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Abstract

In this paper, we obtain new oscillation criteria for second-order half-linear
impulsive differential equations having fixed moments of impulse actions. We also
generalize the results to nonlinear impulsive equations. The oscillation criteria
obtained in this paper can be considered as extensions of those given by Leighton,
(J. London Math. Soc. 27 (1952)), Coles (Proc. Amer. Math. Soc. 19 (1968)), and
Wintner (Quart. Appl. Math. 7 (1949)).
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1 Introduction
Consider the half-linear impulsive differential equation

(r()®(") + q(t)®(x) =0,  t#0;

Alr(t)®(a") + ¢®(x) =0,  t=6 (1.1)

where®(s) := [s|* ‘s andAz(t) := z(tT) — 2(t7), 2(t*) = lim z(7). We assume
T—1
that
(i) «is areal positive constant;

(i) {0;} is a strictly increasing unbounded sequence of real numKerkis a real
sequence;
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(iii) r,q € PLCJty, 00 { [tg, 00) — R is continuous on each intervéd;, 0, 1),
h(@i) exist, h(0 ) h(@ ) fori e N} ) > 0.

(2

By a solution of (1.1), we mean a continuous functiof) defined onty, co) such
thata', (r®(z'))" € PLC|[to, 00) and (1.1) is fulfilled for allt > ¢,. Existence of such
solutions can be proved in a similar manner performed for equations without impulse
effect [5]. As usual, a solution of (1.1) is called oscillatory if it has arbitrarily large
zeros. The equation is called oscillatory if every solution is oscillatory.

Equation (1.1) without impulse effect

(r()®(a"))" + q(t)®(x) = 0, (1.2)

has been the object of intensive studies in recent years. For some studies on oscillatory
behavior of solutions of equation (1.2), we refer to [8,10,11, 13-19]. Related works for
more general equations of the form

(r(t)y(x) (")) + q(t) f(z) = 0 (1.3)

may also be found in [7, 20].

In this paper, our aim is to obtain new oscillation criteria for the second-order half-
linear impulsive differential equation (1.1) which extend well-known oscillation criteria
of Leighton, Coles, and Wintner. For convenience we first state these oscillation criteria.

Theorem 1.1 (See [12])Letr and ¢ be continuous functions defined @noo) with
r(t) > 0. Then

(rt)z") +qt)z =0 (1.4)

_— d —=
/ ) / q(s)ds = o0
A simple proof of Theorem 1.1 was also given by Coles [3]. In 1996, Bainov et

al. [1] (see also [2, p. 30]) extended Theorem 1.1 to second-order linear impulsive dif-
ferential equations of the form

is oscillatory if

2+ q(t)e =0, t£0;

Ax' +qx =0, t=0,. (1.5)

Theorem 1.2 (See [2]).Suppose thag(t) > 0 fort > a andg; > 0 for all i € N for

which andd; > a. If
/ g(t)dt + > g = o,

a<0;

then equatior{1.5)is oscillatory.
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In 1968, Coles [4] studied (1.4) by considering the weighted average

A(t) == { /0 t g(T)dT.]_l /0 t /O " g(7)g(s)dsdr. (1.6)

Theorem 1.3 (See [4]).Let g be a nonnegative, locally integrable function such that
t

g # 0, and the functiong andr are continuous functions with> 0. If there is an
a > 0 such that

/aoo {g(t)</Otg(S)d8>k</Otr(t)QZ(S)d5>_l}dt e

for somek € [0, 1), and
tlim A(t) = o0,

then equatior{1.4)is oscillatory.

If g(t) = 1 andr(t) = 1, then Theorem 1.3 reduces to the well-known oscillation
criteria of Wintner [21].

Theorem 1.4 (See [21])If ¢ is continuous orft.., co) for some positive, € R and

1 t s
lim —/ / q(T)drds = oo,
t—oo t . Je,

then equatior{1.4)is oscillatory.

In the proof of Theorem 1.3, the ideas of Hartman [6] were used. We will prove a
similar theorem for equation (1.1) with a simpler and direct proof.

2 Main Results

2.1 Leighton—Wintner Type Oscillation Criteria

In this section, we extend Theorem 1.1 and Theorem 1.2 to half-linear impulsive dif-
ferential equations of the form (1.1). The results are also new when the impulses are
absent.

Theorem 2.1 (Leighton Type Oscillation Criteria). If

/OO q(t)dt + Z ¢ = /OO rl/(‘i’:g(s) = 00 (2.1)

v<0;

for some positive number, then equatiorfl.1)is oscillatory.
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Proof. Let x be a nonoscillatory solution of the equation (1.1). Without loss of gener-
ality, we assume that(¢) # 0 for ¢t > 3, for large enouglt. We define

r) (' (1))
O(x(t)

Then a solution of the Riccati type impulsive inequality

2(t) = € (B, 00). (2.2)

: [2(t)[ /e _ _
z (t) + OZW + q(t) = 0, t 7& ‘9i7 (23)
Az(t)+¢ =0, t=20; (2.4)

exists on3, co). Integrating (2.3) ove}s, t) and using (2.4), we see that

/ i 1/11“/& = z(0) — [ / s)ds+ > q,}. (2.5)

B<l;<t

Using the condition (2.1), far sufficiently large, we have

|Z$ |1+1/ad g
t _ . .
+oz/ﬁ P/ (s) s<0 (2.6)

|Z |1+1/a
/ 1/a

Then the inequality (2.6) implies that

Let

2N < 2O, £ (2.7)
AZ(t) =0, t=0 (2.8)

fort > ~ andg; > ~ fory > 3 (v sufficiently large). Sinc&\Z~'/%(6;) = 0, separation
of variables and integration of (2.7) oveer, t] gives

[ T S 20 2] <270 ez

which contradicts with (2.1). ]

Remark2.2 If r(t) = 1 anda = 1, we recover Theorem 1.2.
Consider the half-linear impulsive equations with damping of the form

(r()®(z")) + p(t)2(z") + q(t)®(x) = 0, t F# 0; 2.9)
A(r(t)®(2")) + ¢:®(x) = 0, t =0 '
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wherep € PLCJtq, 00). Multiplying the equation (2.9) by the function
t
e(t)=exp ([ tr)jriryar)

(F(1)@(")) + G(t)®(x) = 0, t 7 0;;
A1) (2")) + 3:®(x) = 0, t =10

we obtain

(2.10)
wherer(t) = r(t)e(t), G(t) = q(t)e(t) andg; = ¢;e(6;). Now we may apply Theorem
2.1 to obtain the following oscillation criteria.

Corollary 2.3. If

/Ood(t)dtjtz(’ji:/m?ﬂ%@:oo (2.11)

v v<8;

for some positive number, then equatiorf2.9)is oscillatory.

Whena = 1, equation (2.9) reduces to non self-adjoint impulsive equation

(r(t)a') 4+ p(t)a’ +q(t)x =0, t#6;

A(T’(t)x/) +qr=0, t=40,. (2.12)

If p’ belongs taPLC[ty, o), then we get the following Kreith type oscillation crite-
rion for (2.12). See [9] for the nonimpulsive case.

Theorem 2.4 (Kreith Type Oscillation Criteria). Letp’ € PLC[tq, 00). If

/700 (q(t) - Zigg N p/;t>>dt + ; {qi — %Ap(&i)} = 0 (2.13)

< dt

for some positive number, then equatiorf2.12)is oscillatory.

and

Proof. Let = be a nonoscillatory solution of the equation (2.12). Without loss of gener-
ality, we assume that(t) # 0 for t > 3, for a sufficiently large3. We define

r02(t) | plt)

ult) = =+ telsoo).
Then we have the Riccati type impulsive equation
2 2 /
(1) + L0 v 20 gy, (2.15)

v YT hn T
Au(t) + g — %Ap(t) =0, t=20,. (2.16)
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Integrating (2.15) ovejs, t) and using (2.16), we see that

v+ [0 = u - [ [ (a0 - 2L as
+ Y {a- %AP(@)}} (2.17)
[<0;<t

Using the condition (2.13), for a largewe have

Eu?(s)
u(t) —l—/ﬁ ) ds < 0. (2.18)
Let : o
U(t):/ﬁ l:aés))ds.

Then the inequality (2.18) implies that

U*(t) < r()U'(8), ¢ # 0;;

AU(t) = 0, L= 6, (2.19)

fort > v andf; > ~ for v > 3 (v sufficiently large). Since\U ' (6;) = 0, integration
of (2.19) over]y, t] gives

/t% SUT ) -0 <U (), t=m,

which contradicts with (2.14). O]

2.2 Coles Type Oscillation Criteria

Following (1.6), we define

Aw = | [ a1

Theorem 2.5 (Coles Type Oscillation Criteria).Let g be a nonnegative, locally inte-
t

grable function such thaf ¢ # 0, and the functiong andr are continuous functions

-1

/otg(s){/osq(”dT+ > qz’}ds- (2.20)

0<6;<s

withr > 0. If there exists? > 0 such that

/ﬂ ) {g(t)( /0 tg(s)ds> W( /0 tr(s)ga+1(s)ds> l/a}dt = 00 (2.21)

for somek € [0, 1), and
lim A(t) = oo,

t—oo

then equatior{1.1)is oscillatory.
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Proof. We give a proof when the functianis continuous; the proof easily modified for
the case whepn is locally integrable. Let be a nonoscillatory solution of the equation
(1.1). Without loss of generality, we assume thét) # 0 for t > 3, for large enough
(. As in the proof of Theorem 2.1, we definét) as in (2.2) and similarly we obtain
equation (2.5) by (2.3) and (2.4). Multiplying the equation (2.5) by the funajicn
and integrating ovel, t), we obtain

/ g(s)+(s)ds + / o[ |zrl/f+”ad7d$: 29— a0) / gls)ds. (222)

By our hypothesis, the right-hand side of (2.22) tends-te; hence, for sufficiently

larget,
t ’Z |1+1/a
/ g(s)z(s)ds + a/ / FTa(r —————drds < 0. (2.23)
B

Using Holder’s inequality and (2.23), we obtain

(o[ ot [ l/llﬂ/adrds)aﬂs( /ﬁtg<s>|z<s>|ds)a+1
< (/ﬂ ()9 ( )(/ !Zrl/c\:“/a )a, (2.24)

|Z |1+1/a
R(t) / / Py —————drds.

Since, fort > v > (3,

R(t) > a(/ )(/ (7 1/6‘:“/“ ) (2.25)

using the inequalities (2.24) and (2.25), we see that

o) ([ 557Y ([frarn)

— G RTTO(R (t))“ (2.26)

Let

Forvy > f3, integratlon of the inequality (2.26) gives

/: g(S)(/WS g(T)dT) k/a(/BST(T)QQH(T)dT)_I/a} ds < KK R*V/%(y), (2.27)

where
’Z |1+1/a —k/o
ol ) )

Inequality (2.27) implies that the condition (2.21) cannot hold. This contradiction com-
pletes the proof. O
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In caser(t) = 1 anda = 1, equation (1.1) reduces to linear impulsive equation
(1.5), and as a consequence of Theorem 2.5, we have the following result which is the
extension of Wintner’s [21] oscillation criteria to impulsive equations.

Corollary 2.6 (Wintner Type Oscillation Criteria). If
) 1 t s
Jim 0 {/0 g(r)dr+ ql}ds = o0, (2.28)

0<0;<s
then equatior{1.5)is oscillatory.
Proof. Take the functiory(t) = 1, £ = 0, and apply Theorem 2.5. O

Remark2.7. The condition (2.28) can be replaced by

tlggo%{ /Ot(t —Ag(ndr+ Y (k- Qi)ql} .

0<0;<t

3 Further Generalizations

In this section we consider (1.3) under impulse effect. Specifically,

(@) +a(B)f (@) =0, 1 #0 o)
Al (@) + () =0, t=0; '

wherey, f € C(R) with ¢(s) > 0 andsf(s) > 0 for s # 0 and the condition

f'(s)
w7 =M 82)
is satisfied for some real positive number. Notice that in the special case of half-
linear equation (1.1), for)(z) = 1 and f(z) = ®(z), the condition (3.2) is satisfied
with M = a.

Theorem 3.1 (Leighton Type Oscillation Criteria). If (2.1) and (3.2) are satisfied,
then equatior{3.1)is oscillatory.

Proof. Let x be a nonoscillatory solution of the equation (3.1). Without loss of gener-
ality, we assume that(t) # 0 for ¢t > 3, for large enouglt. We define

mw:ﬂ@%gﬁﬁ,taamy (3.3)
Clearly,v(t) satisfies

: () .

V(t)+ M o) +q(t) <0, t#6; (3.4)

fort € [3,00). The rest of the proof is the same as that of Theorem 2.1, O
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Theorem 3.2 (Coles Type Oscillation Criteria). In addition to the conditions of The-
orem 2.5, if(3.2) holds, then equatio(8.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1, we see itfigtdefined by (3.3)
satisfies (3.4) and (3.5). The rest of the proof is the same as that of Theorem Z.5.

As a special case of equation (3.1) we may consider

(r()®(2)) + q(t)f(zx) =0, t+#6;
Alr(t)®(2))) + qif (x) =0, t=0;. (3.6)

It is easy to see that the following oscillation criterion is true.
Corollary 3.3. In addition to the conditions of Theorem 2.5, if
FSIf() Y > K

for some positive numbeéf, then equatior{3.6) is oscillatory.
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