Advances in Dynamical Systems and Applications
ISSN 0973-5321, Volume 5, Number 1, pp. 49-60 (2010)
http://campus.mst.edu/adsa

Fractional Evolution Integro-Differential
Systems with Nonlocal Conditions

Amar Debbouche
Guelma University, Faculty of Science
Department of Mathematics
Guelma, Algeria
amar _debbouche@yahoo.fr

Abstract

In this paper, we use the theory of resolvent operators, the fractional powers
of operators, fixed point technique and the Gelfand—Shilov principle to establish
the existence and uniqueness of local mild and then local classical solutions of a
class of nonlinear fractional evolution integro-differential systems with nonlocal
conditions in Banach space. As an application that illustrates the abstract results, a
nonlinear nonlocal integro-partial differential system of fractional order is given.
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1 Introduction

The aim of this paper is to study the nonlocal fractional Cauchy problem of the form

d‘:;;it) + A(t)u(t) = f(t,u(t)) —i—/ B(t — s)g(s,u(s))ds, (1.1)

to

u(to) + h(u) = up, (1.2)

in a Banach spac&’, where0 < a < 1,0 < ¢y < t. Let J denote the closure of the
interval[ty, T'), to < T < co. We assume that A(t) is a closed linear operator defined
on a dense domaif’(A) in X into X such thatD(A) is independent of. It is assumed
also that— A(t) generates an evolution operator in the Banach spgdéae functionB
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is real valued and locally integrable @, oo), the nonlinear mapg andg are defined
on[ty,00) x X into X andh : C(J, X) — D(A) is a given function.

Recently, fractional differential equations have attracted many authors [8, 11, 13—
17,19, 21, 24]. This is mostly because it efficiently describes many phenomena arising
in engineering, physics, economy and science. In fact it can find several applications
in viscoelasticity, electrochemistry, electromagnetic, and so on. The existence of solu-
tions to evolution equations with nonlocal conditions in Banach space was studied first
by Byszewski [9]. Subsequently many authors extended the work to various kind of
nonlinear evolution equations [16,17, 21, 24]. Deng [12] indicated that using the non-
local conditionu(ty) + h(u) = u, to describe, for instance, the diffusion phenomenon
of a small amount of gas in a transparent tube, can give better results than using the
usual local Cauchy problem(t,) = uo. Also for several works (first order differen-
tial equations with initial conditions) concerned with this kind of research, we refer
to [3-7,10, 20, 28].

The results obtained in this paper are generalizations of the results given by Bahu-
guna [2], El-Borai [16, 17], Pazy [25] and Yan [27].

Our work is organized as follows. Section 2 is devoted to the review of some essen-
tial results in fractional calculus and also to the resolvent operators and the fractional
powers of operators which will be used in this work to obtain our main results. In Sec-
tion 3, we establish the existence of a unique local mild solution of (1.1), (1.2). In
Section 4, we study the regularity of the mild solution of the considered problem and
show under the additional condition ofldler continuity onB that this mild solution
is in fact the classical solution. In Section 5, as an example, a nonlinear nonlocal evo-
lution integro-partial differential system of fractional order is also provided in order to
illustrate the abstract results.

2 Preliminaries

Following Gelfand and Shilov [19], we define the fractional integral of order 0 as

17 £ (1) = ﬁ / (t — ) f(s)ds

and the fractional derivative of the functigiof order0 < o < 1 as

DI = Far g | T =)

wheref is an abstract continuous function on the intefwab] andI'(«) is the Gamma
function, see [11].

Definition 2.1. By a classical solution of (1.1), (1.2) oh we mean a functiom with
values inX such that:
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1) w is continuous function ofty, 7') andu(t) € D(A),

(e}

d . : : .
2) —Zj exists and is continuous @hy, 7'), 0 < o < 1, andu satisfies (1.1) of¥y, T)
and the nonlocal condition (1.2).

By a local classical solution of (1.1), (1.2) oh we mean that there existf, t, <
Ty < T, and a functioru defined fromJ, = [to, Tp] into X such that: is a classical
solution of (1.1), (1.2).

Let £ be the Banach space formed frami A) with the graph norm. Since A(¢) is
a closed operator, it follows thatA(¢) is in the set of bounded operators frdirto X.

Definition 2.2 (See [8,27]) A resolvent operators for problem (1.1), (1.2) is a bounded
operator-valued functio®(¢, s) € B(X), 0 < s <t < T, the space of bounded linear
operators onX, having the following properties:

(i) R(t,s) is strongly continuous ig andt, R(s,s) = 1,0 < s < T,||R(t, s)|| <
Me?=*) for some constants/ and3.

(i) R(t,s)E C E, R(t,s) is strongly continuous in andt on E.

(iii) For z € X, R(t, s)x is continuously differentiable i € [0,7) and

OR
— = A(s)z.
P (t,s)r = R(t,s)A(s)x
(iv) Forz € X ands € [0,T), R(t, s)x is continuously differentiable in € [s,T)
and 5R
E(t’ s)x = —A(t)R(t, s)z,

with g—R(t, s)x and%—f(t, s)x are strongly continuous an< s <t < 7.
S

Here R(t, s) can be extracted from the evolution operator of the generatéit).
The resolvent operator is similar to the evolution operator for nonautonomous differen-
tial equations in a Banach space.

Definition 2.3 (See [8, 21, 24])A continuous function: : J — X is said to be a mild
solution of problem (1.1), (1.2) if for all, € X, it satisfies the integral equation

u(t) = R(t, to)[uo — h(u)]

t s
+ L/ (t —s)* 'R(t,s) {f(s, u(s)) + / B(s — T)g(T,u(T))dT] ds.
F(Oé) to to
(2.1)
By a local mild solution of (1.1), (1.2) osl, we mean that there existig, toc < To < T,

and a function: defined fromJ, = [to, Ty into X such that: is a mild solution of (1.1),
(1.2).
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We define the fractional powet™“(t) by
1 o
ATt :—/ 2 R(x, t)dz, ¢ > 0.
(t) T ), (z,1)

For0 < ¢ < 1, A%(t) (we denote byA? for short) is a closed linear operator whose
domain D(A?) D D(A) is dense inX. This implies thatD(A?) endowed with the
graph norm

[ullpay = llull + [[A%ul[,u € D(A?)

is a Banach space as clear§ = (A~7)~! becausel ? is one to one. Since € p(A),

A% is invertible, and its graph norm is equivalent to the ndyafi, = ||A%/|. Thus
D(AY) equipped with the norrj- ||, is a Banach space denoted By. For more details

we refer to [1, 2]. To state and prove the main results of this paper, we shall require the
following assumption on the mafpandg:

(F) LetU be an open subset @, co) x X, and for every(t,z) € U there exist a
neighborhood” C U of (¢, z) and constantd > 0, 0 < u < 1 such that

[f(s1,u) = f(s2,v)|| < L|s1 — sal" + [[u — vl ]

for all (s1,w) and(sy,v)in V.

3 Local Mild Solutions

To establish local existence of the considered problem, we assumeAhiatinvertible
andt, < T < oo, see [18, 22,23, 26]. According to [25, Section 2.6], we can deduce
the following.

Lemma 3.1. Let A(¢) be the infinitesimal generator of a resolvent operaiir, s). We
denote by|A(t)] the resolvent set ol (¢). If 0 € p[A(t)], then

(@) R(t,s) : X — D(A?) forevery0 < s <t < T andq >0,

(b) Foreveryu € D(A?), we haveR(t, s)A%(t)u = AYt)R(t, s)u,

(c) The operatord?R(t, s) is bounded and A“R(t, s)|| < M, a(t — s) ™.
LetY = C([to, t1]; X,) be endowed with the supremum norm

[Yllee = sup [ly(t)ll4, y €Y.

to<t<ty

ThenY is a Banach space. The functibn Y — X, is continuous and there exists a
numberb such that| R(¢,¢)|| < 1/2band

[7(z) = h(y)llg < bllz = ylloo
forall z,y € Y. Note that, ifz € Y, thenA™z € Y.
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Theorem 3.2.Suppose that the operaterA(t) generates the resolvent operat®(t, s)
with || R(t, s)|| < Me®**) and that0 e p[—A(t)]. If the mapsf andg satisfy(F) and
the real-valued mapB is integrable onJ, then(1.1), (1.2) has a unique local mild
solution for every, € X,.

Proof. We fix a point(to, uo) in the open subséf of [0, 00) x X, and choose] > t,
ande > 0 such that (F) holds for the functiorfsandg on the set

V={(tr) €U :to<t<t,|z—ull, <e (3.1)
Let
Ny = sup |[[f(t,uo)ll, No= sup [[g(t,uo)ll. (3.2)
to<t<t) to<t<th

Set\ = sup ||h(z)||, and choose; > t, such that
zeY

€
|R(t,t0) — I||[[|uollg + A] < 3 lo<t<th (3.3)

and

1

. 6 — — a—q
t; — to < min {t’l — 1o, [—Mqﬁlf(a)(a —q){(Le + Ny) + ap(Le + No)} 1} ,

2
(3.4)
where

T
ar = / |B(s)|ds. (3.5)
0
We define a map ol by &y = 7, wherey is given by

y(t) = R(t, to) A%uo — h(A™y)]

1 t a—1 4q g . s I i » 7_ ] .
+m/t0(t—s) AIR(t,s) {f(S,A y( ))Jr/t0 B( Vg(r, A9y(r))dr | ds.

For everyy € Y, ®y(ty) = A%ug — h(A )], and forty < s <t < t; we have
Sy(t) — Py(s) = [R(t,to) — R(s,t0)]A%ug — h(A™%y)]

" ﬁ / (t — 7)* ARt 7)

. [fw, g+ [ B -t A—Qym))dn] dr

to

1 B a—1 pq T) — S, T
+ m/to(t—f) AYR(t,7) — R(s,7)]

Y {fv, Ay + [ B - Aqy(n))dn] dr.

to
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It follows from (F) on the functiong andg, Lemma 3.1.c and (3.5) thét: Y — Y.
Let S be the nonempty closed and bounded set given by

S ={yeY :ylto) = A%uo — h(A™)], ly(t) — A'uo — h(A™)]|| < €}. (3.6)
Then fory € S, we have

[Py (t) — A%ug — h(A™ )| < [|R(¢, to) — I]| |A[uo — R(A™y)]]|

1 ¢ a—1 q S S “qy(s)) — S, U S

+ m/m(t_s) IATR(, )| 1f (5. A~ (s)) — f(s, u0)d
1 t a—1 q ! —-q

4 m/to (t — s)* Y AIR(L, s)|| /to |B(s —t)| |lg(1, A™y(7)) — g(7, up)||drds
1 t a=ly A4 s s, up)||ds

+ @/m(t_s) AR, s)|| [ £ (s, u0)lld

1 t a1l A ) t L » i,
+ m/to(t—s) |AYR(t, s)| /to 1B(s — t)| ||g(r, uo)||drds.

Using Lemma 3.1.c, (3.3) and (3.4) we get

[Py (t) — A%uo — h(A™)]|

< 5 ple =) {(Le+ M)+ ar(Let N} — o) T < @7)

Thus® : § — S. Now we shall show tha® is a strict contraction o which will
ensure the existence of a unique continuous function satisfying (1.1) and (% 2)ndf
z two elements irb, then

|®y(t) — B=(0)]| = [13(t) — (1)

< IRt to)]) [R(A02) — h(A)],

" ﬁ / (t — $)° AT, $)|| | F(s, A%y(s)) — F(s, A0=(s)) |ds
1

e /t (t— )" [ ATR(t, 5)|

| [ 1B = Dl llatr. A0 - ol A7)l | as.
to
Using assumption (F) ofi andg, (3.5), Lemma 3.1.c and (3.4) respectively, we get

[Py(t) — 2(1)]

< BB 1) Iy — 2o + %[u +az) / (t — )2 ARt 5)|ds]ly — =y
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L _ o
OI[R(t, o)l lly = 2lly + m(l +ar) My (o —q) 7 (B —t0)*ly — 2lly

IN

< 1H |
—|y — 2z
23/ Y

+ [(Le + N1) + arp(Le + Na)]|Myg(or — q) ' (t1 — t0)* |y — 2|y

el'(a)
< Yy—aly+ Ly -z
9 Yy — Z|ly 5 Yy — Zly.

Thus® is a strict contraction map frorsi into S and therefore by the Banach contraction
principle there exists a unique fixed poinin S such that

Py =y =1. (3.8)
Letu = A %. Using Lemma 3.1.b, we have

u(t) = R(t,to)[uo — h(u)]

' t ot S —T)g(T,u(T))dT|ds (3:9)
-I—m/to (t—s)* "R(t,s)[f(s,u(s)) —I—/to B(s — 7)g(r,u(7))dr]d
for everyt € [ty, t1]. Henceu is a unique local mild solution of (1.1), (1.2). O

4 Local Classical Solutions

In this section we establish the regularity of the mild solutions of (1.1), (1.2)./Let
denote the closure of the intenja}, 7), ty < 7" < oo. In addition to the hypotheses
mentioned in the earlier sections, we assume on the kéinblat

(H) There exist constantls, > 0 and0 < p < 1 such that

’B(tl) — B(t2)| < L0|t1 — t2|p,f0r all ti1,to € J.

Theorem 4.1. Suppose that- A(t) generates the resolvent operatB(¢, s) such that
|R(t,s)|| < MeP=*) and0 € p[—A(t)]. Further, suppose that the mapsndg satisfy
(F) and the kerneB satisfieqH). Then(1.1), (1.2) has a unique local classical solution
for eachy, € X,,.

Proof. From Theorem 3.2, it follows that there exit, to < Ty < T and a function
such that. is a unique mild solution of (1.1), (1.2) ofy = [to, Tp) given by (3.9). Let
v(t) = A%u(t). Then

v(t) = R(t,t9)A%ug — h(u)]

! a—1 »q £ ) —71)g(7)dT]|ds (1)
+m/to(t—s) A R(t,s)[f(s)+/t0 B(s —7)g(r)dr]ds,



56 Amar Debbouche

where f(t) = f(t, A"%(t)), §(t) = g(t, A™9(t)). Sinceu(t) is continuous onJ,

and the mapg andg satisfy (F), it follows thatf and g are continuous, and therefore
bounded onJ;. Let

My = sup || f(1)]| and M, = sup [|g(1)] (4.2)

tedo tedo

By using the same method as in [13, Theorem 3.2], we can prove thais locally
Holder continuous ony. Then there exist a constafitsuch that for every; > ¢y, we
have

[o(t2) = v(t2)]| < Clty = L2, (4.3)

for all tg < t; < t1,ta < Tp. Now, assumption (F) with (4.3) implies that there exist
constants, ks > 0 and0 < ~,n < 1 such that for alky < t;, < t1,t2 < Tp, we have

1f(t) = f(t2)|] < kalts — ta]”,

19(t1) — g(t2)[| < kalts — Lo,

which shows thaf andg are locally Hblder continuous ot,. Let

w(t) = f(t) +/ B(t —1)g(r)dr.

to
It is clear thatu(¢) is locally Holder continuous ouy. Fort, < t;, we have
lw(tr) = wta)]| < C*[ts — ta]”,
for some constants™ > 0 and0 < 3 < 1. Consider the Cauchy problem

d*v(t)
dte

+ A(t)v(t) = w(t), t > to, (4.4)

v(ty) = ug — h(u). (4.5)

From Pazy [25], the problem (4.4), (4.5) has a unique solution .J, intoX given by

v(t) = R(t, to)[ug — h(u)] + ! / (t — s)* ' R(t, s)w(s)ds, (4.6)

T(a) )i

fort > t,. Each term on the right-hand side belonggXo4), hence belongs t®(A?).
Applying A? on both sides of (4.6) and using the uniqueness(6f, we have that
A%u(t) = u(t). It follows thatw is the classical solution of (1.1), (1.2) 0. Thusu is
the unique local classical solution of (1.1), (1.2).6n O
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5 Application
Consider the nonlinear integro-partial differential equation of fractional order

aaggfi—’ J + Y ag(z, t)Diu(z,t) = Flx,t,u) + /tB(t —8)G(z,5,u)ds, (5.1)

¢
lg|=2m 0

with the nonlocal condition
N
u(z, to) + Z ciu(z, t;) = g(x), (5.2)
=1

wherety < t; <ty < --- <ty <T,t € [ty,T) C R", z € R”, whereR" is the
. . . 0 .
n-dimensional Euclidean spac®y = D! --- D", D,, = Fl (g1, ,qn) IS an
T
n-dimensional multi-indexg| = ¢; + - - - + ¢». The operatorg’, G are defined as

F(x,t,u) = f(x, t,u(z,t), Du(z,t),--- , D*™ tu(z, 1)), (5.3)

G(z,t,u) = g(x, t,u(x,t), Du(z,t), -, D*" tu(z,t)). (5.4)

Let L,(R") be the set of all square integrable functionsksh We denote by”"™ (R")
the set of all continuous real-valued functions definedRdnwhich have continuous
partial derivatives of order less than or equahtio By C*(R") we denote the set of
all functionsf € C™(R") with compact supports. Let*(R") be the completion of
C{'(R™) with respect to the norm

1= 3 [ 10k

lg|l<m

It is supposed that

(i) The operatord = — >~ a,(x,t) D% is uniformly elliptic onR". In other words,
lg|=2m
all the coefficients:,, |¢| = 2m, are continuous and bounded Bfi and there is
a positive number such that

(D)™ > ag(w, )€ > ¢,

lgl=2m

forall z € R" and all¢ # 0, ¢ € R?, where¢? = &...¢ and ¢ =
)

(i) All the coefficientsa,,

q| = 2m, satisfy a uniform Klder condition orR".
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Under these conditions, the operatbdefined by (i) with domain of definitio®(A) =
H*™(R™) generates a resolvent operaftit, s) defined onL,(R™), and it is well known
that 7*™(R") is dense inX = L,(R"). If the nonlocal functiory(z) is an element in
Hilbert spacel/*™(R"), then we can write

Rit9)g(e) = [ Xt = ()i

whereY is the fundamental solution of the nonlocal Cauchy problem

ou(z,t)
By + Z aq(z,t)Diu(z,t) =0,
lgl=2m
N

u(z,to) + Zciu(:v,ti) = g(x).

=1
It can be proved that
M
IDZR(E s)gll < S5 llall

where0 < 3 < 1, M is a positive constantg| < 2m — 1, ¢t > 0 and||g||* =
g*(x)dz. This achieves the proof of the existence of mild solutions of the prob-
IeRm (5.1), (5.2). The operatofs andG defined in (5.3), (5.4) satisfy

(i) There are numberg > 0 and0 < A\ < 1 such that

Z /R" |f(z,t, Diu) — f(z,s, ng)|2d:p

lgl<2m—1

< L(|t — s|* + Z /|A)‘Dg(u—v)|2d:v).
R”

lgl<2m—1
forall (t,u), (s,v) € R x X, and allz € R",

If the kernelB is integrable ory < t < T < oo, applying Theorem 3.2 stated above, we
deduce that (5.1), (5.2) has a unique local mild solution. In addition, if the real-valued
map B satisfies the assumption (H), again by applying Theorem 4.1, we conclude that
the considered problem has a unique local classical solution.
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