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Abstract

This paper is concerned with the existence of homoclinic orbits for second-
order differential equations with multiple lags. By using Mawhin’s continuation
theorem, a nontrivial homoclinic orbit is obtained as a limit of a certain sequence
of periodic solutions of the equation.
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1 Introduction

In recent years several authors studied homoclinic orbits for Hamiltonian systems via
critical point theory. In particular second-order systems were considered in [1, 2, 4-6,
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12-16, 19] and first-order systems in [3,7-9,11,17,18]. In this paper we consider the
existence of homoclinic orbits for FDE by using Mawhin’s continuation theorem. In
particular we discuss the existence of homoclinic orbits for the equation

2" (t) +ar(t)2’(t) — ax () (t) = gt x(t — 1), x(t = 72), -+ 2(t—7)) + f(1), (1.2)

wherer; (i = 1,2,--- ,n) are constantsy (t) andas(t) are real continuous functions
defined orR with positive periodl’, f : R — R is a continuous and bounded function,
g(t,xy, 29, -+ ,x,) € C(RXRxRx---xR,R), ¢(¢,0,0,---,0) =0, and isT-periodic
in t. A solutionz of (1.1) is said to be homoclinic (t0) if z(t) — 0 ast — +oo. In
addition, ifx # 0 thenz is called a nontrivial homoclinic solution.

This paper is largely motivated by the work of Rabinowitz [15] in which the exis-
tence of nontrivial homoclinic solutions for the second-order Hamiltonian system

G+ Vy(t,q) =0

was proved. For the sake of completeness, we first state Mawhin’s continuation theorem
[10]. AssumeX andY are two Banach spaces,: Dom L € X — Y is a linear
mapping andV : X — Y is a continuous mapping. The mappingwill be called a
Fredholm mapping of index zerodim Ker L. = codim Im L < 4+oc andIm L is closed

in Y. If Lis a Fredholm mapping of index zero, then there exist continuous projections
P:X — Xand@ :Y — Y suchthalm P = Ker L andlm L = Ker Q = Im(I — Q).

It follows that L|pom raker p : (I — P)X — Im L has an inverse which will be denoted

by Kp. If Q is an open and bounded subsetXof the mappingV will be called L-
compact orf2 if QN (Q) is bounded and{p(I — Q)N () is compact. Sincém Q is
isomorphic toKer L, there exists an isomorphissh: Im ) — Ker L.

Theorem 1.1 (Mawhin’s continuation theorem [10]). Let L be a Fredholm mapping
of index zero, and lelV be L-compact orf). Suppose

(1) foreach) € (0,1) andz € 09, Lx # ANz;
(2) for eachz € 092 N Ker(L), QNz # 0 anddeg(QN, 2 N Ker(L),0) # 0.

Then the equatiohs = Nz has at least one solution 1 N D(L).

2 Main Result

Now we make the following assumptions of1(t), a»(t) and f(¢):
(Hy) 0 <my <|ay(t)| < My;

Hy) M, = > > = mi ;
(Hy) My tle%iér{] as(t) > as(t) > my tg[lol%] as(t) > 0;
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(H3) f: R — Ris continuous and boundedl, 0 and (/ 1F()]? dt) ) < n, where
R

n > 0 is a positive constant.
Our main result is the following theorem.

Theorem 2.1. Supposé€H;)—(Hs) and assume

n M2
(Hy) |g(t, z1, 29, ,2,)] < TZI |z;| andmgy — Tl —2rn > 0.

Then systen(l.1) possesses a nontrivial homoclinic solutiore C*(R, R) such that
2'(t) — 0 ast — +oo.

In order to prove the main theorem we need some preliminaries. ForkeacH,
set
Xy, = {z|r € CY(R,R), x(t + 2kT) = z(t),Vt € R}

andz(t) = z(t), define the norm oX;, by

foll = mox{ _mxJo(0), _nmax /01|

te[—kT,kT) te[—kT,kT)
and set
Yie :={yly € C(R,R), y(t + 2kT) = y(t),Vt € R}.
We define the norm o, as||y||o = te[r_r}%m ly(t)|. Thus both( Xy, ||-]|) and(Y%, ||-|o)
are Banach spaces.
Remark2.2 If 2 € X}, then it follows that:'V (0) = 2 (2kT) (i = 0, 1).

In the works of Izydorek and Janczewska [12] and Tanaka [19], a homoclinic so-
lution of (1.1) is obtained as a limit, & — +oo, of a certain sequence of functions
xr € Xi. So here we will consider a sequence of systems of functional differential
equations

() +ar(t)2'(t) —ax(t)x(t) = g(t, x(t —71), 2t —72), - 2t — 7)) + fi(t), (2.1)

where for eaclt € N, f, : R — R is a2kT-periodic extension of the restriction ¢fto
the interval —kT, kT| andz, is a2kT-periodic solution of (2.1) obtained via Mawhin’s
continuation theorem. Define the operatdgs: X, — Y, andN, : X, — Y}, by

Lix(t) =2"(t), teR, (2.2)

and

Niz(t) = —ar (t)2'(t) + ao(t) (1)
+o(t,z(t—m),x(t — ), -+ ,x(t — 7))+ fu(t), teR. (2.3)
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Clearly,
Ker Ly = {x € Xy : z(t) = c € R} (2.4)
and
kT
Im L, = {y €Yy / y(t)dt = O} (2.5)
—kT

is closed inY}. ThusL, is a Fredholm mapping of index zero. Let us define X, —

1 kT
Pix(t) = HT _ka(t)dt =z(0), teR, (2.6)
forz = z(t) € X and
1 kT

fory = y(t) € Y. Itis easy to see thdin P, = Ker Ly andIm L, = Ker @, =
Im(f; — Q). It follows that L |pom rynker p, @ (Ie — Pr)Xx — Im L has an inverse
which will be denoted by<p, .

Let Q2 be an open and bounded subsefgf We can easily see that, Ni(Q) is

Eounded and<p, (I, — Q1) Ny (f,) is compact. Thus the mappinyg, is L-compact on
Q.. That is, we have the following result.

Lemma 2.3. Let Ly, Ny, P, and @y, be defined by2.2), (2.3), (2.6) and (2.7) respec-
tively. ThenL, is a Fredholm mapping of index zero ang is L-compact orf2,, where
Q. Is any open and bounded subsefof

In order to prove our main result, we need the following lemma [15].

Lemma 2.4 (See Remark 2.2 and [15])There is a positive constaptsuch that for
eachk € Nandz € X, the following inequality holds:

kT 3
max |x<t>|§g[/_ (2(t)? + |/ (1))t |

te[—kT,kT] ET

Now, we consider the auxiliary equation

2"(t) + Mai (8)2' () — aa(t)z(t)]
= ANg(t,z(t — ), x(t — 72), -+ ,x(t — 1)) + fe(t)], (2.8)

where) < )\ < 1.
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Lemma 2.5. Suppose that the conditions of Theorem 2.1 are satisfied(df is a2k7T'-
periodic solution of Eq(2.8), then there are positive constanty, i = 0, 1, which are
independent ok, such that

lzlo < Dy, t € [kT KT, i=0,1. (2.9)
Proof. Suppose that, is a2kT-periodic solution of Eg. (2.8). We have from (2.8) that

/_ )+ M (04(0) = Aot ()] 1)

= A/_ lg(t, zk(t — 1), 2(t — 72), -+, wx(t — 7)) + fr(t)|zr(t)dt. (2.10)

kT
From (2.10), we have

kT{Ixz(tHQ<+-Aa2(tﬂam(tﬂz}dt

KT
= —A/_ lg(t, 2k(t — 1), 2(t — 72), -+ 2kt — 7))

kT

+fi(t) — ar () (t)]z (t)di

A (/_kT (gt 2kt — 7)., 2t — 7)o Talt — Tn))Ith) 2

(/Z |fk(t>|2dt)% o (/Z ‘l’z(tﬂ?dt) 1

IA

< (/_z \xk(t)|2dt)é A
([ miora)

kT
2Tn)\/ |z (8)[Pdt + N

e o ()] )

V(e [ o
() 2 (] )|

+A (aQ(t) - Mle) /_’Z |z, ()| dt + (% — A) /_Z |2, ()| dt

kT kT %
< 2rn)\/ |z () [P dt + nA (/ |xk(t)|2dt) :

kT kT

=

IN

SO
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which gives
M2 kT kT 2
<m2 -1 27’71) / |z (t)|2dt < (/ |$k(t)|2dt> : (2.11)
4 —kT —kT
From (H,) and (2.11), there exists a positive constansuch that
kT 772
/ |z ()P dt < e =C. (2.12)
—kT (mg — =+ — 2rn)?

From (2.8), we have

/ [2(E) + Aa(£)2(8) — Aaa ()i (B))h(t)dt

—kT

kT
SO

kT kT
m / 2 (0)2dt < / Ja(8) [ ()Pt

—kT —kT

< (M, +20m) </_Z ]:I:k(t)\th>§ + (/_Z ]x;(t)\th)é
< (02 G ([ |ac;€<t>\2dt)é ,

and as a result there exists a positive constarguch that

kT
/ 2 (1)2dt < C. (2.14)

kT

Moreover, forx € X, andt, T € [—kT, kT], we have

t
lz(t)] < x(7) + / 2'(s)ds| . (2.15)
. 1 1
Integration of (2.15) ove{t — §,t + 5] shows
t+3 t+1 t
() g/ |x(7)\dr+/ /x'(s)ds ir
t—1 t—1 T
. (2.16)

1

t+35
oo
t—l

(I’ (T)]* + Ifrf(t)|2)d7>

|
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Hence (2.15) and (2.16) imply
kT 3
te[r_r}gpﬁﬂ lz(t) < o (/_kT(lw'(t)IQ + \x(t)\z)dt> , x € Xy, (2.17)
wheregp is given in Lemma 2.4. From Lemma 2.4, (2.12) and (2.14), we have

KT 2
max ()] < 0 (/ (EAGIEES Iﬁvk(t>>|2dt) (2.18)

te[—kT,kT _kT
< 0(Cy + ()7 = Dy.
On the other hand, we have from (2.8) that

/ (0 M ({)ak(t) ~ Aaa( (Ol

kT
so we have
kT
| lekopa
—kT

([ ) o[ o) [ )

v (/_k:T lg(t, aa(t — 1), aa(t — 1), - ’xk@_m)‘th)z

kT

(o ss) (o) ([ o)
< (VT Gl | N |x;;<t>|2dt)% ,

—kT
and as a result there exists a positive constgrguch that

kT
/ |$Z(t>’2dt S [(2’/“77, + Mg)\/ Cl + Ml\/ 02 + 77}2 = 04. (220)
—kT
From Lemma 2.4 and (2.20), we have
kT 3
/ < ! 2 " 2
s 0 < o ([ (et + afoPy) o21)

< 0(Cy +Cy)? = Dy.

The proof is complete. O
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Lemma 2.6. Letk € N. If (H;)<(H,) hold, then the systerf2.1) possesses akT-
periodic solution.

Proof. Suppose that is a2kT-periodic solution of Eq. (2.8). By Lemma 2.5, there
exist positive constant®; (: = 0, 1) which are independent of such that (2.9) is true.
Consider any positive constamj > On<1a<x1{Di} + &, wheref = max |f(t)]. Set

EYAS €

Qpi={zr € Xy : ||z]| <}

We know thatL; is a Fredholm mapping of index zero and is L-compact ont;,
(see [2]). Recall

Ker(Ly) = {x € X} : z(t) = c € R}

and the norm oY, is

Joll = { _maJo(0) x| 001}

te[—kT,kT)] te[—kT,kT)

Then we have
r=ua;, Or z=-—a, for ze€dnN Ker(Lk) (222)

From (H,), we have (ifa;, is chosen large enough)

az () + g(t, ok, Qg -+ k) — || fello >0 ¢ € [-KT, KT (2.23)
and
Finally from (2.3), (2.7) and (2.22)—(2.24), we have
1 kT
Nyx) = 57— —a ' 2
(@Nw) = i | [ (0)2'(0) + aat)a (1)
+o(t,x(t — 1), 2(t — 1), - ,x(t — 7)) + fr(t)]dt
1 kT
= 5T _kT[ag(t):c(t) +g(t,x(t — 1), z(t — 7o), -, x(t — 7)) + fr(t)]dt

7é 0, Vz €N Ker(Lk)

Then, for anyr € Ker L, N 092, andn € [0, 1], we have

kT
cH(z,n) = —na®— = (1) / —ar ()2 (t) + as(t)e(t) + fi(t)

+g(t,x(t — ), z(t — 1), - ,x(t —7,))]dt
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Thus
deg{Qka, Qk N Ker(Lk), O}

= deg {—%/ [—ai ()2’ (t) + az(t)x(t) + fr(t)

—kT
+g(t,x(t — 1), z(t — 1), - ,x(t — m))]dt, x N Ker(Ly),0}
= deg{—z, Qx NKer(Lg),0}
# 0.
From Lemma 2.5, for any € 0 N Dom(L;) and\ € (0, 1) we haveLyz # ANjx.

By Theorem 1.1, the equatidi,x = N,z has at least one solution ibom(L) N €y,. So
there exists &kT-periodic solution;, of the system (2.1). The proof is completel]

Lemma 2.7. Let{x, }ren be the sequence given by Lemma 2.6. Then there exiatsl
a subsequence d&fr, },.en (again we call it{z,, } ,cn) such thatr, — z, in CL (R, R)
ask — +oo.

Proof. By (2.18), (2.21) and the Arzat+Ascoli theorem, we obtain that a subsequence
of {z }ren converges irC (R, R) to a solutionz, of (1.1) satisfying

fﬁmwﬁﬂ%mﬁw<m. (2.25)

[e.e]

To see this note from (2.1) that

Jim [2(2) + a1 (t)z(8) — az () (t)
—g(t, i (t — 1), xp(t — 70), -+ x2p(t — 7))
= 5”()/(75) + al(t)xlo(t) — as(t)xo(t) — g(t, zo(t — 1), 20(t — T2), -+ ,2o(t — 70))
= lim fult) = £(0)

S0z is a solution of (1.1). Also, we have

[ b0 + ot = Jim [ [l + on(t)Plat < .

o0

This shows that (2.25) holds. O

Lemma 2.8. The functionr, determined by Lemma 2.7 is the desired homoclinic solu-
tion of (1.1).

Proof. The proof will be divided into two steps.
Step 1: We prove thaty(t) — 0, ast — +oo. By (2.25), we have

lim [0 ()| + |z} (t)|*]dt = 0. (2.26)
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Hence (2.18) and (2.26) shows that our claim holds.
Step 2: We now show that)(t) — 0 ast — +o0. By (2.16), (2.18) and (2.26), it
suffices to prove that

j+1
/ zy(t)?dt — 0, as j — +oo. (2.27)
J

On the other hand, we obtain from (1.1) that

1 it
/ £(t) Pt = / |~ ar()ah(t) + as(t)ao(t) + f(1)

+ g(t, mo(t — 1), ot — 72), -+, 2ot — 7)) ?dt.

j+1
Sinceg(t,0,0,---,0) = 0forallt € R, 2¢(t) — 0 ast — oo, / |z () [2dt — 0
j

J+1

and/ |f(t)|*dt — 0 asj — 400, s0 (2.27) follows. O
j

Proof of Theorem 2.1The result follows now from Lemma 2.8. O
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