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Abstract

This paper is concerned with the existence of homoclinic orbits for second-
order differential equations with multiple lags. By using Mawhin’s continuation
theorem, a nontrivial homoclinic orbit is obtained as a limit of a certain sequence
of periodic solutions of the equation.
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1 Introduction

In recent years several authors studied homoclinic orbits for Hamiltonian systems via
critical point theory. In particular second-order systems were considered in [1, 2, 4–6,
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12–16, 19] and first-order systems in [3, 7–9, 11, 17, 18]. In this paper we consider the
existence of homoclinic orbits for FDE by using Mawhin’s continuation theorem. In
particular we discuss the existence of homoclinic orbits for the equation

x′′(t)+a1(t)x
′(t)− a2(t)x(t) = g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn))+ f(t), (1.1)

whereτi (i = 1, 2, · · · , n) are constants,a1(t) anda2(t) are real continuous functions
defined onR with positive periodT , f : R → R is a continuous and bounded function,
g(t, x1, x2, · · · , xn) ∈ C(R×R×R×· · ·×R, R), g(t, 0, 0, · · · , 0) = 0, and isT -periodic
in t. A solutionx of (1.1) is said to be homoclinic (to0) if x(t) → 0 ast → ±∞. In
addition, ifx 6≡ 0 thenx is called a nontrivial homoclinic solution.

This paper is largely motivated by the work of Rabinowitz [15] in which the exis-
tence of nontrivial homoclinic solutions for the second-order Hamiltonian system

q̈ + Vq(t, q) = 0

was proved. For the sake of completeness, we first state Mawhin’s continuation theorem
[10]. AssumeX andY are two Banach spaces,L : Dom L ⊂ X → Y is a linear
mapping andN : X → Y is a continuous mapping. The mappingL will be called a
Fredholm mapping of index zero ifdim Ker L = codim Im L < +∞ andIm L is closed
in Y . If L is a Fredholm mapping of index zero, then there exist continuous projections
P : X → X andQ : Y → Y such thatIm P = Ker L andIm L = Ker Q = Im(I−Q).
It follows thatL|Dom L∩Ker P : (I − P )X → Im L has an inverse which will be denoted
by KP . If Ω is an open and bounded subset ofX, the mappingN will be calledL-
compact onΩ if QN(Ω) is bounded andKP (I −Q)N(Ω) is compact. SinceIm Q is
isomorphic toKer L, there exists an isomorphismJ : Im Q → Ker L.

Theorem 1.1 (Mawhin’s continuation theorem [10]). Let L be a Fredholm mapping
of index zero, and letN beL-compact onΩ. Suppose

(1) for eachλ ∈ (0, 1) andx ∈ ∂Ω, Lx 6= λNx;

(2) for eachx ∈ ∂Ω ∩Ker(L), QNx 6= 0 anddeg(QN, Ω ∩Ker(L), 0) 6= 0.

Then the equationLx = Nx has at least one solution inΩ ∩D(L).

2 Main Result

Now we make the following assumptions ona1(t), a2(t) andf(t):

(H1) 0 ≤ m1 ≤ |a1(t)| ≤ M1;

(H2) M2 = max
t∈[0,T ]

a2(t) ≥ a2(t) ≥ m2 = min
t∈[0,T ]

a2(t) > 0;
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(H3) f : R → R is continuous and bounded,f 6≡ 0 and

(∫
R
|f(t)|2 dt

) 1
2

≤ η, where

η > 0 is a positive constant.

Our main result is the following theorem.

Theorem 2.1.Suppose(H1)–(H3) and assume

(H4) |g(t, x1, x2, · · · , xn)| ≤ r

n∑
i=1

|xi| andm2 −
M2

1

4
− 2rn > 0.

Then system(1.1) possesses a nontrivial homoclinic solutionx ∈ C2(R, R) such that
x′(t) → 0 ast → ±∞.

In order to prove the main theorem we need some preliminaries. For eachk ∈ N,
set

Xk := {x|x ∈ C1(R, R), x(t + 2kT ) = x(t),∀t ∈ R}
andx(0)(t) = x(t), define the norm onXk by

‖x‖ = max

{
max

t∈[−kT,kT ]
|x(t)|, max

t∈[−kT,kT ]
|x′(t)|

}
,

and set
Yk := {y|y ∈ C(R, R), y(t + 2kT ) = y(t),∀t ∈ R}.

We define the norm onYk as‖y‖0 = max
t∈[−kT,kT ]

|y(t)|. Thus both(Xk, ‖·‖) and(Yk, ‖·‖0)

are Banach spaces.

Remark2.2. If x ∈ Xk, then it follows thatx(i)(0) = x(i)(2kT ) (i = 0, 1).

In the works of Izydorek and Janczewska [12] and Tanaka [19], a homoclinic so-
lution of (1.1) is obtained as a limit, ask → ±∞, of a certain sequence of functions
xk ∈ Xk. So here we will consider a sequence of systems of functional differential
equations

x′′(t)+a1(t)x
′(t)−a2(t)x(t) = g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn))+fk(t), (2.1)

where for eachk ∈ N, fk : R → R is a2kT -periodic extension of the restriction off to
the interval[−kT, kT ] andxk is a2kT -periodic solution of (2.1) obtained via Mawhin’s
continuation theorem. Define the operatorsLk : Xk → Yk andNk : Xk → Yk by

Lkx(t) = x′′(t), t ∈ R, (2.2)

and

Nkx(t) = −a1(t)x
′(t) + a2(t)x(t)

+ g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn)) + fk(t), t ∈ R. (2.3)
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Clearly,
Ker Lk = {x ∈ Xk : x(t) = c ∈ R} (2.4)

and

Im Lk =

{
y ∈ Yk :

∫ kT

−kT

y(t)dt = 0

}
(2.5)

is closed inYk. ThusLk is a Fredholm mapping of index zero. Let us definePk : Xk →
Xk andQk : Yk → Yk/ Im(Lk) by

Pkx(t) =
1

2kT

∫ kT

−kT

x(t)dt = x(0), t ∈ R, (2.6)

for x = x(t) ∈ X and

Qky(t) =
1

2kT

∫ kT

−kT

y(t)dt, t ∈ R (2.7)

for y = y(t) ∈ Yk. It is easy to see thatIm Pk = Ker Lk and Im Lk = Ker Qk =
Im(Ik − Qk). It follows thatLk|Dom Lk∩Ker Pk

: (Ik − Pk)Xk → Im Lk has an inverse
which will be denoted byKPk

.
Let Ωk be an open and bounded subset ofXk. We can easily see thatQkNk(Ωk) is

bounded andKPk
(Ik −Qk)Nk(Ωk) is compact. Thus the mappingNk is L-compact on

Ωk. That is, we have the following result.

Lemma 2.3. Let Lk, Nk, Pk andQk be defined by(2.2), (2.3), (2.6) and (2.7) respec-
tively. ThenLk is a Fredholm mapping of index zero andNk is L-compact onΩk, where
Ωk is any open and bounded subset ofXk.

In order to prove our main result, we need the following lemma [15].

Lemma 2.4 (See Remark 2.2 and [15]).There is a positive constant% such that for
eachk ∈ N andx ∈ Xk the following inequality holds:

max
t∈[−kT,kT ]

|x(t)| ≤ %

[∫ kT

−kT

(|x(t)|2 + |x′(t)|2)dt

] 1
2

.

Now, we consider the auxiliary equation

x′′(t) + λ[a1(t)x
′(t)− a2(t)x(t)]

= λ[g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn)) + fk(t)], (2.8)

where0 < λ < 1.
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Lemma 2.5. Suppose that the conditions of Theorem 2.1 are satisfied. Ifxk(t) is a2kT -
periodic solution of Eq.(2.8), then there are positive constantsDi, i = 0, 1, which are
independent ofλ, such that

‖x(i)
k ‖0 ≤ Di, t ∈ [−kT, kT ], i = 0, 1. (2.9)

Proof. Suppose thatxk is a2kT -periodic solution of Eq. (2.8). We have from (2.8) that∫ kT

−kT

[x′′k(t) + λa1(t)x
′
k(t)− λa2(t)xk(t)]xk(t)dt

= λ

∫ kT

−kT

[g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn)) + fk(t)]xk(t)dt. (2.10)

From (2.10), we have∫ kT

−kT

{|x′k(t)|2 + λa2(t)|xk(t)|2}dt

= −λ

∫ kT

−kT

[g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn))

+fk(t)− a1(t)x
′
k(t)]xk(t)dt

≤ λ

(∫ kT

−kT

|g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn))|2dt

) 1
2

×
(∫ kT

−kT

|xk(t)|2dt

) 1
2

+ λ

[(∫ kT

−kT

|fk(t)|2dt

) 1
2

+ M1

(∫ kT

−kT

|x′k(t)|2dt

) 1
2

]

×
(∫ kT

−kT

|xk(t)|2dt

) 1
2

≤ 2rnλ

∫ kT

−kT

|xk(t)|2dt + λ

[
η + M1

(∫ kT

−kT

|x′k(t)|2dt

) 1
2

](∫ kT

−kT

|xk(t)|2dt

) 1
2

,

so

λ

(
m2 −

M2
1

4

)∫ kT

−kT

|xk(t)|2dt

≤ λ

[(∫ kT

−kT

|x′k(t)|2dt

) 1
2

− M1

2

(∫ kT

−kT

|xk(t)|2dt

) 1
2

]2

+λ

(
a2(t)−

M2
1

4

)∫ kT

−kT

|xk(t)|2dt +

(
1

λ
− λ

)∫ kT

−kT

|x′k(t)|2dt

≤ 2rnλ

∫ kT

−kT

|xk(t)|2dt + ηλ

(∫ kT

−kT

|xk(t)|2dt

) 1
2

,
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which gives(
m2 −

M2
1

4
− 2rn

)∫ kT

−kT

|xk(t)|2dt ≤ η

(∫ kT

−kT

|xk(t)|2dt

) 1
2

. (2.11)

From (H4) and (2.11), there exists a positive constantC1 such that∫ kT

−kT

|xk(t)|2dt ≤ η2

(m2 − M2
1

4
− 2rn)2

= C1. (2.12)

From (2.8), we have∫ kT

−kT

[x′′k(t) + λa1(t)x
′
k(t)− λa2(t)xk(t)]x

′
k(t)dt

= λ

∫ kT

−kT

[g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn)) + fk(t)]x
′
k(t)dt, (2.13)

so

m1

∫ kT

−kT

|x′k(t)|2dt ≤
∫ kT

−kT

|a1(t)||x′k(t)|2dt

≤

[
(M2 + 2rn)

(∫ kT

−kT

|xk(t)|2dt

) 1
2

+ η

](∫ kT

−kT

|x′k(t)|2dt

) 1
2

≤ [(M2 + 2rn)
√

C1 + η]

(∫ kT

−kT

|x′k(t)|2dt

) 1
2

,

and as a result there exists a positive constantC2 such that∫ kT

−kT

|x′k(t)|2dt ≤ C2. (2.14)

Moreover, forx ∈ Xk andt, τ ∈ [−kT, kT ], we have

|x(t)| ≤ x(τ) +

∣∣∣∣∫ t

τ

x′(s)ds

∣∣∣∣ . (2.15)

Integration of (2.15) over

[
t− 1

2
, t +

1

2

]
shows

|x(t)| ≤
∫ t+ 1

2

t− 1
2

|x(τ)|dτ +

∫ t+ 1
2

t− 1
2

∣∣∣∣∫ t

τ

x′(s)ds

∣∣∣∣ dτ

≤ 2

(∫ t+ 1
2

t− 1
2

(|x′(τ)|2 + |x(t)|2)dτ

) 1
2

.

(2.16)
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Hence (2.15) and (2.16) imply

max
t∈[−kT,kT ]

|x(t)| ≤ %

(∫ kT

−kT

(|x′(t)|2 + |x(t)|2)dt

) 1
2

, x ∈ Xk, (2.17)

where% is given in Lemma 2.4. From Lemma 2.4, (2.12) and (2.14), we have

max
t∈[−kT,kT ]

|xk(t)| ≤ %

(∫ kT

−kT

(|x′k(t)|2 + |xk(t))|2dt

) 1
2

≤ %(C1 + C2)
1
2 = D0.

(2.18)

On the other hand, we have from (2.8) that∫ kT

−kT

[x′′k(t) + λa1(t)x
′
k(t)− λa2(t)xk(t)]x

′′
k(t)dt

= λ

∫ kT

−kT

[g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn)) + fk(t)]x
′′
k(t)dt, (2.19)

so we have∫ kT

−kT

|x′′k(t)|2dt

≤
(∫ kT

−kT

|x′′k(t)|2dt

) 1
2

[
M1

(∫ kT

−kT

|x′k(t)|2dt

) 1
2

+ M2

(∫ kT

−kT

|xk(t)|2dt

) 1
2

]

+

(∫ kT

−kT

|g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn))|2dt

) 1
2

×
(∫ kT

−kT

|x′′k(t)|2dt

) 1
2

+

(∫ kT

−kT

|fk(t)dt

) 1
2
(∫ kT

−kT

|x′′k(t)|2dt

) 1
2

≤ [(2rn + M2)
√

C1 + M1

√
C2 + η]

(∫ kT

−kT

|x′′k(t)|2dt

) 1
2

,

and as a result there exists a positive constantC4 such that∫ kT

−kT

|x′′k(t)|2dt ≤ [(2rn + M2)
√

C1 + M1

√
C2 + η]2 = C4. (2.20)

From Lemma 2.4 and (2.20), we have

max
t∈[−kT,kT ]

|x′k(t)| ≤ %

(∫ kT

−kT

(|x′k(t)|2 + |x′′k(t)|2)dt

) 1
2

≤ %(C2 + C4)
1
2 = D1.

(2.21)

The proof is complete.
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Lemma 2.6. Let k ∈ N. If (H1)–(H4) hold, then the system(2.1) possesses a2kT -
periodic solution.

Proof. Suppose thatx is a 2kT -periodic solution of Eq. (2.8). By Lemma 2.5, there
exist positive constantsDi (i = 0, 1) which are independent ofλ such that (2.9) is true.
Consider any positive constantαk > max

0≤i≤1
{Di}+ ξ, whereξ = max

t∈R
|f(t)|. Set

Ωk := {x ∈ Xk : ‖x‖ < αk}.

We know thatLk is a Fredholm mapping of index zero andNk is L-compact onΩk

(see [2]). Recall
Ker(Lk) = {x ∈ Xk : x(t) = c ∈ R}

and the norm onXk is

‖x‖ = max

{
max

t∈[−kT,kT ]
|x(t)|, max

t∈[−kT,kT ]
|x′(t)|

}
.

Then we have

x = αk or x = −αk for x ∈ ∂Ωk ∩Ker(Lk). (2.22)

From (H4), we have (ifαk is chosen large enough)

a2(t)αk + g(t, αk, αk, · · · , αk)− ‖fk‖0 > 0 t ∈ [−kT, kT ] (2.23)

and
x′(t) = 0, ∀x ∈ ∂Ωk ∩Ker(Lk). (2.24)

Finally from (2.3), (2.7) and (2.22)–(2.24), we have

(QkNkx) =
1

2kT

∫ kT

−kT

[−a1(t)x
′(t) + a2(t)x(t)

+g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn)) + fk(t)]dt

=
1

2kT

∫ kT

−kT

[a2(t)x(t) + g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn)) + fk(t)]dt

6= 0, ∀x ∈ ∂Ωk ∩Ker(Lk).

Then, for anyx ∈ Ker Lk ∩ ∂Ωk andη ∈ [0, 1], we have

xH(x, η) = −ηx2 − x

2kT
(1− η)

∫ kT

−kT

[−a1(t)x
′(t) + a2(t)x(t) + fk(t)

+g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn))]dt

6= 0.
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Thus

deg{QkNk, Ωk ∩Ker(Lk), 0}

= deg

{
− 1

2kT

∫ kT

−kT

[−a1(t)x
′(t) + a2(t)x(t) + fk(t)

+g(t, x(t− τ1), x(t− τ2), · · · , x(t− τn))]dt, Ωk ∩Ker(Lk), 0}
= deg{−x, Ωk ∩Ker(Lk), 0}
6= 0.

From Lemma 2.5, for anyx ∈ ∂Ωk ∩ Dom(Lk) andλ ∈ (0, 1) we haveLkx 6= λNkx.
By Theorem 1.1, the equationLkx = Nkx has at least one solution inDom(L)∩Ωk. So
there exists a2kT -periodic solutionxk of the system (2.1). The proof is complete.

Lemma 2.7.Let{xk}k∈N be the sequence given by Lemma 2.6. Then there existsx0 and
a subsequence of{xn}n∈N (again we call it{xn}n∈N) such thatxk → x0 in C1

loc(R, R)
ask → +∞.

Proof. By (2.18), (2.21) and the Arzelà–Ascoli theorem, we obtain that a subsequence
of {xk}k∈N converges inC1

loc(R, R) to a solutionx0 of (1.1) satisfying∫ ∞

−∞
(|x0(t)|2 + |x′0(t)|2)dt < ∞. (2.25)

To see this note from (2.1) that

lim
k→∞

[x′′k(t) + a1(t)x
′
k(t)− a2(t)xk(t)

−g(t, xk(t− τ1), xk(t− τ2), · · · , xk(t− τn))]

= x′′0(t) + a1(t)x
′
0(t)− a2(t)x0(t)− g(t, x0(t− τ1), x0(t− τ2), · · · , x0(t− τn))

= lim
k→∞

fk(t) = f(t),

sox0 is a solution of (1.1). Also, we have∫ ∞

−∞
[|x′0(t)|2 + |x0(t)|2]dt = lim

k→∞

∫ kT

−kT

[|x′k(t)|2 + |xk(t)|2]dt < ∞.

This shows that (2.25) holds.

Lemma 2.8. The functionx0 determined by Lemma 2.7 is the desired homoclinic solu-
tion of (1.1).

Proof. The proof will be divided into two steps.
Step 1: We prove thatx0(t) → 0, ast → ±∞. By (2.25), we have

lim
j→∞

∫
|t|≥j

[|x0(t)|2 + |x′0(t)|2]dt = 0. (2.26)
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Hence (2.18) and (2.26) shows that our claim holds.
Step 2: We now show thatx′0(t) → 0 ast → ±∞. By (2.16), (2.18) and (2.26), it

suffices to prove that ∫ j+1

j

|x′′0(t)|2dt → 0, as j → +∞. (2.27)

On the other hand, we obtain from (1.1) that∫ j+1

j

|x′′0(t)|2dt =

∫ j+1

j

| − a1(t)x
′
0(t) + a2(t)x0(t) + f(t)

+ g(t, x0(t− τ1), x0(t− τ2), · · · , x0(t− τn))|2dt.

Sinceg(t, 0, 0, · · · , 0) = 0 for all t ∈ R, x0(t) → 0 ast → ±∞,
∫ j+1

j

|x′0(t)|2dt → 0

and
∫ j+1

j

|f(t)|2dt → 0 asj → ±∞, so (2.27) follows.

Proof of Theorem 2.1.The result follows now from Lemma 2.8.
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