
Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 5, Number 2, pp. 205–214 (2010)
http://campus.mst.edu/adsa

Leighton–Coles–Wintner Type Oscillation Criteria for
Half-Linear Impulsive Differential Equations

Abdullah Özbekler
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Abstract

In this paper, we obtain new oscillation criteria for second-order half-linear
impulsive differential equations having fixed moments of impulse actions. We also
generalize the results to nonlinear impulsive equations. The oscillation criteria
obtained in this paper can be considered as extensions of those given by Leighton,
(J. London Math. Soc. 27 (1952)), Coles (Proc. Amer. Math. Soc. 19 (1968)), and
Wintner (Quart. Appl. Math. 7 (1949)).
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1 Introduction

Consider the half-linear impulsive differential equation

(r(t)Φ(x′))′ + q(t)Φ(x) = 0, t 6= θi;
∆(r(t)Φ(x′)) + qiΦ(x) = 0, t = θi

(1.1)

whereΦ(s) := |s|α−1s and∆z(t) := z(t+) − z(t−), z(t±) = lim
τ→t±

z(τ). We assume

that

(i) α is a real positive constant;

(ii) {θi} is a strictly increasing unbounded sequence of real numbers;{qi} is a real
sequence;
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(iii) r, q ∈ PLC[t0,∞) :=
{
h : [t0,∞) → R is continuous on each interval(θi, θi+1),

h(θ±i ) exist,h(θi) = h(θ−i ) for i ∈ N
}

; r(t) > 0.

By a solution of (1.1), we mean a continuous functionx(t) defined on[t0,∞) such
thatx′, (rΦ(x′))′ ∈ PLC[t0,∞) and (1.1) is fulfilled for allt ≥ t0. Existence of such
solutions can be proved in a similar manner performed for equations without impulse
effect [5]. As usual, a solution of (1.1) is called oscillatory if it has arbitrarily large
zeros. The equation is called oscillatory if every solution is oscillatory.

Equation (1.1) without impulse effect

(r(t)Φ(x′))′ + q(t)Φ(x) = 0, (1.2)

has been the object of intensive studies in recent years. For some studies on oscillatory
behavior of solutions of equation (1.2), we refer to [8,10,11,13–19]. Related works for
more general equations of the form

(r(t)ψ(x)Φ(x′))′ + q(t)f(x) = 0 (1.3)

may also be found in [7,20].
In this paper, our aim is to obtain new oscillation criteria for the second-order half-

linear impulsive differential equation (1.1) which extend well-known oscillation criteria
of Leighton, Coles, and Wintner. For convenience we first state these oscillation criteria.

Theorem 1.1 (See [12]).Let r and q be continuous functions defined on[0,∞) with
r(t) > 0. Then

(r(t)x′)′ + q(t)x = 0 (1.4)

is oscillatory if ∫ ∞ ds

r(s)
=

∫ ∞
q(s)ds = ∞.

A simple proof of Theorem 1.1 was also given by Coles [3]. In 1996, Bainov et
al. [1] (see also [2, p. 30]) extended Theorem 1.1 to second-order linear impulsive dif-
ferential equations of the form

x′′ + q(t)x = 0, t 6= θi;
∆x′ + qix = 0, t = θi.

(1.5)

Theorem 1.2 (See [2]).Suppose thatq(t) ≥ 0 for t ≥ a andqi ≥ 0 for all i ∈ N for
which andθi ≥ a. If ∫ ∞

a

q(t)dt+
∑
a<θi

qi = ∞,

then equation(1.5) is oscillatory.
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In 1968, Coles [4] studied (1.4) by considering the weighted average

A(t) :=

[∫ t

0

g(τ)dτ.

]−1 ∫ t

0

∫ τ

0

g(τ)q(s)dsdτ. (1.6)

Theorem 1.3 (See [4]).Let g be a nonnegative, locally integrable function such that∫ t

g 6= 0, and the functionsq andr are continuous functions withr > 0. If there is an

a > 0 such that∫ ∞

a

{
g(t)

( ∫ t

0

g(s)ds

)k( ∫ t

0

r(t)g2(s)ds

)−1}
dt = ∞

for somek ∈ [0, 1), and
lim
t→∞

A(t) = ∞,

then equation(1.4) is oscillatory.

If g(t) ≡ 1 andr(t) ≡ 1, then Theorem 1.3 reduces to the well-known oscillation
criteria of Wintner [21].

Theorem 1.4 (See [21]).If q is continuous on[t∗,∞) for some positivet∗ ∈ R and

lim
t→∞

1

t

∫ t

t∗

∫ s

t∗

q(τ)dτds = ∞,

then equation(1.4) is oscillatory.

In the proof of Theorem 1.3, the ideas of Hartman [6] were used. We will prove a
similar theorem for equation (1.1) with a simpler and direct proof.

2 Main Results

2.1 Leighton–Wintner Type Oscillation Criteria

In this section, we extend Theorem 1.1 and Theorem 1.2 to half-linear impulsive dif-
ferential equations of the form (1.1). The results are also new when the impulses are
absent.

Theorem 2.1 (Leighton Type Oscillation Criteria). If∫ ∞

γ

q(t)dt+
∑
γ<θi

qi =

∫ ∞

γ

ds

r1/α(s)
= ∞ (2.1)

for some positive numberγ, then equation(1.1) is oscillatory.
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Proof. Let x be a nonoscillatory solution of the equation (1.1). Without loss of gener-
ality, we assume thatx(t) 6= 0 for t ≥ β, for large enoughβ. We define

z(t) :=
r(t)Φ(x′(t))

Φ(x(t))
, t ∈ [β,∞). (2.2)

Then a solution of the Riccati type impulsive inequality

z′(t) + α
|z(t)|1+1/α

r1/α(t)
+ q(t) = 0, t 6= θi; (2.3)

∆z(t) + qi = 0, t = θi; (2.4)

exists on[β,∞). Integrating (2.3) over[β, t) and using (2.4), we see that

z(t) + α

∫ t

β

|z(s)|1+1/α

r1/α(s)
ds = z(β)−

[ ∫ t

β

q(s)ds+
∑

β<θi<t

qi

]
. (2.5)

Using the condition (2.1), fort sufficiently large, we have

z(t) + α

∫ t

β

|z(s)|1+1/α

r1/α(s)
ds < 0. (2.6)

Let

Z(t) = α

∫ t

β

|z(s)|1+1/α

r1/α(s)
ds.

Then the inequality (2.6) implies that

Z1+1/α(t) ≤ 1

α
Z ′(t)r1/α(t), t 6= θi; (2.7)

∆Z(t) = 0, t = θi (2.8)

for t ≥ γ andθi ≥ γ for γ > β (γ sufficiently large). Since∆Z−1/α(θi) = 0, separation
of variables and integration of (2.7) over[γ, t] gives∫ t

γ

ds

r1/α(s)
≤

[
Z−1/α(γ)− Z−1/α(t)

]
≤ Z−1/α(γ), t ≥ γ,

which contradicts with (2.1).

Remark2.2. If r(t) ≡ 1 andα = 1, we recover Theorem 1.2.

Consider the half-linear impulsive equations with damping of the form

(r(t)Φ(x′))′ + p(t)Φ(x′) + q(t)Φ(x) = 0, t 6= θi;
∆(r(t)Φ(x′)) + qiΦ(x) = 0, t = θi

(2.9)
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wherep ∈ PLC[t0,∞). Multiplying the equation (2.9) by the function

e(t) = exp

(∫ t

p(τ)/r(τ)dτ

)
,

we obtain

(r̃(t)Φ(x′))′ + q̃(t)Φ(x) = 0, t 6= θi;
∆(r̃(t)Φ(x′)) + q̃iΦ(x) = 0, t = θi,

(2.10)

wherer̃(t) = r(t)e(t), q̃(t) = q(t)e(t) andq̃i = qie(θi). Now we may apply Theorem
2.1 to obtain the following oscillation criteria.

Corollary 2.3. If ∫ ∞

γ

q̃(t)dt+
∑
γ<θi

q̃i =

∫ ∞

γ

ds

r̃1/α(s)
= ∞ (2.11)

for some positive numberγ, then equation(2.9) is oscillatory.

Whenα = 1, equation (2.9) reduces to non self-adjoint impulsive equation

(r(t)x′)′ + p(t)x′ + q(t)x = 0, t 6= θi;
∆(r(t)x′) + qix = 0, t = θi.

(2.12)

If p′ belongs toPLC[t0,∞), then we get the following Kreith type oscillation crite-
rion for (2.12). See [9] for the nonimpulsive case.

Theorem 2.4 (Kreith Type Oscillation Criteria). Letp′ ∈ PLC[t0,∞). If∫ ∞

γ

(
q(t)− p2(t)

4r(t)
− p′(t)

2

)
dt+

∑
γ<θi

{
qi −

1

2
∆p(θi)

}
= ∞ (2.13)

and ∫ ∞

γ

dt

r(t)
= ∞ (2.14)

for some positive numberγ, then equation(2.12)is oscillatory.

Proof. Let x be a nonoscillatory solution of the equation (2.12). Without loss of gener-
ality, we assume thatx(t) 6= 0 for t ≥ β, for a sufficiently largeβ. We define

u(t) :=
r(t)x′(t)

x(t)
+
p(t)

2
, t ∈ [β,∞).

Then we have the Riccati type impulsive equation

u′(t) +
u2(t)

r(t)
+ q(t)− p2(t)

4r(t)
− p′(t)

2
= 0, t 6= θi; (2.15)

∆u(t) + qi −
1

2
∆p(t) = 0, t = θi. (2.16)
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Integrating (2.15) over[β, t) and using (2.16), we see that

u(t) +

∫ t

β

u2(s)

r(s)
ds = u(β)−

[ ∫ t

β

(
q(s)− p2(s)

4r(s)
− p′(s)

2

)
ds

+
∑

β<θi<t

{qi −
1

2
∆p(θi)}

]
. (2.17)

Using the condition (2.13), for a larget, we have

u(t) +

∫ t

β

u2(s)

r(s)
ds < 0. (2.18)

Let

U(t) =

∫ t

β

u2(s)

r(s)
ds.

Then the inequality (2.18) implies that

U2(t) ≤ r(t)U ′(t), t 6= θi;
∆U(t) = 0, t = θi

(2.19)

for t ≥ γ andθi ≥ γ for γ > β (γ sufficiently large). Since∆U−1(θi) = 0, integration
of (2.19) over[γ, t] gives∫ t

γ

ds

r(s)
≤ U−1(γ)− U−1(t) ≤ U−1(γ), t ≥ γ,

which contradicts with (2.14).

2.2 Coles Type Oscillation Criteria

Following (1.6), we define

A(t) :=

[∫ t

0

g(s)ds

]−1 ∫ t

0

g(s)

{ ∫ s

0

q(τ)dτ +
∑

0<θi<s

qi

}
ds. (2.20)

Theorem 2.5 (Coles Type Oscillation Criteria).Let g be a nonnegative, locally inte-

grable function such that
∫ t

g 6= 0, and the functionsq andr are continuous functions

with r > 0. If there existsβ > 0 such that∫ ∞

β

{
g(t)

( ∫ t

0

g(s)ds

)k/α( ∫ t

0

r(s)gα+1(s)ds

)−1/α}
dt = ∞ (2.21)

for somek ∈ [0, 1), and
lim
t→∞

A(t) = ∞,

then equation(1.1) is oscillatory.



Half-Linear Oscillations for Impulsive Differential Equations 211

Proof. We give a proof when the functiong is continuous; the proof easily modified for
the case wheng is locally integrable. Letx be a nonoscillatory solution of the equation
(1.1). Without loss of generality, we assume thatx(t) 6= 0 for t ≥ β, for large enough
β. As in the proof of Theorem 2.1, we definez(t) as in (2.2) and similarly we obtain
equation (2.5) by (2.3) and (2.4). Multiplying the equation (2.5) by the functiong(s)
and integrating over[β, t), we obtain∫ t

β

g(s)z(s)ds+ α

∫ t

β

g(s)

∫ s

β

|z(τ)|1+1/α

r1/α(τ)
dτds =

[
z(β)−A(t)

] ∫ t

β

g(s)ds. (2.22)

By our hypothesis, the right-hand side of (2.22) tends to−∞; hence, for sufficiently
larget, ∫ t

β

g(s)z(s)ds+ α

∫ t

β

g(s)

∫ s

β

|z(τ)|1+1/α

r1/α(τ)
dτds ≤ 0. (2.23)

Using Hölder’s inequality and (2.23), we obtain(
α

∫ t

β

g(s)

∫ s

β

|z(τ)|1+1/α

r1/α(τ)
dτds

)α+1

≤
( ∫ t

β

g(s)|z(s)|ds
)α+1

≤
( ∫ t

β

r(s)gα+1(s)ds

)( ∫ t

β

|z(s)|1+1/α

r1/α(s)
ds

)α

. (2.24)

Let

R(t) := α

∫ t

β

g(s)

∫ s

β

|z(τ)|1+1/α

r1/α(τ)
dτds.

Since, fort ≥ γ > β,

R(t) ≥ α

( ∫ t

γ

g(s)ds

)( ∫ γ

β

|z(τ)|1+1/α

r1/α(τ)
dτ

)
, (2.25)

using the inequalities (2.24) and (2.25), we see that

gα(t)

(∫ t

γ

g(s)ds

)k (∫ γ

β

|z(τ)|1+1/α

r1/α(τ)
dτ

)k (∫ t

β

r(s)gα+1(s)ds

)−1

≤ 1

αα+k
Rk−α−1(t)(R′(t))α. (2.26)

Forγ > β, integration of the inequality (2.26) gives∫ t

γ

[
g(s)

( ∫ s

γ

g(τ)dτ

)k/α( ∫ s

β

r(τ)gα+1(τ)dτ

)−1/α]
ds ≤ K R(k−1)/α(γ), (2.27)

where

K =
1

(1− k)

(
α

∫ γ

β

|z(τ)|1+1/α

r1/α(τ)
dτ

)−k/α

.

Inequality (2.27) implies that the condition (2.21) cannot hold. This contradiction com-
pletes the proof.
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In caser(t) ≡ 1 andα = 1, equation (1.1) reduces to linear impulsive equation
(1.5), and as a consequence of Theorem 2.5, we have the following result which is the
extension of Wintner’s [21] oscillation criteria to impulsive equations.

Corollary 2.6 (Wintner Type Oscillation Criteria). If

lim
t→∞

1

t

∫ t

0

{ ∫ s

0

q(τ)dτ +
∑

0<θi<s

qi

}
ds = ∞, (2.28)

then equation(1.5) is oscillatory.

Proof. Take the functiong(t) ≡ 1, k = 0, and apply Theorem 2.5.

Remark2.7. The condition (2.28) can be replaced by

lim
t→∞

1

t

{ ∫ t

0

(t− τ)q(τ)dτ +
∑

0<θi<t

(t− θi)qi

}
= ∞.

3 Further Generalizations

In this section we consider (1.3) under impulse effect. Specifically,

(r(t)ψ(x)Φ(x′))′ + q(t)f(x) = 0, t 6= θi;
∆(r(t)ψ(x)Φ(x′)) + qif(x) = 0, t = θi,

(3.1)

whereψ, f ∈ C(R) with ψ(s) > 0 andsf(s) > 0 for s 6= 0 and the condition

f ′(s)

(ψ(s)|f(s)|α−1)1/α
≥M (3.2)

is satisfied for some real positive numberM . Notice that in the special case of half-
linear equation (1.1), forψ(x) ≡ 1 andf(x) = Φ(x), the condition (3.2) is satisfied
with M = α.

Theorem 3.1 (Leighton Type Oscillation Criteria). If (2.1) and (3.2) are satisfied,
then equation(3.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of the equation (3.1). Without loss of gener-
ality, we assume thatx(t) 6= 0 for t ≥ β, for large enoughβ. We define

ν(t) :=
r(t)ψ(x)Φ(x′)

f(x)
, t ∈ [β,∞). (3.3)

Clearly,ν(t) satisfies

ν ′(t) +M
|ν(t)|1+1/α

r1/α(t)
+ q(t) ≤ 0, t 6= θi; (3.4)

∆ν(t) + qi = 0, t = θi (3.5)

for t ∈ [β,∞). The rest of the proof is the same as that of Theorem 2.1.
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Theorem 3.2 (Coles Type Oscillation Criteria). In addition to the conditions of The-
orem 2.5, if(3.2)holds, then equation(3.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1, we see thatν(t) defined by (3.3)
satisfies (3.4) and (3.5). The rest of the proof is the same as that of Theorem 2.5.

As a special case of equation (3.1) we may consider

(r(t)Φ(x′))′ + q(t)f(x) = 0, t 6= θi;
∆(r(t)Φ(x′)) + qif(x) = 0, t = θi.

(3.6)

It is easy to see that the following oscillation criterion is true.

Corollary 3.3. In addition to the conditions of Theorem 2.5, if

f ′(s)|f(s)|−1+1/α ≥ K

for some positive numberK, then equation(3.6) is oscillatory.
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