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Abstract
This paper considers the global exponential stability of delay neural networks

with impulsive perturbations. By establishing a new impulsive delay inequality
which is different from the earlier publication, we obtain some new sufficient con-
ditions ensuring exponential stability of the equilibrium point for such neural net-
works. The neural networks model considered include the impulsive delay Hop-
field neural networks, the impulsive bidirectional associative memory networks
and so on. Those conditions ensuring that global exponential stability are simpler
and less restrictive versions of some recent results. At last, two numerical examples
are given to illustrate the advantages of the results we obtained.

AMS Subject Classifications:92B20, 34A37.
Keywords: Delayed neural networks, global exponential stability, impulses, equilib-
rium.

1 Introduction and Preliminaries

In the last several years, delay neural networks have received especially considerable
attention due to their extensive applications in associative memory, optimization prob-
lems, pattern recognition and image processing, see [1–4, 6, 8–25]. Recently, various
results for the stability of delay neural networks are obtained via different approaches.
In [22], Zhang et al. obtained some global asymptotic stability results by utilizing Lya-
punov functional method and the linear matrix inequality approach for delay Hopfield
neural networks as follows:

u′i(t) = −ciui(t) +
n∑

j=1

aijfj(uj(t)) +
n∑

j=1

bijfj(uj(t− τ)) + Ji, i = 1, 2, · · · , n.
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Furthermore, some sufficient conditions of global robust stability for the above neural
networks were presented in [16]. It is well known that the Halanay inequality has been
widely applied to stability analysis of various delay neural networks, and it has also
proved to be a powerful tool in the investigation of stability properties of delay neural
networks, for instance, see [3, 6, 13, 24, 25]. Recently, Zhang and Wang [21] obtained
some new criteria concerning global exponential stability by using the Halanay inequal-
ity and some physical parameters for generalized neural networks with time-varying
delays as follows:

x′i(t) = −di(xi(t)) +
n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t))) + Ii, i = 1, 2, · · · , n.

Furthermore, all the results in [21] do not require the activation functions satisfy the
Lipschitz condition. However, we know that some neural networks are subject to in-
stantaneous perturbations and experience change of the state abruptly, that is, do exhibit
impulsive effects [5,7]. Since impulses and delays can affect the dynamical behaviors of
the system creating oscillatory and unstable characteristics, it is necessary to investigate
impulses and delays effects on the stability of neural networks.

Recently, there have been some papers and monographs on stability analysis of delay
neural networks with impulses, see [4, 6, 8, 9, 11, 12, 17, 20, 21, 23, 25] and references
therein. Zhang and Sun [23] get a result for the uniform stability of the equilibrium
point of the impulsive Hopfield-type neural networks systems with time delays by using
Lyapunov functions and analysis technique. However, the conditions on impulses are
too restrictive, and the result does only refer to uniform stability of the equilibrium point.
In [20], by applying a piecewise continuous vector Lyapunov function, some sufficient
conditions were obtained to ensure the global exponential stability of impulsive delay
neural networks as follows: x′i(t) = −aixi(t) +

n∑
j=1

bijgj(cjxj(t− τij(t))) + Ji, t 6= tk,

∆xi|t=tk = xi(tk)− xi(t
−
k ), i = 1, 2, · · · , n; k = 1, 2 · · · .

However, the result is invalid for generalized neural networks. Although some stability
conditions for impulsive delay neural networks proposed in [6,20,21,23,25], there still
exists open room for further improvement.

In this paper, we present some new sufficient conditions for global exponential sta-
bility for delay neural networks with impulsive perturbations by means of establishing
a new impulsive delay inequality which is different from the previous work [25]. The
results here are discussed from the point of view of its comparison with the earlier re-
sults. Our results also improve and generalize some earlier results [20, 23, 25]. In the
end, some numerical examples are discussed to illustrate the advantages of our new
approach.
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2 Preliminaries

Let R denote the set of real numbers,R+ the set of nonnegative real numbers,Z+

denote the set of positive integers andRn then-dimensional real space equipped with
the Euclidean norm‖·‖. Consider the delay neural network with impulsive perturbations x′i(t) = −di(xi(t)) +

n∑
j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t))) + Ii, t 6= tk,

∆xi|t=tk = xi(tk)− xi(t
−
k ), i ∈ Λ, k ∈ Z+,

(2.1)
whereΛ = {1, 2, · · · , n}; n ≥ 2 corresponds to the number of units in a neural network;
the impulse timestk satisfy 0 ≤ t0 < t1 < . . . < tk < . . . , lim

k→+∞
tk = +∞; xi

corresponds to the membrane potential of the uniti at timet; fj, gj denote, respectively,
the measures of response or activation to its incoming potentials of the unitj at timet
andt − τij(t); constantaij denotes the synaptic connection weight of the unitj on the
unit i at timet; constantbij denotes the synaptic connection weight of the unitj on the
unit i at timet− τij(t); Ii is the input of the uniti; τij(t) is the transmission delay of the
jth neuron on the uniti such that0 < τij(t) ≤ τ , t ≥ t0, i, j ∈ Λ, τ is a constant.

In this paper, we assume that some conditions are satisfied so that the equilibrium
point of (2.1) does exist, see [3,20]. Assume thatx∗ = (x∗1, x

∗
2, · · ·x∗n)T is an equilibrium

point of (2.1) and impulsive operator is viewed as perturbation of the equilibrium point
x∗ of system (2.1) without impulses. We assume that the following impulsive condition
holds:

(H1) ∆xi|t=tk = Jik(xi(t
−
k )− x∗i ), |s+ Jik(s)| ≤ β

(i)
k |s|, β(i)

k > 0, i ∈ Λ, k ∈ Z+.

If Jik = 0, then the model (2.1) becomes a continuous delay neural network which has
been investigated intensively in [21].

Assume that the system (2.1) is supplemented with initial conditions of the form

x(s) = φ(s), s ∈ [t0 − τ, t0],

whereφ(s) = (φ1(s), φ2(s), · · ·φn(s))T ∈ PC([−τ, 0],Rn), PC([−τ, 0],Rn) = {ψ :
[−τ, 0] → Rn, is continuous everywhere except at finite number of pointstk, at which
ψ(t+k ) andψ(t−k ) exist andψ(t+k ) = ψ(tk)}.

Sincex∗ is an equilibrium point of (2.1), one can derive from (2.1) that the transfor-
mationyi = xi − x∗i , i ∈ Λ transforms system (2.1) into the system y′i(t) = −Di(yi(t)) +

n∑
j=1

aijΩj(yj(t)) +
n∑

j=1

bijΓj(yj(t− τij(t))), t 6= tk, t ≥ t0,

yi(tk) = yi(t
−
k ) + Jik(yi(t

−
k )), i ∈ Λ, k ∈ Z+,

(2.2)
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where

Di(yi(t)) = di(x
∗
i + yi(t))− di(x

∗
i ), Ωj(yj(t)) = fj(x

∗
j + yj(t))− fj(x

∗
j),

Γj(yj(t)) = gj(x
∗
j + yj(t− τij(t)))− gj(x

∗
j).

Clearly, x∗ is globally exponentially stable for system (2.1) if and only if the trivial
solution of system (2.2) is globally exponentially stable. Hence, we only need to prove
the stability of the trivial solution of system (2.2).

We also have the following assumptions in later sections:

(H2) There exist positive constants∆i > 0, i ∈ Λ such that the inequality

∆i ≤
di(xi)− di(yi)

xi − yi

holds for allxi 6= yi, i ∈ Λ.

(H3) The functionsΩj(s),Γj(s) satisfyyjΩj(yj) > 0 andyjΓj(yj) > 0 for yj 6= 0, and
there exist constantsmj, nj such that

mj
.
= sup

yj 6=0

Ωj(yj)

yj

> 0, nj
.
= sup

yj 6=0

Γj(yj)

yj

> 0.

Supposeφi ∈ PC([t0 − τ, t0],R), i ∈ Λ. Let Φ = (φ1(·), φ2(·), · · · , φn(·))T , X∗ =

(x∗1, x
∗
2, · · · , x∗n)T . Define‖Φ−X∗‖2

τ = sup
t0−τ≤s≤t0

n∑
i=1

|φi(s)− x∗i |2.

Definition 2.1. AssumeX∗ = (x∗1, x
∗
2, · · · , x∗n)T ∈ Rn is an equilibrium point of

the system (2.1). The equilibrium point of (2.1) is called globally exponentially sta-
ble if there exist constantsλ > 0 andM ≥ 1 such that for every solutionX =
(x1, x2, · · · , xn)T of system (2.1) with initial valueΦ = (φ1, φ2, · · · , φn)T ,

n∑
i=1

|xi(t)− x∗i (t)|2 ≤M‖Φ−X∗‖2
τe
−λ(t−t0).

Next, we shall establish a new impulsive delay inequality which is different from
the results in [8,25].

Lemma 2.2. Assume that there existP,Q > 0 andm ∈ PC([t0− τ,∞),R+) such that

(i) for t = tk,m(tk) ≤ γkm(t−k ), γk > 0 are constants withmax
k∈Z+

{
1

γk

, 1

}
<
P

Q
;

(ii) for t ≥ t0, t 6= tk,D+m(t) ≤ −Pm(t) +Qm̃(t), wherem̃(t) = sup
t−τ≤s≤t

m(s);

(iii) τ ≤ tk − tk−1, k ∈ Z+.
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Then fort ≥ t0,

m(t) ≤ m̃(t0)

( ∏
t0<tk≤t

γk

)
e−λ(t−t0), (2.3)

whereλ > 0 satisfies the inequality

λ ≤ P −Qmax
k∈Z+

{
1

γk

, 1

}
eλτ . (2.4)

Proof. First, condition (i) implies that there exists a constantλ > 0 such that the in-
equality (2.4) holds. Next, we shall prove that (2.3) holds for allt ≥ t0. First, it is
obvious thatm(t) ≤ m̃(t0) for t ∈ [t0−τ, t0]. From (2.3), we next prove, fort ∈ [t0, t1),

m(t) ≤ m̃(t0)e
−λ(t−t0). (2.5)

If this is not true, then there exists somet ∈ [t0, t1) such thatm(t) > m̃(t0)e
−λ(t−t0).

For convenience, let

W0(t) = m̃(t0)e
−λ(t−t0), t? = sup{t|m(s) ≤ W0(s), s ∈ [t0, t), t ∈ [t0, t1)}.

It is clear thatt? ∈ [t0, t1) and

(1a) m(t?) = W0(t
?);

(2a) m(t) ≤ W0(t), t ∈ [t0, t
?];

(3a) for anyδ > 0, there existstδ ∈ (t?, t? + δ) such thatm(tδ) > W0(tδ).

Hence, we get

D+m(t?) ≤ −Pm(t?) +Qm̃(t?)

≤ −PW0(t
?) +QW0(t

? − τ)

≤ −PW0(t
?) +Qmax

k∈Z+

{
1

γk

, 1

}
W0(t

? − τ).

On the other hand,

W ′
0(t

?) = −λ · m̃(t0)e
−λ(t?−t0)

≥
(
Qmax

k∈Z+

{
1

γk

, 1

}
· eλτ − P

)
m̃(t0)e

−λ(t?−t0)

= −PW0(t
?) +Qmax

k∈Z+

{
1

γk

, 1

}
W0(t

? − τ).

So we obtainD+m(t?) ≤ W ′
0(t

?), which is a contradiction with (3a). Therefore, (2.5)
holds for allt ∈ [t0, t1). From condition (i), we get

m(t1) ≤ γ1m(t−1 ) ≤ γ1m̃(t0)e
−λ(t1−t0).
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For t ∈ [t1, t2), we next show that

m(t) ≤ γ1m̃(t0)e
−λ(t−t0). (2.6)

If this is not true, there existst ∈ [t1, t2) such thatm(t) > γ1m̃(t0)e
−λ(t−t0). Set

W1(t) = γ1m̃(t0)e
−λ(t−t0), t∗ = sup{t|m(s) ≤ W1(s), s ∈ [t1, t), t ∈ [t1, t2)}.

Consequently, we gett∗ ∈ [t1, t2) and

(1b) m(t∗) = W1(t
∗);

(2b) m(t) ≤ W1(t), t ∈ [t1, t
∗];

(3b) for anyδ > 0, there existstδ ∈ (t∗, t∗ + δ) such thatm(tδ) > W1(tδ).

In view of condition (iii), (2.5) and(2b), we have

D+m(t∗) ≤ −Pm(t∗) +Qm̃(t∗)

= −PW1(t
∗) +Qm̃(t∗)

≤ −PW1(t
∗) +Q ·max{m̃(t0)γ1e

−λ(t∗−t0−τ), m̃(t0)e
−λ(t∗−t0−τ)}

≤ −PW1(t
∗) +Qmax{γ1, 1}m̃(t0)e

−λ(t∗−t0−τ)

≤ −PW1(t
∗) +Qmax

{
1

γ1

, 1

}
γ1m̃(t0)e

−λ(t∗−t0−τ)

≤ −PW1(t
∗) +Qmax

k∈Z+

{
1

γk

, 1

}
W1(t

∗ − τ).

On the other hand, we note

W ′
1(t

∗) = −λ · γ1m̃(t0)e
−λ(t∗−t0)

≥
(
Qmax

k∈Z+

{
1

γk

, 1

}
· eλτ − P

)
γ1m̃(t0)e

−λ(t∗−t0)

= −PW1(t
∗) +Qmax

k∈Z+

{
1

γk

, 1

}
W1(t

∗ − τ).

Thus, we arrive atD+m(t∗) ≤ W ′
1(t

∗), which contradicts (3b). So we have proven (2.6)
holds for allt ∈ [t1, t2). Furthermore, we can claim that

m(t) ≤ γ1γ2m̃(t0)e
−λ(t−t0), t ∈ [t2, t3).
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Similarly, we can defineW2 andt̆. We only need to note that

D+m(t̆) ≤ −Pm(t̆) +Qm̃(t̆)

= −PW2(t̆) +Qm̃(t̆)

≤ −PW2(t̆) +Q ·max{m̃(t0)γ1γ2e
−λ(t̆−t0−τ), m̃(t0)γ1e

−λ(t̆−t0−τ)}
≤ −PW2(t̆) +Qγ1 max{γ2, 1}m̃(t0)e

−λ(t̆−t0−τ)

≤ −PW2(t̆) +Q
max{γ2, 1}

γ2

γ1γ2m̃(t0)e
−λ(t̆−t0−τ)

≤ −PW2(t̆) +Qmax
k∈Z+

{
1

γk

, 1

}
W2(t̆− τ).

Then, applying exactly the same argument as in the proof of (2.6) yields our desir-
able contradiction. By induction hypothesis, we may prove, in general, that fort ∈
[tm, tm+1),m ≥ 0,

m(t) ≤ m̃(t0)

(
m∏

k=1

γk

)
· e−λ(t−t0),

i.e.,

m(t) ≤ m̃(t0)

( ∏
t0<tk≤t

γk

)
· e−λ(t−t0), t ≥ t0,

whereλ satisfies (2.4). Hence, (2.3) holds for allt ≥ t0. The proof is complete.

Remark2.3. From the proof of Lemma 2.2, we find that conditionτ ≤ tk−tk−1, k ∈ Z+

can be removed ifγk ≥ 1 for all k ∈ Z+.

Remark2.4. Lemma 2.2 is similar to the lemma in [25]. However, our results can be
applied to cases not covered in the lemma in [25], which will be shown in Section 4.

3 Main Results

Based on the established extended impulsive delay inequality, the following sufficient
conditions for global exponential stability of system (2.1) are established.

Theorem 3.1. Assume thatτ ≤ tk − tk−1, k ∈ Z+ and conditions(H1)–(H3) hold.
Moreover, suppose

(H4) −
1

2
min
i∈Λ

{∆i}+
n∑

j=1

n∑
k=1

a2
jkm

2
k

∆j

+

[
n∑

j=1

n∑
k=1

b2jkn
2
k

∆j

]
·max
k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 < 0;
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(H5) there exist constantsE? > 0 andδ ≥ 0 such thatδ < λ and the inequality

2
m∑

k=1

ln

(
max
i∈Λ

β
(i)
k

)
− δ(tm − t0) < E? for all m ∈ Z+

holds, whereλ > 0 satisfies the inequality

λ ≤ P −Qmax
k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 · eλτ , (3.1)

P
.
=

1

2
min
i∈Λ

{∆i} −
n∑

j=1

n∑
k=1

a2
jkm

2
k

∆j

, Q
.
=

n∑
j=1

n∑
k=1

b2jkn
2
k

∆j

.

Then the equilibrium point of the system(2.1) is globally exponentially stable with the
approximate exponential convergence rateλ− δ.

Proof. SupposeY = (y1, y2, · · · , yn)T is a solution of system (2.2). We shall prove the
zero solution of (2.2) is globally exponentially stable. Consider a Lyapunov function
defined by

V (t) =
1

2

n∑
i=1

|yi(t)|2 > 0.

Then from conditions (H2), (H3), and applying exactly the same argument as in the proof
of [21, Theorem 1], yields the Dini derivative ofV (t) along the solutions of system (2.2),
for t ∈ [tk, tk+1), k ∈ Z+

D+V (t)|(2.2) =
n∑

i=1

[
−1

2
∆i +

n∑
j=1

n∑
k=1

a2
jkm

2
k

∆j

]
y2

i (t)

+
n∑

i=1

n∑
j=1

n∑
k=1

b2jkn
2
k

∆j

y2
i (t− τij(t))

≤ −
−→
P V (t) +

−→
QṼ (t),

(3.2)

where

Ṽ (t) = sup
t−τ≤s≤t

V (s),
−→
P

.
= min

i∈Λ
{∆i} − 2

n∑
j=1

n∑
k=1

a2
jkm

2
k

∆j

,
−→
Q

.
= 2

n∑
j=1

n∑
k=1

b2jkn
2
k

∆j

.

On the other hand, from condition (H1) we can easily get

V (tk) =
1

2

n∑
i=1

|yi(tk)|2 =
1

2

n∑
i=1

|Jik(yi(t
−
k )) + yi(t

−
k )|2

≤ 1

2

n∑
i=1

(β
(i)
k )2|yi(t

−
k )|2

≤
(

max
i∈Λ

β
(i)
k

)2

V (t−k ).

(3.3)
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From (3.2), (3.3) and (H5), it is not difficult to check that all conditions in Lemma 2.2
are satisfied. So, by Lemma 2.2, for anyt ∈ [tm, tm+1),m ≥ 0, we have

V (t) ≤ Ṽ (t0)

(
m∏

k=1

(
max
i∈Λ

β
(i)
k

)2
)
e−λ(t−t0)

≤ Ṽ (t0)e
E? · eδ(tm−t0) · e−λ(t−t0)

≤ Ṽ (t0)e
E? · eδ(t−t0) · e−λ(t−t0)

≤ 1

2
eE?‖Φ−X∗‖2

τe
−(λ−δ)(t−t0),

whereλ satisfies the inequality (3.1). Hence, we obtain for anyt ≥ t0,

n∑
i=1

|xi(t)− x∗|2 ≤M‖Φ−X∗‖2
τe
−(λ−δ)(t−t0),

whereM = eE? ≥ 1, λ satisfies the inequality (3.1). Therefore, the equilibrium point
of system (2.1) is globally exponentially stable with the approximate exponential con-
vergence rateλ− δ. The proof is thus complete.

Remark3.2. In Theorem 3.1, ifsup
n∈Z+

(
n∏

k=1

max
i∈Λ

β
(i)
k

)
< ∞, then we can chooseδ = 0

in condition (H5).

If we let β(i)
k ∈ (0, 1], i ∈ Λ, k = 1, 2, · · · in Theorem 3.1, then from Remark 3.2,

we can have the following result.

Corollary 3.3. Assume that, in addition to conditions(H1)–(H3) and τ ≤ tk − tk−1,
k ∈ Z+, we have[

min
k∈Z+

max
i∈Λ

β
(i)
k

]2
[

n∑
j=1

n∑
k=1

a2
jkm

2
k

∆j

− 1

2
min
i∈Λ

{∆i}

]
+

n∑
j=1

n∑
k=1

b2jkn
2
k

∆j

< 0.

Then the equilibrium point of the system(2.1) is globally exponentially stable with the
approximate exponential convergence rateλ, whereλ > 0 satisfies the inequality

λ ≤ P −Q
eλτ

[mink∈Z+ maxi∈Λ β
(i)
k ]2

,

with P andQ defined as in Theorem 3.1.

Furthermore, ifβ(i)
k ∈ [1,∞), i ∈ Λ, k = 1, 2, · · · in Theorem 3.1, then from

Remark 2.3, we can obtain the following result.

Corollary 3.4. Assume that conditions(H1)–(H3) hold. Moreover, suppose that
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(H′
4) −

1

2
min
i∈Λ

{∆i}+
n∑

j=1

n∑
k=1

a2
jkm

2
k

∆j

+
n∑

j=1

n∑
k=1

b2jkn
2
k

∆j

< 0;

(H′
5) there exist constantsE? > 0 andδ ≥ 0 such thatδ < λ and the inequality

2
m∑

k=1

ln

(
max
i∈Λ

β
(i)
k

)
− δ(tm − t0) < E? for all m ∈ Z+

holds, whereλ > 0 satisfies the inequality

λ ≤ P −Qeλτ

with P andQ defined as in Theorem 3.1.

Then the equilibrium point of the system(2.1) is globally exponentially stable with the
approximate exponential convergence rateλ− δ.

Theorem 3.5. Assume thatτ ≤ tk − tk−1, k ∈ Z+ and conditions(H1)–(H3) hold.
Moreover, suppose that

(H6) −min
i∈Λ

{
1

2
∆i −

n∑
j=1

|aji|m2
i

∆jµi

}

+ max
i∈Λ

{
n∑

j=1

n∑
k=1

b2jkn
2
kµj

∆jµi

}
·max

k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 < 0, where
n∑

j=1

µi|aij| = 1

for all i ∈ Λ;

(H7) there exist constantsE? > 0 andδ ≥ 0 such thatδ < λ and the inequality

2
m∑

k=1

ln

(
max
i∈Λ

β
(i)
k

)
− δ(tm − t0) < E? for all m ∈ Z+

holds, whereλ > 0 satisfies the inequality

λ ≤ P −Qmax
k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 · eλτ , (3.4)

P
.
= min

i∈Λ

{
1

2
∆i −

n∑
j=1

|aji|m2
i

∆jµi

}
, Q

.
= max

i∈Λ

{
n∑

j=1

n∑
k=1

b2jkn
2
kµj

∆jµi

}
.

Then the equilibrium point of the system(2.1) is globally exponentially stable with the
approximate exponential convergence rateλ− δ.
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Proof. We supposeY = (y1, y2, · · · , yn)T is a solution of system (2.2). We shall prove
the zero solution of (2.2) is globally exponentially stable. Consider a Lyapunov function
defined by

V (t) =
1

2

n∑
i=1

µi|yi(t)|2 > 0.

Then from conditions (H1)–(H4), applying exactly the same argument as in the proof
of [21, Theorem 2], yields fort ∈ [tk, tk+1), k = 1, 2, · · · ,

D+V (t)|(2.2) =
n∑

i=1

[
−1

2
∆i +

n∑
j=1

|aji|m2
i

∆jµi

]
µiy

2
i (t)

+
n∑

i=1

n∑
j=1

n∑
k=1

b2jkn
2
kµj

∆jµi

λiy
2
i (t− τji(t))

≤ −P̃ V (t) + Q̃Ṽ (t),

where

P̃
.
= 2 min

i∈Λ

{
1

2
∆i −

n∑
j=1

|aji|m2
i

∆jµi

}
, Q̃

.
= 2 max

i∈Λ

{
n∑

j=1

n∑
k=1

b2jkn
2
kµj

∆jµi

}
.

From condition (H1) and (3.3) we can similarly obtain

V (tk) =
1

2

n∑
i=1

µi|y2
i (tk)| ≤

1

2

n∑
i=1

(β
(i)
k )2µi|yi(t

−
k )|2 ≤

(
max
i∈Λ

β
(i)
k

)2

V (t−k ).

For anyt ≥ t0, supposet ∈ [tm, tm+1), m ≥ 0. By Lemma 2.2 and condition (H6), we
get

1

2

(
min
i∈Λ

µi

) n∑
i=1

|yi(t)|2 ≤ V (t) ≤ Ṽ (t0)

(
m∏

k=1

(
max
i∈Λ

β
(i)
k

)2
)
e−λ(t−t0)

≤ Ṽ (t0)e
E? · eδ(tm−t0) · e−λ(t−t0)

≤ Ṽ (t0)e
E? · eδ(t−t0) · e−λ(t−t0)

≤ 1

2

(
max
i∈Λ

µi

)
eE?‖Φ−X∗‖2

τe
−(λ−δ)(t−t0),

whereλ satisfies the inequality (3.4). Hence, we obtain for anyt ≥ t0
n∑

i=1

|xi(t)− x∗|2 ≤M‖Φ−X∗‖2
τe
−(λ−δ)(t−t0),

whereM = eE?
max
i∈Λ

µi

min
i∈Λ

µi

≥ 1, λ satisfies the inequality (3.4). Therefore, the equilibrium

point of system (2.1) is globally exponentially stable with the approximate exponential
convergence rateλ− δ. The proof is thus complete.
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Similarly, we can obtain the following result whose proof is similar to Theorem 3.5.
Here, we omit it.

Theorem 3.6. Assume thatτ ≤ tk − tk−1, k ∈ Z+ and conditions(H1)–(H3) hold.
Moreover, suppose that

(H8) −min
i∈Λ

{
1

2
∆i −

n∑
j=1

n∑
k=1

a2
jkm

2
kµj

∆jµi

}

+ max
i∈Λ

{
n∑

j=1

|bji|n2
i

∆jµi

}
·max
k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 < 0, where
n∑

j=1

µi|bij| = 1 for all

i ∈ Λ;

(H9) there exist constantsE? > 0 andδ ≥ 0 such thatδ < λ and the inequality

2
m∑

k=1

ln

(
max
i∈Λ

β
(i)
k )− δ(tm − t0

)
< E? for all m ∈ Z+

holds, whereλ > 0 satisfies the inequality

λ ≤ P −Qmax
k∈Z+


1(

max
i∈Λ

β
(i)
k

)2 , 1

 · eλτ ,

P
.
= min

i∈Λ

{
1

2
∆i −

n∑
j=1

n∑
k=1

a2
jkm

2
kµj

∆jµi

}
, Q

.
= max

i∈Λ

{
n∑

j=1

|bji|n2
i

∆jµi

}
.

Then the equilibrium point of the system(2.1) is globally exponentially stable with the
approximate exponential convergence rateλ− δ.

Remark3.7. If we letdi(s) = di ·s, di > 0 in Theorems 3.1–3.6, then∆i can be replaced
by di.

Remark3.8. If we let di(s) = di · s, A = (aij)n×n = 0 in system (2.1), then the global
exponential stability of system (2.1) has been considered in [20]. So, the results in this
paper are applicable to more conditions.

Remark3.9. If di(s) = di · s, Jik(s) = Jk · s, andτij(t) may be replaced by constantsτj
in system (2.1), then the uniform stability of system (2.1) has been investigated in [23].
But it is necessary that conditiony(tk) = Dy(t−k ) holds in [23]. In fact, HNN are subject
to sudden and sharp perturbations instantaneously. These perturbations are impossible
to control by a constant function. Hence, our results improve the results and can be
applied to cases not covered in [23].

Remark3.10. It should be noted that the stability conditions we obtained contain all
the information of neural networks, and only depend on physical parameters of neural
networks, which can be checked easily and quickly.
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4 Examples

Example 4.1. Consider the simple two-neuron delay neural network with impulsive
perturbations

x′1(t) = −4x1(t) + 0.3|x1(t)|+ 0.2|x2(t)|+ 0.5|x1(t− τ1)|
+ 0.5|x2(t− τ1)|, t 6= tk,

x′2(t) = −4x2(t)− 0.2|x1(t)|+ 0.7|x2(t)| − 0.4|x1(t− τ2)|
− 0.6|x2(t− τ2)|, t ≥ 0,

∆x1|t=tk = x1(tk)− x1(t
−
k ) = J1k(x1(t

−
k )),

∆x2|t=tk = x2(tk)− x2(t
−
k ) = J2k(x2(t

−
k )), k ∈ Z+,

(4.1)

whereτ1 = τ2 = ln 3, tk − tk−1 = 2, t0 = 0, k ∈ Z+. Let |s + Iik| ≤ β
(i)
k |s|, i = 1, 2,

where

β
(1)
k =

{
1.5, k = 2n− 1,
0.4, k = 2n, n ∈ Z+,

β
(2)
k =

{
2.5, k = 2n− 1,
0.2, k = 2n, n ∈ Z+.

Clearly,τ = ln 3 and

D̃ =

(
4 0
0 4

)
, A =

(
0.3 0.2
−0.2 0.7

)
, B =

(
0.5 0.5
−0.4 −0.6

)
.

On the other hand, it is easy to see that system (4.1) has an equilibrium pointx∗ =
(0, 0)T and

max
k∈Z+

 1

max
i∈Λ

β
(i)
k

, 1

 = 2.5, sup
n∈Z+

(
n∏

k=1

max
i∈Λ

β
(i)
k

)
= 2.5 <∞,

P =
1

2
min
i∈Λ

{∆i} −
n∑

j=1

n∑
k=1

a2
jkm

2
k

∆j

= 1.835, Q =
n∑

j=1

n∑
k=1

b2jkn
2
k

∆j

= 0.255,

nk = 1. Note thatP = 1.835 > 2.5× 0.255 = 2.5Q. From Remark 3.2 we can choose
δ = 0, λ = 0.5 such thatλ ≤ 1.835 − 0.6375 × 3λ. It follows from Theorem 3.1 that
the equilibrium point(0, 0)T of the system (4.1) is globally exponentially stable with
the approximate exponential convergence rate0.5.

Remark4.2. From Example 4.1, it is easy to check that the impulsive delay Halanay
inequality in [25] is not feasible here. Hence, the results in this paper are applicable to
more conditions.

Example 4.3.Consider [21, Example 3] with impulses

|s+ Iik| < β
(i)
k |s|, tk = 2k, k ∈ Z+, (4.2)
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where

β
(1)
k = 1 +

1

2k2
, β

(2)
k = 1 +

1

k2
, k ∈ Z+.

Since sup
n∈Z+

(
n∏

k=1

max
i∈Λ

β
(i)
k

)
<∞, one may chooseδ = 0. Note that

max
k∈Z+

 1

(max
i∈Λ

β
(i)
k )2

, 1

 = 1,

we only need checkP > Q. By a straightforward calculation, we get

P =
1

2
min
i∈Λ

{di}−
2∑

j=1

2∑
k=1

a2
jkm

2
k

dj

= 0.1380, Q =
2∑

j=1

2∑
k=1

b2jkn
2
k

dj

= 0.1376 < 0.1380.

By Theorem 3.1, we obtain that the equilibrium point of the example 3 with impulses
(4.2) is globally exponentially stable. In [21, Example 3], the authors get the equilib-
rium point withJik = 0 is globally exponentially stable. Using Theorem 3.1, we obtain
that the equilibrium point of [21, Example 3] is globally exponentially stable under im-
pulsive effects (|s + Iik| < β

(i)
k |s|). Furthermore, (lety = x − x∗ in above example)

we note that Theorem 3.1 allows for significant increases (decreases) iny2(y1) at im-
pulse times as long as the decreases (increases) ofy2(y1) between impulses balance it
properly.

5 Conclusions

In this work, a class of generalized delay neural networks with impulsive perturbations
is considered. We obtain some new sufficient conditions ensuring exponential stability
of the equilibrium point for such neural networks by means of establishing a new delay
inequality with impulses. Our results show delays and impulsive effects on the stability
of neural networks. The results here are discussed from the point of view of its compari-
son with the earlier results. Furthermore, our results can be applied to cases not covered
in some earlier results.
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