
Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 5, Number 1, pp. 49–60 (2010)
http://campus.mst.edu/adsa

Fractional Evolution Integro-Differential
Systems with Nonlocal Conditions

Amar Debbouche
Guelma University, Faculty of Science

Department of Mathematics
Guelma, Algeria

amar−debbouche@yahoo.fr

Abstract

In this paper, we use the theory of resolvent operators, the fractional powers
of operators, fixed point technique and the Gelfand–Shilov principle to establish
the existence and uniqueness of local mild and then local classical solutions of a
class of nonlinear fractional evolution integro-differential systems with nonlocal
conditions in Banach space. As an application that illustrates the abstract results, a
nonlinear nonlocal integro-partial differential system of fractional order is given.
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Keywords: Fractional parabolic equation, fractional powers, mild and classical solu-
tions, local existence, resolvent operators.

1 Introduction

The aim of this paper is to study the nonlocal fractional Cauchy problem of the form

dαu(t)

dtα
+ A(t)u(t) = f(t, u(t)) +

∫ t

t0

B(t− s)g(s, u(s))ds, (1.1)

u(t0) + h(u) = u0, (1.2)

in a Banach spaceX, where0 < α ≤ 1, 0 ≤ t0 < t. Let J denote the closure of the
interval [t0, T ), t0 < T ≤ ∞. We assume that−A(t) is a closed linear operator defined
on a dense domainD(A) in X into X such thatD(A) is independent oft. It is assumed
also that−A(t) generates an evolution operator in the Banach spaceX, the functionB
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is real valued and locally integrable on[t0,∞), the nonlinear mapsf andg are defined
on [t0,∞)×X into X andh : C(J, X) → D(A) is a given function.

Recently, fractional differential equations have attracted many authors [8, 11, 13–
17, 19, 21, 24]. This is mostly because it efficiently describes many phenomena arising
in engineering, physics, economy and science. In fact it can find several applications
in viscoelasticity, electrochemistry, electromagnetic, and so on. The existence of solu-
tions to evolution equations with nonlocal conditions in Banach space was studied first
by Byszewski [9]. Subsequently many authors extended the work to various kind of
nonlinear evolution equations [16, 17, 21, 24]. Deng [12] indicated that using the non-
local conditionu(t0) + h(u) = u0 to describe, for instance, the diffusion phenomenon
of a small amount of gas in a transparent tube, can give better results than using the
usual local Cauchy problemu(t0) = u0. Also for several works (first order differen-
tial equations with initial conditions) concerned with this kind of research, we refer
to [3–7,10,20,28].

The results obtained in this paper are generalizations of the results given by Bahu-
guna [2], El-Borai [16,17], Pazy [25] and Yan [27].

Our work is organized as follows. Section 2 is devoted to the review of some essen-
tial results in fractional calculus and also to the resolvent operators and the fractional
powers of operators which will be used in this work to obtain our main results. In Sec-
tion 3, we establish the existence of a unique local mild solution of (1.1), (1.2). In
Section 4, we study the regularity of the mild solution of the considered problem and
show under the additional condition of Hölder continuity onB that this mild solution
is in fact the classical solution. In Section 5, as an example, a nonlinear nonlocal evo-
lution integro-partial differential system of fractional order is also provided in order to
illustrate the abstract results.

2 Preliminaries

Following Gelfand and Shilov [19], we define the fractional integral of orderα > 0 as

Iα
a f(t) =

1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds

and the fractional derivative of the functionf of order0 < α < 1 as

aD
α
t f(t) =

1

Γ(1− α)

d

dt

∫ t

a

f(s)(t− s)−αds,

wheref is an abstract continuous function on the interval[a, b] andΓ(α) is the Gamma
function, see [11].

Definition 2.1. By a classical solution of (1.1), (1.2) onJ , we mean a functionu with
values inX such that:
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1) u is continuous function on[t0, T ) andu(t) ∈ D(A),

2)
dαu

dtα
exists and is continuous on(t0, T ), 0 < α < 1, andu satisfies (1.1) on(t0, T )

and the nonlocal condition (1.2).

By a local classical solution of (1.1), (1.2) onJ , we mean that there exist aT0, t0 <
T0 < T , and a functionu defined fromJ0 = [t0, T0] into X such thatu is a classical
solution of (1.1), (1.2).

Let E be the Banach space formed fromD(A) with the graph norm. Since−A(t) is
a closed operator, it follows that−A(t) is in the set of bounded operators fromE to X.

Definition 2.2 (See [8,27]).A resolvent operators for problem (1.1), (1.2) is a bounded
operator-valued functionR(t, s) ∈ B(X), 0 ≤ s ≤ t < T , the space of bounded linear
operators onX, having the following properties:

(i) R(t, s) is strongly continuous ins andt, R(s, s) = I, 0 ≤ s < T, ‖R(t, s)‖ ≤
Meβ(t−s) for some constantsM andβ.

(ii) R(t, s)E ⊂ E, R(t, s) is strongly continuous ins andt onE.

(iii) For x ∈ X, R(t, s)x is continuously differentiable ins ∈ [0, T ) and

∂R

∂s
(t, s)x = R(t, s)A(s)x.

(iv) For x ∈ X ands ∈ [0, T ), R(t, s)x is continuously differentiable int ∈ [s, T )
and

∂R

∂t
(t, s)x = −A(t)R(t, s)x,

with
∂R

∂s
(t, s)x and

∂R

∂t
(t, s)x are strongly continuous on0 ≤ s ≤ t < T .

HereR(t, s) can be extracted from the evolution operator of the generator−A(t).
The resolvent operator is similar to the evolution operator for nonautonomous differen-
tial equations in a Banach space.

Definition 2.3 (See [8, 21, 24]).A continuous functionu : J → X is said to be a mild
solution of problem (1.1), (1.2) if for allu0 ∈ X, it satisfies the integral equation

u(t) = R(t, t0)[u0 − h(u)]

+
1

Γ(α)

∫ t

t0

(t− s)α−1R(t, s)

[
f(s, u(s)) +

∫ s

t0

B(s− τ)g(τ, u(τ))dτ

]
ds.

(2.1)
By a local mild solution of (1.1), (1.2) onJ , we mean that there exist aT0, t0 < T0 < T ,
and a functionu defined fromJ0 = [t0, T0] into X such thatu is a mild solution of (1.1),
(1.2).
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We define the fractional powerA−q(t) by

A−q(t) =
1

Γ(q)

∫ ∞

0

xq−1R(x, t)dx, q > 0.

For 0 < q ≤ 1, Aq(t) (we denote byAq for short) is a closed linear operator whose
domainD(Aq) ⊃ D(A) is dense inX. This implies thatD(Aq) endowed with the
graph norm

‖u‖D(A) = ‖u‖+ ‖Aqu‖, u ∈ D(Aq)

is a Banach space as clearlyAq = (A−q)−1 becauseA−q is one to one. Since0 ∈ ρ(A),
Aq is invertible, and its graph norm is equivalent to the norm‖u‖q = ‖Aqu‖. Thus
D(Aq) equipped with the norm‖ ·‖q is a Banach space denoted byXq. For more details
we refer to [1,2]. To state and prove the main results of this paper, we shall require the
following assumption on the mapf andg:

(F) Let U be an open subset of[0,∞) × Xq, and for every(t, x) ∈ U there exist a
neighborhoodV ⊂ U of (t, x) and constantsL > 0, 0 < µ < 1 such that

‖f(s1, u)− f(s2, v)‖ ≤ L[|s1 − s2|µ + ‖u− v‖q]

for all (s1, u) and(s2, v) in V .

3 Local Mild Solutions

To establish local existence of the considered problem, we assume that−A is invertible
andt0 < T < ∞, see [18, 22, 23, 26]. According to [25, Section 2.6], we can deduce
the following.

Lemma 3.1. LetA(t) be the infinitesimal generator of a resolvent operatorR(t, s). We
denote byρ[A(t)] the resolvent set ofA(t). If 0 ∈ ρ[A(t)], then

(a) R(t, s) : X −→ D(Aq) for every0 ≤ s ≤ t < T andq ≥ 0,

(b) For everyu ∈ D(Aq), we haveR(t, s)Aq(t)u = Aq(t)R(t, s)u,

(c) The operatorAqR(t, s) is bounded and‖AqR(t, s)‖ ≤ Mq,β(t− s)−q.

Let Y = C([t0, t1]; Xq) be endowed with the supremum norm

‖y‖∞ = sup
t0≤t≤t1

‖y(t)‖q, y ∈ Y.

ThenY is a Banach space. The functionh : Y → Xq is continuous and there exists a
numberb such that‖R(t, t0)‖ < 1/2b and

‖h(x)− h(y)‖q ≤ b‖x− y‖∞

for all x, y ∈ Y . Note that, ifz ∈ Y , thenA−qz ∈ Y .
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Theorem 3.2.Suppose that the operator−A(t) generates the resolvent operatorR(t, s)
with ‖R(t, s)‖ ≤ Meβ(t−s) and that0 ∈ ρ[−A(t)]. If the mapsf andg satisfy(F) and
the real-valued mapB is integrable onJ , then (1.1), (1.2) has a unique local mild
solution for everyu0 ∈ Xq.

Proof. We fix a point(t0, u0) in the open subsetU of [0,∞) ×Xq and chooset′1 > t0
andε > 0 such that (F) holds for the functionsf andg on the set

V = {(t, x) ∈ U : t0 ≤ t ≤ t′1, ‖x− u0‖q ≤ ε}. (3.1)

Let
N1 = sup

t0≤t≤t′1

‖f(t, u0)‖, N2 = sup
t0≤t≤t′1

‖g(t, u0)‖. (3.2)

Setλ = sup
x∈Y

‖h(x)‖q and chooset1 > t0 such that

‖R(t, t0)− I‖[‖u0‖q + λ] ≤ ε

2
, t0 ≤ t ≤ t1 (3.3)

and

t1 − t0 < min

{
t′1 − t0,

[ ε

2
M−1

q,βΓ(α)(α− q){(Lε + N1) + aT (Lε + N2)}−1
] 1

α−q

}
,

(3.4)
where

aT =

∫ T

0

|B(s)|ds. (3.5)

We define a map onY by Φy = ỹ, whereỹ is given by

ỹ(t) = R(t, t0)A
q[u0 − h(A−qy)]

+
1

Γ(α)

∫ t

t0

(t−s)α−1AqR(t, s)

[
f(s, A−qy(s)) +

∫ s

t0

B(s− τ)g(τ, A−qy(τ))dτ

]
ds.

For everyy ∈ Y, Φy(t0) = Aq[u0 − h(A−qy)], and fort0 ≤ s ≤ t ≤ t1 we have

Φy(t)− Φy(s) = [R(t, t0)−R(s, t0)]A
q[u0 − h(A−qy)]

+
1

Γ(α)

∫ t

s

(t− τ)α−1AqR(t, τ)

×
[
f(τ, A−qy(τ)) +

∫ τ

t0

B(τ − η)g(η, A−qy(η))dη

]
dτ

+
1

Γ(α)

∫ s

t0

(t− τ)α−1Aq[R(t, τ)−R(s, τ)]

×
[
f(τ, A−qy(τ)) +

∫ τ

t0

B(τ − η)g(η, A−qy(η))dη

]
dτ.
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It follows from (F) on the functionsf andg, Lemma 3.1.c and (3.5) thatΦ : Y → Y .
Let S be the nonempty closed and bounded set given by

S = {y ∈ Y : y(t0) = Aq[u0 − h(A−qy)], ‖y(t)−Aq[u0 − h(A−qy)]‖ ≤ ε}. (3.6)

Then fory ∈ S, we have

‖Φy(t)− Aq[u0 − h(A−qy)]‖ ≤ ‖R(t, t0)− I‖ ‖Aq[u0 − h(A−qy)]‖

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖ ‖f(s, A−qy(s))− f(s, u0)‖ds

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖
∫ t

t0

|B(s− t)| ‖g(τ, A−qy(τ))− g(τ, u0)‖dτds

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖ ‖f(s, u0)‖ds

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖
∫ t

t0

|B(s− t)| ‖g(τ, u0)‖dτds.

Using Lemma 3.1.c, (3.3) and (3.4) we get

‖Φy(t)− Aq[u0 − h(A−qy)]‖

≤ ε

2
+

Mq,β

Γ(α)
(α− q)−1{(Lε + N1) + aT (Lε + N2)}(t1 − t0)

α−q ≤ ε. (3.7)

ThusΦ : S → S. Now we shall show thatΦ is a strict contraction onS which will
ensure the existence of a unique continuous function satisfying (1.1) and (1.2). Ify and
z two elements inS, then

‖Φy(t)− Φz(t)‖ = ‖ỹ(t)− z̃(t)‖
≤ ‖R(t, t0)‖ ‖h(A−qz)− h(A−qy)‖q

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖ ‖f(s, A−qy(s))− f(s, A−qz(s))‖ds

+
1

Γ(α)

∫ t

t0

(t− s)α−1‖AqR(t, s)‖

×
[∫ s

t0

|B(s− τ)| ‖g(τ, A−qy(τ))− g(τ, A−qz(τ))‖dτ

]
ds.

Using assumption (F) onf andg, (3.5), Lemma 3.1.c and (3.4) respectively, we get

‖Φy(t)− Φz(t)‖

≤ b‖R(t, t0)‖ ‖y − z‖∞ +
L

Γ(α)
[(1 + aT )

∫ t

t0

(t− s)α−1‖AqR(t, s)‖ds]‖y − z‖Y
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≤ b‖R(t, t0)‖ ‖y − z‖Y +
L

Γ(α)
(1 + aT )Mq,β (α− q)−1(t1 − t0)

α−q‖y − z‖Y

<
1

2
‖y − z‖Y

+
1

εΓ(α)
[(Lε + N1) + aT (Lε + N2)]Mq,β(α− q)−1(t1 − t0)

α−q‖y − z‖Y

<
1

2
‖y − z‖Y +

1

2
‖y − z‖Y .

ThusΦ is a strict contraction map fromS intoS and therefore by the Banach contraction
principle there exists a unique fixed pointy in S such that

Φy = y = ỹ. (3.8)

Let u = A−qy. Using Lemma 3.1.b, we have

u(t) = R(t, t0)[u0 − h(u)]

+
1

Γ(α)

∫ t

t0

(t− s)α−1R(t, s)[f(s, u(s)) +

∫ s

t0

B(s− τ)g(τ, u(τ))dτ ]ds
(3.9)

for everyt ∈ [t0, t1]. Henceu is a unique local mild solution of (1.1), (1.2).

4 Local Classical Solutions

In this section we establish the regularity of the mild solutions of (1.1), (1.2). LetJ
denote the closure of the interval[t0, T ), t0 < T ≤ ∞. In addition to the hypotheses
mentioned in the earlier sections, we assume on the kernelB, that

(H) There exist constantsL0 ≥ 0 and0 < p ≤ 1 such that

|B(t1)−B(t2)| ≤ L0|t1 − t2|p, for all t1, t2 ∈ J.

Theorem 4.1. Suppose that−A(t) generates the resolvent operatorR(t, s) such that
‖R(t, s)‖ ≤ Meβ(t−s) and0 ∈ ρ[−A(t)]. Further, suppose that the mapsf andg satisfy
(F) and the kernelB satisfies(H). Then(1.1), (1.2)has a unique local classical solution
for eachu0 ∈ Xq.

Proof. From Theorem 3.2, it follows that there existT0, t0 < T0 < T and a functionu
such thatu is a unique mild solution of (1.1), (1.2) onJ0 = [t0, T0) given by (3.9). Let
v(t) = Aqu(t). Then

v(t) = R(t, t0)A
q[u0 − h(u)]

+
1

Γ(α)

∫ t

t0

(t− s)α−1AqR(t, s)[f̃(s) +

∫ s

t0

B(s− τ)g̃(τ)dτ ]ds,
(4.1)
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where f̃(t) = f(t, A−qv(t)), g̃(t) = g(t, A−qv(t)). Sinceu(t) is continuous onJ0

and the mapsf andg satisfy (F), it follows thatf̃ andg̃ are continuous, and therefore
bounded onJ0. Let

M1 = sup
t∈J0

‖f̃(t)‖ andM2 = sup
t∈J0

‖g̃(t)‖. (4.2)

By using the same method as in [13, Theorem 3.2], we can prove thatv(t) is locally
Hölder continuous onJ0. Then there exist a constantC such that for everyt′0 > t0, we
have

‖v(t1)− v(t2)‖ ≤ C|t1 − t2|p, (4.3)

for all t0 < t′0 < t1, t2 < T0. Now, assumption (F) with (4.3) implies that there exist
constantsk1, k2 ≥ 0 and0 < γ, η < 1 such that for allt0 < t′0 < t1, t2 < T0, we have

‖f̃(t1)− f̃(t2)‖ ≤ k1|t1 − t2|γ,

‖g̃(t1)− g̃(t2)‖ ≤ k2|t1 − t2|η,

which shows that̃f andg̃ are locally Ḧolder continuous onJ0. Let

ω(t) = f̃(t) +

∫ t

t0

B(t− τ)g̃(τ)dτ.

It is clear thatω(t) is locally Hölder continuous onJ0. For t2 ≤ t1, we have

‖ω(t1)− ω(t2)‖ ≤ C∗|t1 − t2|β,

for some constantsC∗ ≥ 0 and0 < β < 1. Consider the Cauchy problem

dαv(t)

dtα
+ A(t)v(t) = ω(t), t > t0, (4.4)

v(t0) = u0 − h(u). (4.5)

From Pazy [25], the problem (4.4), (4.5) has a unique solutionv onJ0 intoX given by

v(t) = R(t, t0)[u0 − h(u)] +
1

Γ(α)

∫ t

t0

(t− s)α−1R(t, s)ω(s)ds, (4.6)

for t > t0. Each term on the right-hand side belongs toD(A), hence belongs toD(Aq).
Applying Aq on both sides of (4.6) and using the uniqueness ofv(t), we have that
Aqv(t) = u(t). It follows thatu is the classical solution of (1.1), (1.2) onJ0. Thusu is
the unique local classical solution of (1.1), (1.2) onJ .
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5 Application

Consider the nonlinear integro-partial differential equation of fractional order

∂αu(x, t)

∂tα
+

∑
|q|=2m

aq(x, t)Dq
xu(x, t) = F (x, t, u) +

∫ t

t0

B(t− s)G(x, s, u)ds, (5.1)

with the nonlocal condition

u(x, t0) +
N∑

i=1

ciu(x, ti) = g(x), (5.2)

wheret0 ≤ t1 < t2 < · · · < tN < T , t ∈ [t0, T ) ⊂ R+, x ∈ Rn, whereRn is the

n-dimensional Euclidean space,Dq
x = Dq1

x1
· · ·Dqn

xn
, Dxi

=
∂

∂xi

, q = (q1, · · · , qn) is an

n-dimensional multi-index,|q| = q1 + · · ·+ qn. The operatorsF, G are defined as

F (x, t, u) = f(x, t, u(x, t), Du(x, t), · · · , D2m−1u(x, t)), (5.3)

G(x, t, u) = g(x, t, u(x, t), Du(x, t), · · · , D2m−1u(x, t)). (5.4)

Let L2(Rn) be the set of all square integrable functions onRn. We denote byCm(Rn)
the set of all continuous real-valued functions defined onRn which have continuous
partial derivatives of order less than or equal tom. By Cm

0 (Rn) we denote the set of
all functionsf ∈ Cm(Rn) with compact supports. LetHm

0 (Rn) be the completion of
Cm

0 (Rn) with respect to the norm

‖f‖2
m =

∑
|q|≤m

∫
Rn

|Dq
xf(x)|2dx.

It is supposed that

(i) The operatorA = −
∑
|q|=2m

aq(x, t)Dq
x is uniformly elliptic onRn. In other words,

all the coefficientsaq, |q| = 2m, are continuous and bounded onRn and there is
a positive numberc such that

(−1)m+1
∑
|q|=2m

aq(x, t)ξq ≥ c|ξ|2m,

for all x ∈ Rn and all ξ 6= 0, ξ ∈ Rn, whereξq = ξq1

1 · · · ξqn
n and |ξ|2 =

ξ2
1 + · · ·+ ξ2

n.

(ii) All the coefficientsaq, |q| = 2m, satisfy a uniform Ḧolder condition onRn.
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Under these conditions, the operatorA defined by (i) with domain of definitionD(A) =
H2m(Rn) generates a resolvent operatorR(t, s) defined onL2(Rn), and it is well known
thatH2m(Rn) is dense inX = L2(Rn). If the nonlocal functiong(x) is an element in
Hilbert spaceH2m(Rn), then we can write

R(t, s)g(x) =

∫
Rn

Υ(x, y, t− s)g(y)dy,

whereΥ is the fundamental solution of the nonlocal Cauchy problem

∂u(x, t)

∂t
+

∑
|q|=2m

aq(x, t)Dq
xu(x, t) = 0,

u(x, t0) +
N∑

i=1

ciu(x, ti) = g(x).

It can be proved that

‖Dq
xR(t, s)g‖ ≤ M

tβ
‖g‖,

where0 < β < 1, M is a positive constant,|q| ≤ 2m − 1, t > 0 and ‖g‖2 =∫
Rn

g2(x)dx. This achieves the proof of the existence of mild solutions of the prob-

lem (5.1), (5.2). The operatorsF andG defined in (5.3), (5.4) satisfy

(iii) There are numbersL ≥ 0 and0 ≤ λ ≤ 1 such that

∑
|q|≤2m−1

∫
Rn

|f(x, t,Dq
xu)− f(x, s, Dq

xv)|2dx

≤ L(|t− s|λ +
∑

|q|≤2m−1

∫
Rn

|AλDq
x(u− v)|2dx).

for all (t, u), (s, v) ∈ R+ ×Xq and allx ∈ Rn.

If the kernelB is integrable ont0 < t < T < ∞, applying Theorem 3.2 stated above, we
deduce that (5.1), (5.2) has a unique local mild solution. In addition, if the real-valued
mapB satisfies the assumption (H), again by applying Theorem 4.1, we conclude that
the considered problem has a unique local classical solution.
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