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Abstract

In our research we will study the regularity of the solutions to the problem

Apu = lufP~2 u in  Q
\vuyHgi‘ = AMuP?2u+h on 99

and we show that any solution is indeedi“(Q) for somea € (0,1).
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1 Introduction

The problem
Apu = WwfPu in Q

11
|Vu|p22—u = Mu[/?u on 09, (L
v

has been studied by several authors. J. F. Bonder and J. D. Rossi have proved in [3] that
(1.1) admits an infinite sequence of eigenval(leg such that\, — +oo ask — +oc.

In [5], S. Martinez and J. D. Rossi have proved that the first eigenvalue is isolated,
simple and any nontrivial associated eigenfunction does not vanish but in this

result the authors assume that the associated eigenfunctidri‘ior somea < (0, 1),

what is not shown yet, and it is the subject of the present paper. In [2], we have treated
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the maximum and the anti-maximum principles for the same problem. We recall that
the regularity of solutions to the-Laplacian with a linear boundary condition has been
shown by A. Anane in [1] by using the results of D. DiBenedetto [4]. Our main result
is the following.

Theorem 1.1. Any solution of the problem

Apu = luP"%u in  Q
\VUVDQ? = Mu["?u+h on 09,
v

(1.2)

where(2 is a bounded domain iR", with aC?” boundary for somg € (0,1), A,u =
div(|Vul|’~ Vu) is the p-Laplacian,p > 1, g is the outer normal derivative and

- ov
h € L>(09),isinC" (Q), and||u|yclﬂa(§) < K, such that

K = K (N,Pa ||u/8Q||LP0(8Q)7||hHL°°(BQ)) for 1<p<N,
K = K(N,p, Huumm) for N <p

and

pN—-1)

— if 1<p< N

Po = N—p P
p+1 if  p=N.

2 Proof of the Main Result

Let us consider the problem (1.2) with the hypothesis of Theorem 1.1. We recall that
is a solution if and only if for alb € W'* (Q) we have

/|Vu|p2Vqu—|—/|u|p2uv:/\/ |u|p2uv+/ huv. (2.1)
Q 0 Ge) 20

We first show the following result.
Lemma 2.1. Any solution of the problerl.2)is in L>°(2).
Proof. If p > N, thenW'? () — C (Q). Then any solution of (1.2) is in™ (Q). If

cpct
1 < p < N, we will need the next lemma to complete the proof. The proof of Lemma
2.1 will be completed after proving the following Lemma 2.2. O

Lemma 2.2. If u € WP (Q) is a solution of the problen(l.2), then there exists a
constant”' > 0 such that

1

(Hul!’z’;n(m + Hu/@QH’z’;n(am) " < Cforalln >0,
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where the sequende, } is defined by

p(N-1) .
— if 1<p< N
bo = { N — p P andpn+1 = %pn

p+1 if p=N
In particular, w € LP" (2) andu/0Q2 € LP~ (02) for all n > 0.

Proof. Let u be a solution of the problem (1.2). S0 W () and, for the choice of
o, We have
WP (Q) — L (Q) andW'? (Q) — L (09).

Thenu € L” (Q2) andu/02 € L™ (02). We can suppose thftts/0€2| 4 90y > 1; if

not, we replaces by uy = Hu/aQT] which is a solution of
LP0(89)

Ayu = luP"%u in  Q

IVul|P~ 20 _ AMulP2u+h on 09,
I/

(2.2)

p—1
with ' = (1[/02 o ony) 1 € L (29).
By induction onn, we suppose that € L (), u/0Q2 € LP"(09Q) and also
|w/0Q| [y (aqy = 1, and we show thatt € L+ (), u/0Q € L+ (09) and
1w/ 0| pni1(5q) = 1. In what follows, we will indicate the nornfju/oS2|| ., 50, by

[ull 1o (a0~ Let Us define the sequenge, }>o in WP (Q) by
ko if u(z) >k
vp(x) =< u(z) f —k<wu(z)<k forallzcQ,
[ —k

and we pub = p, —p > 0. If the test functior1v,€|(S v 1S taken in the formula (2.1), we
find on the one hand

(Apu, |vk|5vk>:/|u|p2u|vk|5vkdx2/|vk|5+p:/|vk|p",
Q Q Q

and on the other hand we have

(Ayu, [up|’ ) = /\Vu\p *VuV (\vk| Vg, / |Vul"~ 2—]vk\ vdo
- —Sn/ ‘V |vk]5vk —i—)\/ ||~ w vk Uk—I—/ h|ve)” v
Q 0
< Al Bl oy o35 oy = S|V (JoslP ) [
= Lo (59) Lo+1(00) L)

o
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P p
whereS,, = (6 + 1) (p—) . Then

n n é [ p
Lt <3 [ fab oy ol oy = o [¥ (o) [ - @3

With the imbeddingV'? (Q) — L (Q) we obtain

cont
[¥ (sl )

p

Lr(Q)

S+p ||P 5+p p

v

-

Lo () Lr(Q)

n é
cmmmmw—mmﬁmy

v

It follows that

1 5+1
b5y < g (M oy + Il By + (55— 1) el )

With the resultsy + 1 < pn, [[ul| s, (5q) = 1 and supposing thates, (0¢2) < 1, we
obtain

§+1

||Uk?||L5+1 QQ) S ||u||L46>+1 89)
< ||uH5LJ,§i 09) (mesg (89)1_?71>
<l oy -

So
P 1 Pn
el ) < A+ 1Alloo) 1l T o0y + 190 — U [ullFhn o
@) C1S )
R,
<

ore (1l ooy + Nl o)
whereR,, = max <>\ + 1Al oo a0y + [0 — 1|). This gives

[ll o1 () < lim inf (”U’“H?Ig"“(g))
‘ o0
(2.4)

e (Il o+l )

and therefore, € LP+! (Q0).
We must now prove that/0€2 € LP»* (02) and |[ul| jpn 1190y = 1. Using (2.3),
we find

/ |Uk|pn
Q

S p
\V4 b H <\ Dn h o+1
Quetf o[ <X b+l o2
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and with the resultV'? (Q) — L (952), we have

cont

p 3+p ||P 5+p p

5
HV(M!P Ug) > - H|vk!
L7(Q) Lo (9Q) L7(Q)
)
> ||Uk||LPn+1 89) ||Uk||£fp Q)

So

1 n 0+1 n
S, (Calon s omy — Nonlay) <2 1+ Wl ol oy = [ fonb

We conclude that

n 1 0+1
FoultZns omy < g (Ml ony + 1l o628 oy + 180 = U llewlZp ey ) -
( 55,
Then
Pn R
415500100y < g (Nl oy + Nl o)
and

||U| LPnt1(5Q) = < ‘11‘Hl_l~_nf <||Uk’||Lpn+1(8Q)>
(2.5)

R,
< g (Iul5imony + Nuliniey)

Consequently,/02 € L+ (9Q) and|[ul| pns1 a0y = ||t fon a0y = 1. Hence we have
u € LPr (), u/0Q € LP (02) and||ul| 1, 5y = 1 foralln > 0.
It remains to show that there exigts> 0 such that

1

<HU| LPn + HuHLPn 89)) " < Cfor a" n > 0

From the two preceding inequalities (2.4) and (2.5), we conclude that

P

p’fL p
Lem(Q))

n 1 n
Zzpjﬂ + [Ju H;ﬁil (09) <D, <||u

|u szon(ag) + Ju

Po

where D ! + Ly 2 pn)" (R,)7. Sinces 0 one has
n — -~ - - n)? . n -

Cl CQ (5 + 1) p n—-+00
1Sy, — 1 = 1. Thus for rather large values of we have|S, — 1| < 2. Conse-
qguently

Po
p

||u| ;ZZ:ZIH(Q) + ||u| ZZ;’:il(@Q) < C(pn)po <||u| LPn (92) + ||u| LPn (Q ) )

where

Po

1 11 ’
= () mos (v 100 2))
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1

Takingv,, = <Hu| Ton oy T 1l Ton o ) ", we have for large values af

A In(p,
obnat < C(pn)po(vp”) > and In(v,.) < +p n(pn) + In(v,),

Pni1 Pn

whereA = In(C). Thus

1 |
In(v,11) < A <—) +p Z (M> + In(vp,)
no+1<k<n+1 Pk

Pk no<k<n
1 . .
forall n > ny. The sequenc{—} is geometric an® < L 1, so
Pk ) k>0 Po
> (o)
not1<h<nt1 Pk po—p
It is checked easily that
In(py p\"
Ps) _ (1 + k) (—
Pk Po
and .
In(pe p P pp
S (M) < S uan (L) <
no<h<n Pk 0<k Po Po—D (Po — )
1 1 -1
wherey = M andy = M. Then
Po Po
2
Po P~Po
In(v,) < A+ pu) +v——— +In(v,,) = D for all n > ny.
(1) £ (A pp) + s (o) :
Consequently, = ([[ull73, oy + [4ll}3. ) ) ™ < exp(D). 0

Completion of Proof of Lemma 2.1et us now return to the proof of Lemma 2.1. By
Lemma 2.2, we conclude that

[l pon () < exp(D) and [|u/0Q 1, 50y < exp(D) for all n > ny.

Then
[ull oo ) < limiup [ul] Lo () < exp(D)

and
/0| [ 9y < limiup [/ 0| Lo 50y < exp(D).
Thus we have proved thate L>(2) andu/0Q2 € L™ (02). The proof is complete.
O
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The continuation of the proof of Theorem 1.1 is based on the following result of
Tolksdorf and DiBenedetto (see [4, 6]).

Lemma 2.3. Letu be inW'? (Q) N L*™ (Q) such thatA,u € L" (), wherer is in
[1, +00].

(i) If r = co anddQ is C*F with 3 € (0,1), thenu € C** (Q2) for somea € (0,1)
and [l on () < K (N2, [l gy 1800 )

(i) If » > Np/, then, for all open subsets of Q2 such thatw C €, u is in C** (w)
for somen € (0, 1) and|fucu.o ) < kz (N2, [l (o - 1850, ).

Proof of Theorem 1.1Using Lemma 2.3y is in C"* (Q2) andHuHCM(ﬁ) < K, where

a € (0,1) and K depends onV, p, and||ul| ;) becausdApull o) = ||u|’£;1(m.
Moreover forl < p < N, we have|lul|;~ < C, whereC depends only on
[w/ 0| oo 90y @Nd|[A]| ., SOK = K (N,p, [/ 0| oo 002y » ||h”oo> o
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