characterization of the
optimal control problem two necessary conditions are obtained. These conditions per-
mit to reduce the nonlinear coupled two-dimensional problem to the two-point boundary
value problem for the second-order nonlinear ordinary differential equation, and then,
to a nonlinear equation, with respect to sludge concentration. For the approximate so-
lution of the problem, an inverse polynomial method is used. This method is based on
the Lagrange—Hermite interpolation of the solution of the corresponding direct problem
and use of the flux information as well aggular points The pointz € (—L, L) will
be defined as a singular point for the inverse problem if the first and/or second derivative
of the direct problem’s solution vanishes at that paint

The determination of the leading unknown coefficient in ordinary and partial dif-
ferential equations is one of actual problems in inverse problem theory and practice
(see [1-3,7,8,13] and references therein). For ordinary differential equations, the most
widely studied inverse problems were formulated as classical Sturm-Liouville prob-
lems [4, 12], where the unknown coefficient needs to be determined from spectral data.
However such a data is not available in many physical problems. The class of inverse
problems considered here is based only on boundary measurements [5-11].

2 Problem Formulation

We consider the following identification / optimal control problem:
Find a triple (u, D, ¢), which satisfies the nonlocal problem

u(z,t) = (D(x)ug(z,t)), — vic(x)u(z, t)),, Y(x,t) € Q:=(—L,L)x (0,00),

(2.1)

u(z,0) = ¢(x), Vo e (L, L), (2.2)
u(—L,t) =u(L,t) =0, Vt e R, , (2.3)
/00 u(z,t)dt = c(x), Ve € (=L, L). (2.4)

We assume boundary flux measurement(s) as additional conditions:
_D(_L>ux(_L>t) = f(t)7 t>0 (0r1 - D(L)UI(La t) = g(t)v > O) (25)

Although the homogeneous boundary conditions (2.3) are not realistic from the physical
point of view, we assume here that the density of sludge particles on the boundary
is small enough at the boundary= +L. We also assume that the initial data and
coefficients are continuous functions, i€(;x), D(z),c(x) € C|-L, L], and

0<D.<D(x)<D*, 0<cx)<c", Voxel[-L, L] (2.6)
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For given coefficients, D € C[—L, L], denote by, = u(x, t; D, ¢) the unique classical
solution of the parabolic initial value problem (2.1)—(2.3). The coefficiefit$, D(z)

are assumed to be unknown and the nonlocal condition (2.4) and measured data (2.5)
can be treated as observations for determination of the coefficientsD(z). For this
reason, the problem (2.1) to (2.5) is defined as a nonlocal optimal control or identifica-
tion problem, and the tripléu, D, ¢) is called a solution of the identification problem
(2.1)—(2.5). In this case, the problem (2.1)—(2.3) is called a direct problem correspond-
ing to inverse problem (2.1)—(2.5).

3 Necessary Conditions for Optimality

Assume thatu, D, ¢) is a solution of the problem (2.1)—(2.5). Then integrating equation
(2.1) on[0, co) with respect to the variable> 0, we obtain

u(x,00) —u(z,0) = /OOO(D(:E)ux(:mt))xdt — /000 v(c(z)u(x,t)).dt, (3.1)
Vo € (=L, L).

By using the nonlocal condition (2.4) and assuming differentiability of the function
u(z, t) under the integrals, we may write

A (x) = /0 " (a)ule t)dt, Vo € (I, L),
c’(x):/oooux(a:,t)dt, vz € (—L, L),
@) = [ ela)ula,)dt, Vo € (~L.L),
(D(2)d (2)) = /O " (D(2)us (. 1))adt, Vo € (=L, L).

Taking into account the initial condition (2.2), we can rewrite the integro-differential
equation (3.1) in the form

{ —(D(z) (7)) +
c(—L)=c¢(L) =

(02($))/ — Sp(w)7 Vr € (—L,L), (3.2)

Hence we obtain the following.

Proposition 3.1. If (u, D, ¢) is a solution of the identification proble(8.1)2.5), then
the couple of the functions ¢(x), D(x) > satisfy the two-point boundary value prob-
lem(3.2)for the second-order nonlinear ordinary differential equation.
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Proposition 3.2. The identification problenf2.1)(2.5) is equivalent to the following
inverse problem: Find a paitD, ¢), which satisfies the two-point boundary value prob-
lem(3.2)and the additional condition(s)

D(~L)¢(~L; D) = (or D(L)¢(L; D) = ty). (3.3)

The reduced measured data
== [ e or wi= - [ gl
0 0

is obtained from nonlocal condition (2.4) and measured data (2.5). The function
c(x; D) € C*(-~L,L) N C'[—L, L] is the solution to the nonlinear boundary value
problem (3.2) for a given coefficied? = D(z). The problem (3.2) is called forward
problem corresponding to the inverse problem (3.2)—(3.3).

According to Proposition 3.2, we can now consider tbéuced inverse problem
(3.2)(3.3). Rewriting of equation in (3.2) with respect to the unknown funcfios-
D(z) and using the conditions in (3.3) as initial condition, we have the Cauchy problem

D(l‘) _ I/(02<JZ>)/ — §0<17> = (—L L)
¢(x) ’ (3.4)

D(-L) = (or D(L) = Cfé’z)).

When the functiorr = ¢(z) is known, the solution of the Cauchy problem (3.4) has the
integral representation

D(z) = {1/}0 + vt (z) — /(p(ﬁ)dﬁ} , wel|-L,L], d(x)#0. (3.5)

—-L

It is seen from (3.4) that ill-posedness of the inverse problem is a result of vanishing
of the first or/and the second-order derivatives:of c(x) at one or more points of
(—L, L). This suggests to classify the inverse problem (3.2)—(3.3) as follows (see [13],

[3]):
(1) ¢(z) £ 0, "(z) # 0,z € [-L, L];
(i2) ¢(z0) = 0, 20 € (—L, L); ¢ () £ 0,V # x0; ¢"(x) # 0,V € [~L, L];
(i3) (1) = (11) = 0,21 € (L, L); () £ 0, ¢"(z) # 0, Yz # 1.

In the case (il1) the inverse problemgll-conditioned The cases (i2), (i3) corre-
spond to the situations, when the problenmiederately ill-conditionedand severely
ill-conditioned respectively. The points,, x; € (—L, L) will be defined asingular
pointsfor the inverse problem. The geometry of singular points is given in Figure 3.1.
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Figure 3.1: Simulation of the moderately and severely singular points

clxp=0 c"(x,)=0

x=-L X=X, X=X x=L

*  moderately singular point

{>  severely singular point

Corollary 3.3. The inverse problerf8.2)+3.3)is ill-conditioned in the above sen&@)
or (i3).

We apply the inverse polynomial method (IPM), given in [5], for moderately and
severely ill-conditioned inverse problems. The distinguished feature of this method is
that it permits to determine the unknown coefficient in the neighborhood of the singular
point also.

4 Inverse Polynomial Method (IPM)

By the inverse polynomial method as introduced in [5], we adopt the view that good ap-
proximation of the forward problem solution yields good solution of the corresponding
inverse problem. The method consists of two steps: polynomial approximation of the
direct problem solutiom = ¢(z) and solution of the Cauchy problem for the unknown
coefficientD = D(z).

For each considered ill-conditioned situation, the polynomjak= c,(z) will be
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defined from the boundary conditions and information about singular points. As a result,
we need to construct the polynomial function

Cp(flf) = + o + OéQZUQ + -+ amxma WS [_L7 L]v (41)

where the parameten > 1 will be defined from the number of additional conditions
and the unknown coefficients;, i = 0, m will be determined from the corresponding
linear algebraic equations system:

Ax = B.

The coefficient matrixA = {(a;;)} and the column vectdB = {(b;)} will be deter-
mined separately for the cases (i2) and (i3).

In the second part of the method the following Cauchy problem, obtained from
(3.4), will be solved for the first-order differential equation with respect to the unknown
coefficientDppr. = Dappr. (€):

Dl @) + B Dyy () = WO ey )
_ Yo _ U
Dappr.(—L) = o(-I) (or Dappr. (L) = c;(L)) . (4.3)

It is seen from equation (4.2), if (x) # 0, ¢,(x) # 0, z € [~L, L}, then for a given
functionc,(z), the Cauchy problem (4.2)—(4.3) has the unique solution

cp(7)

Dapp (1) = —— [wo T vé(a) - / so(&)dgl

- ,x€[-L,L], c(x)#0.

p

¢p(7)

Of  Doppr.(T) = L |:¢1 — 1/0123(1') + /cp(f)df]

\ x

(4.4)
In the presented modification of the inverse method, we use the additional information
to increase the order of the polynomial approximation for the funetienc(x).

Lemma 4.1 (See [6]).Suppos€ D(z),c(z)) satisfies Eq(3.2) and condition(3.3).
Then the following compatibility condition holds:

L
/ p(z)dr =y — b1 (conservation law)
—L

Proof. This is obtained by integrating equation in (3.2) on the intefval, L] and
applying homogeneous boundary conditions in (3.2). O



Determination of Unknown Coefficients 221

Lemma 4.2 (See [6]).Suppos€ D, (z), c1(x)) and (Ds(z), co(x)) satisfy Eq(3.2)and
conditions(3.3). If zy € (—L, L) is a singular point for the functions, (z) and cz(z),
i.e., if ¢} (z0) = c5(zg) = 0, then the following transmission conditions hold:

c1(zq) = ca(xy), c1(mp) = co(wp), x4 € (—L,xg), xp € (x0,L).

Proof. This is obtained by integrating equation in (3.2) on the intewal ] and apply-
ing the hypothesis of the lemma. O

In this case the points, andz; are calledransmission pointef the inverse problem
(2.1)—(2.5).

5 lll-Conditioned Situations and Numerical Examples

5.1 The Moderately lll-Conditioned Situation
If we assume that the situation (i2) holds,
d(xg) =0, xg € (L, L); (x)#0, Vo #xo; "(x)#0, Vo €[-L, L],

then the polynomial function, = ¢,(z), given by (4.1), will be defined from the four
conditions

cp(=L) =0, ¢(L)=0, c,(x) =0, /5”0 p(x)dz — hy — v (xy) = 0.

—L
As a result, we obtain the Lagrange—Hermite polynomial function

cp(z) = ap + ayx + apr® + aza®, x € [-L, L] (5.1)
of degree 3, and the unknown coefficieatsi = 0, 3 are determined from the system
1 —-L 2 -I? ag 0
1 L L* I} a 0
0 1 2z 3xf a | | O | (5-2)
1 x ZL‘(Q) x% as ¥

ffz p(x)dx — o
1%

above. The approximate soluti@,,,, = D,y () Of the inverse problem (3.2)—(3.3)

can be computed from the integral representations (4.4), simultaneously (except the

pointx = xy). At the singular point, the numerical solution is computed from

where the numbey = > ( is obtained from the fourth condition

VC;Q)(IO) — (o)

(o) ’

Dappr. (z0) =

¢, (o) # 0. (5.3)

The error estimation of the inverse polynomial method in the considered situation is
obtained as follows.
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Lemma 5.1. Letc(z) € C*[—L, L] andc, = c,(z) be the Lagrange—Hermite polyno-
mial given by(5.1). If z, and z, are transmission points given in Lemma 4.2, then the
following estimate holdsvz € [—L, L],

o) — cylx) = 35 (E)(a + D)o~ 2)(z — m)a — L), €= E(x) € (<L, L)

Proof. The points—L, L, z, andx, are zeros of the functiof'(z) = c(z) — ¢,(z) +
kd(x), 0(x) = (z + L)(x — z,)(x — x)(z — L). On the other hand, the constant
k can be determined for at € (—L, L) such thatF'(z) = 0. Thus we getx =
(cy(x) — ¢(x))/d(x). Then by the Rolle theorem, there exi§t& (—L, L) such that
F@W (&) = 0. The proof is complete. O

Corollary 5.2. If the conditions of Lemma 5.1 hold, then the following error formula
holds:

1
le=cpllor-r,m < gMacn, My = max [ ()],

ap = [IzlLai(] |(z+ L)(x — x4)(x — ) (z — L)

Lemma 5.3. Letc(x) € C°[0,1] andc, = ¢,(x) be the polynomial given b{p.1). If
xo IS @ moderately singular point of the inverse problé)-(3.3), then the following
estimate holds:

/ / 1
¢(w) = &yfa) = 51 €O = 1) 1) — 1) (& — 30),
7177277375 = 6(1') € (_L’ L)
Proof. The points—L, L, z, andz, are zeros of the functiol/(z) := c(z) — ¢,(),
so by the Rolle theorem there exists € (—L, L) such thatW’(%) =0,7=1,3.
On the other handiW'(zy) = 0. Introduce the functiorG(z) = W'(z) + kd(x),

d(z) = (x—n)(r —y)(xr —3)(x — x¢), andx can be determined for all € (—L, L)
such thatG(z) = 0. Thus we gek = —W'(z)/d(x). By applying the Rolle theorem
again, we find that there existse (—L, L) such thatG*)(¢) = 0. Thus the proof is
complete. O

Corollary 5.4. If the conditions of Lemma 5.3 hold, then the following error formula
holds:

1
/ / _ 5
I = cllo-r < g Ms 0z, Ms = mmax | ()],

2 = ma ¢ —32)( = 72)(x = 1)z = a0)],

In a first series of computational experiments, we consider the moderately ill-condi-
tioned situation.
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Example 5.5. Let
c(z) = exp(—0.52%), D(z) =1+ exp(—2?)
be exact solutions of the inverse problem (3.2) for input data
v=20.5, ¢(xr) =—-D'(x)d(x) — D(z)"(x) + 2ve(x)d (z), x€ (—L,L).

Here L = 1.5 and the value), is assumed to be synthetic noise free data given on the
left boundary of the interval—L, L), andz, = 0 is a moderately singular point. Fig-
ure 5.1 illustrates the exact solutions:), D(x) and their polynomial approximations
Cappr.(T), Dappr.(z) 0N the the interval-L, L]. The relative supnorm-errors (in absence
of noise in data)

D—-D

appr.

D

C— Cappr.
C

Eec —

o]
are0.87 and0.61, respectively. Here we used= 45 mesh points in the interval, L] .

Figure 5.2 shows the exact and approximate solutions (oatgpon bottomD(x)) for

the above test functions with noisy data. The curves- in both figures correspond to
synthetic noisy Neumann dai(—L)c(L) = 1., ¢, = £y with v = 0.05. Here we

used the same input parameters as before. The relative supnorm-error, defined above,
for the noise factory = 0.05 are(0.87 and0.62, respectively. Here we used = 45

mesh points in the interval, L].

o0

5.2 The Severely lll-Conditioned Situation

Let us assume situation (i3) holds amd is a singular point of the inverse problem
(3.2)-(3.3)

d(x1) ="(x1) =0, =z, € (=L, L); d(x)#0, "(x)#0, Vo #z;.

Sincez; is a severely singular point of the problem, we get

(1) = 0.
We can split Cauchy problem (3.4) into two subproblems
/" 2 r_
D)+ ﬁDapr) _ u(cp(:z:?) 90(96)’ re (—Lxs—8)
Cp($)¢ Cp(‘r) (54)
Dappr.(_L) = c;,(—L)
and
/" 2 I
Dz,mppr. ([E) + Cf)(x) Dappr.(x) - V(Cp(x)/p 90(‘73)7 T € (Il + 5, L)
Cpﬁ () (5.5)
Dappr-(L) CI/D(L) )
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Figure 5.1: Exact and approximate solutions for Example 5.5

exact and approximate solutions of the direct problem
1 T T

0.8

0.6

c(x)

0.4r-

0.2 b

exact and approximate solutions of the inverse problem
25 T T T

appr. |

whered > 0 is a tolerance parameter. Due to the conditions above, we can determine
the polynomial functiorz, = ¢,(z), given in (4.1), from the five conditions

cp(=L) =0, ¢,(L)=0, c;(xl) =0, c;’(:cl) =0,

/ 1 p(x)dx — g — ve(zy) = 0.

—L

As a result we obtain the Lagrange—Hermite polynomial function
cp(T) = ap + a1 + agx® + azx® + ayxt, v €L, L] (5.6)

of degree 4, and the unknown coefficientsre determined from the system

1 —-L L* -L* L* ao 0
1 L > 2 L ay 0
0 1 2x 327 d4a} ag | =10 [, (5.7)
0 0 2 6x 1227 as 0
1z 23 a2 7] N ¥



Determination of Unknown Coefficients 225

Figure 5.2: Exact and noise free and noisy approximate solutions for Example 5.5

exact and approximate solutions of the direct problem
1 T T T

exc

0.8 (noise free)

Cappr
os —— Cpr. (5% noise)

c(x)

0.4r- b

021 b

D___(noise free)| -
appr.
(5% noise)

= © Dappr.

Jo e(x)de —
1%
Contrary to previous situation, the approximate solutipe: ¢,(x) is not defined at the
singular pointr = z, but this approximate solution can be computed in a sufficient
d—neighborhood of the point; from the Cauchy problems (5.4) and (5.5).
The error estimation of the inverse polynomial method in the considered situation is
obtained as follows.

where the numbey = ? is obtained from the fifth condition above.

Lemma 5.6. Letc(z) € C*[—L, L] andc, = u,(x) be the Lagrange—Hermite polyno-
mial of degree 4 given b{p.6). Then for allz € (—L, L),

0(5) — ay
c(z) — cp(x) = #(m + L)(x — x4)(x — ) (x — L),

Ta, Ty, & = §(x) € (=L, L),

wherezx, andz;, are transmission points which are defined in Lemma 4.2.

Proof. The proof is similar to the proof of Lemma 5.3 and hence is omitted. [



226 Burhan Pektas

Corollary 5.7. If the conditions of Lemma 5.6 hold, then the following error formula
holds:

1

le=epller-rp < 5 M, My = max |9 () — 24a],
o= [mLzDL(} |(z+ L)(x — x,)(z — ) (x — L)|.

Lemma 5.8. Letc(z) € C°[—L, L] andc, = c,(z) be the Lagrange—Hermite polyno-

mial of degree 4 given b{p.6). If x; is a severely singular point of the inverse problem

(3.2)+3.3), then the following estimate holds:

¢(a) — &) = 57 O — ) — )z~ 79)(z — 1),

717’7277375 - 5(1’) S (_L7 L)’
Proof. The proof is similar to the proof of Lemma 5.3 and hence is omitted. [

Corollary 5.9. If the conditions of Lemma 5.8 hold, then the following error formula
holds:

I = ller-r, < = Ms o, Ms= [I—IILB:}L(] 1) ()],

o = max [( = 32)(r = 22)(x = ) @ — )]

Now we consider an example for the severely ill-conditioned situation.
Example 5.10.Let x; = 0 be a severely singular point and

—12L — 6e E(L +2) — 6eX(L — 2
C(ZL‘) - _ (12L3) >I3
6e F(L +2) — 6eX(L — 2)

12

—e"(r —2)—z —
D(z) = 5Va?+1

be exact solutions of the inverse problem (3.2)—(3.3) in case (i3) holds for given input
data

v=05, ¢x)=-D(z)d(z)— D(x)"(z)+ 2vc(x)d(x), x€(—L,L).

Here L = 1.5 and the value), = D(—L)d(L) is assumed to be synthetic noise free
data given on the left boundary of the interyalL, L). Figure 5.3 illustrates the exact
solution ¢(z) and its polynomial approximations,,,. (z) of the direct problem and
exact solutionD(z) and the approximate solutiai,,,, () of the inverse problem on
the interval[—L,x; — §) U (z, + 0, L], § = 0.25. The relative supnorm-errors (in
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absence of noise in data) are8 and2.4 and3.3, respectively. Here we used= 36

mesh points in the interva-L,z; — §) U (1 + 6, L]. Consider now this example

in the case of noisy data. The curve in Figure 5.4 corresponds to the synthetic noisy
Neumann datd)(—L)c'(—L) = 1., ¢, = ¢ = v1bp. The relative supnorm-errors of

the functions¢(z); D' (z), D*(x)) arel.04, 1.03 and2.34 for the noise factofy = 0.05,
respectively. Here the approximate solutidnyz), D*(x) are solutions of the Cauchy
problems (5.4) and (5.5), respectively. We used- 36 mesh points in the interval
[—L,zy — ) U (z1 + 6, L] for § = 0.25.

Figure 5.3: Exact and approximate solutions for Example 5.10

exact and approximate solutions of the direct problem

c(x)
.
[ 3]
Il Il

-2 -15 -1 -0.5 0 0.5 1 15 2

exact and approximate solutions of the inverse problem

6 Conclusions

We have considered inverse coefficient problem (2.1)—(2.5) with nonlocal condition for
parabolic equation and reduced it to an inverse problem in ordinary differential equa-
tions. We have applied inverse polynomial method for approximate solution of the
inverse problem which is based on the Lagrange—Hermite interpolation of the solution
of the corresponding direct problem and use of the information about singular points.
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Figure 5.4: Exact and noise free and noisy approximate solutions for Example 5.10

exact and approximate solutions of the direct problem

c(x)

I I I I I I
-2 -15 -1 -0.5 0 0.5 1 15 2
X

exact and approximate solutions of the inverse problem
T T

An efficiency and applicability of the method is demonstrated on various numerical
examples with noisy free and noisy data.

On the other hand, the Dirichlet type conditions (2.3) and Neumann type additional
conditions (2.5) are interchangeable in the inverse problem (2.1)—(2.5), i.e., the condi-
tions (2.5) can be taken as boundary conditions of the direct problem, as the condition
(2.3) are taken as additional condition of the inverse problem. So we can get different
new inverse problems as follows:

Problem 1 (NN-DD)
u(z,t) = (D(x)ug(x, 1)) — v(c(z)u(z,t)),, V(z,t) € (=L, L) xR, |

u(z,0) = ¢(x), Yo e (—L,L),
—D(=Lyus(=L,t) = fo(t), — D(L)us(L,t) = fo(t), t>0),

/ uw(z, t)dt = c¢(x), Vo € (=L, L).
0
Additional conditions:

u(_L’t) = gO(t)v U(L>t) = gl(t)a vt € Ry.
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Problem 2 (DN-DN)

u(x,t) = (D(x)ug(x,t)), — vic(z)u(z,t))s, V(z,t) € (=L, L) xR,
u(z,0) = ¢(x), Vo e (—-L,L),
u(=Lt) = go(t), — D(L)us(L,1) = fi(t), t>0),

/ w(w, )t = e(z), ¥z € (—L, L).

Additional conditions:

_D<_L>uw(_L7t> = f0<t>> U(L7t> = gl(t)v Vte Ry,

Acknowledgments

The author wishes to thank Alemdar Hasanov for the problem formulation and fruitful
suggestions on the topic of polynomial approximation. The author also thanks A. Okay
Celebi for carefully reading the paper and the valuable suggestions that improved the

paper.

References

[1] J. R. Cannon and P. C. DuChateau, Determining of unknown coefficients in a

[2]

[3]

[4]

nonlinear heat conduction proble®IAM J. Appl. Math24 (1973), 298-314.

M. Choulli and P. Stefano, Reconstruction of the coefficients of the stationary
transport equation from boundary measuremehtgerse Problemsl2 (1996)
L19-1L23.

P. C. DuChateau, Introduction to inverse problems in partial differential equations
for engineers, physicists and mathematiciansParameter Identification and In-
verse Problems in Hydrology, Geology and Ecol@gyGottlieb and P DuChateau
eds.), Netherland, Kluver Academic Publishers (1996) 3—38.

I. M. Gelfand and I. M. Levitan, On the determination of a differential equation
from its spectrumJrans. Amer. Math. Sod. (1955) 253-304.

[5] A. Hasanov, An inverse polynomial method for the identification of the leading

coefficient in the Sturm-Liouville operator from boundary measuremexgp].
Math. Comput140 (2003) 501-515.

[6] A. Hasanov, Error analysis of a multisingular inverse coefficient problem for the

Sturm-Liouville operator based on boundary measurenfg). Math. Comput.
150 (2004) 493-524.



230 Burhan Pektas

[7] A. Hasanov, P. C. Duchateau and B. Pektagerse and ill-posed Problenigi(5)
(2006) 435-463.

[8] A. Hasanov and B. Pektas, Simulation of ill-conditioned situations of inverse co-
efficient problem for the Sturm-Liouville operator based on boundary measure-
ments,Math. Comput. Simulatio1 (2001) 47-52.

[9] A. Hasanov and Z. Seyidmamedov, Determination of leading coefficients in
Sturm-Liouville operator from boundary measurements. I. A stripping algorithm,
Appl. Math. Computl25 (2001) 1-21.

[10] A. Hasanov and Z. Seyidmamedov, Determination of leading coefficients in
Sturm-Liouville operator from boundary measurements. Il. Unicity and an engi-
neering approactppl. Math. Computl25 (2001) 23-34.

[11] A. Hasanov and T. S. Shores, Solution of an inverse coefficient problem for an
ordinary differential equatioAppl. Anal.67 (1997) 11-20.

[12] H. Hochstedt, The inverse Sturm-Liouville probleBgmm. Pure Appl. Matt26
(1973) 715-729.

[13] G. R. Richter, An inverse problem for the steady state diffusion equeiéiv J.
Appl. Math41 (1981) 210-221.



