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Abstract

An inverse spectral problem is studied for second-order differential operators
on hedgehog-type graphs with standard matching conditions in internal vertices
and with mixed boundary conditions in boundary vertices. We prove a unique-
ness theorem of recovering the coefficients of differential equations and boundary
conditions from the given spectral characteristics.
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1 Introduction
We study an inverse spectral problem for Sturm–Liouville differential operators on hed-
gehog-type graphs. Inverse spectral problems consist in recovering operators from their
spectral characteristics. The main results on inverse spectral problems on an interval
are presented in the monographs [1, 5, 7, 9, 10, 15–17]. Differential operators on graphs
(networks, trees) often appear in natural sciences and engineering (see [13, 14] and the
references therein). Most of the works in this direction are devoted to the so-called
direct problems of studying properties of the spectrum and the root functions for op-
erators on graphs. Inverse spectral problems, because of their nonlinearity, are more
difficult to investigate, and nowadays there are only a number of papers in this area. In
particular, inverse spectral problems of recovering coefficients of differential operators
on trees (i.e., on graphs without cycles) were studied in [2,4,8,18,19] and other papers.
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However, there are no similar general results in the inverse problem theory for graphs
having cycles. In [20] the inverse spectral problem of recovering coefficients of Sturm–
Liouville operators was solved for a particular class of graphs with a cycle. In this paper
we consider the so-called hedgehog-type graphs of more general form than in [20]. This
class of graphs produce new qualitative difficulties in investigating inverse coefficient
problems. The main result of this paper is Theorem 2.3, which is a uniqueness theorem
for the solution of the inverse problem for hedgehog-type graphs.

2 Formulation of the Inverse Problem
Consider a compact graph T in Rm with the set of edges E = {e0, . . . , er} and the
set of vertices V = {v1, . . . , vr; u1, . . . , uN}, where e0 is a cycle, E = {e1, . . . , er}
are boundary edges, V = {v1, . . . , vr} are boundary vertices, U = {u1, . . . , uN} are
internal vertices, U = E ∩ e0. Let Tj be the length of the edge ej , j = 0, r. Each
boundary edge ej , j = 1, r has the initial point at vj , and the end point in the set U . The
set E consists of N groups of edges: E = E1 ∪ . . . ∪ EN , Ei ∩ e0 = ui. Let ri be the
number of edges in Ei; hence r = r1 + · · · + rN . Denote s0 = 1, si = r1 + · · · + ri,
i = 1, N . Then

Ei = {ej}, j = si−1 + 1, si, ui =

si⋂
j=si−1+1

ej , i = 1, N.

Thus, the boundary edge ej ∈ Ei can be viewed as the segment ej = [vj, ui]. Clearly,
the cycle e0 consists of N parts:

e0 =
N⋃

i=1

e0
i , e0

i = [ui, ui+1], i = 1, N, uN+1 := u1.

Let T 0
i be the length of e0

i . Then T0 = T 0
1 + · · · + T 0

N . For example, the graph T with
N = 3 and r = 4 is on Figure 2.1.

Each edge ej , j = 0, r is parameterized by the parameter xj ∈ [0, Tj]. It is conve-
nient for us to choose the following orientation: xj = 0 corresponds to the vertex vj

for j = 1, r, and x0 = 0 corresponds to the point u1. Each part e0
i (i = 1, N ) of e0 is

parameterized by the parameter ξi ∈ [0, T 0
i ], where ξi = 0 corresponds to the point ui,

and ξi = T 0
i corresponds to ui+1.

An integrable function Y on T may be represented as Y = {yj}j=0,r, where the
function yj(xj), xj ∈ [0, Tj], is defined on the edge ej . The function y0 may be repre-
sented as y0 = {y0

i }i=1,N , where the function y0
i (ξi), ξi ∈ [0, T 0

i ], is defined on e0
i .

Let q = {qj}j=0,r be an integrable real-valued function on T ; q is called the potential.
Consider the following differential equation on T :

−y′′j (xj) + qj(xj)yj(xj) = λyj(xj), xj ∈ [0, Tj], (2.1)
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Figure 2.1:
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where j = 0, r, λ is the spectral parameter, the functions yj, y
′
j , j = 0, r, are absolutely

continuous on [0, Tj] and satisfy the following matching conditions in each internal
vertex ui, i = 1, N :

y0
i (0) = y0

i−1(T
0
i−1) = yj(Tj) for all ej ∈ Ei (continuity condition),

(y0
i )
′(0) = (y0

i−1)
′(T 0

i−1) +
∑

ej∈Ei

y′j(Tj) (Kirchhoff’s condition),

 (2.2)

where y0
0 := y0

N , T 0
0 := T 0

N . Matching conditions (2.2) are called the standard condi-
tions. In electrical circuits, (2.2) expresses Kirchhoff’s law; in elastic string network, it
expresses the balance of tension, and so on.

Let us consider the boundary value problem L0(q) on T for equation (2.1) with the
matching conditions (2.2) and with the following boundary conditions at the boundary
vertices v1, . . . , vr:

Uj(Y ) = 0, j = 1, r,

where
Uj(Y ) := y′j(0)− hjyj(0),

and hj are real numbers. Denote by Λ0 = {λn0}n≥0 the eigenvalues (counting with
multiplicities) of L0(q). Moreover, we also consider the boundary value problems
Lν1,...,νp(q), p = 1, r, 1 ≤ ν1 < . . . νp ≤ r for equation (2.1) with the matching condi-
tions (2.2) and with the boundary conditions

yi(0) = 0, i = ν1, . . . , νp, Uj(Y ) = 0, j = 1, r, j 6= ν1, . . . , νp.

Denote by Λν1,...,νp := {λn,ν1,...,νp}n≥0 the eigenvalues (counting with multiplicities) of
Lν1,...,νp(q).

Let Sj(xj, λ), Cj(xj, λ), j = 0, r, xj ∈ [0, Tj], be the solutions of equation
(2.1) on the edge ej with the initial conditions Sj(0, λ) = C ′

j(0, λ) = 0, S ′
j(0, λ) =



234 V. Yurko

Cj(0, λ) = 1. Put
ϕj(x, λ) = Cj(xj, λ) + hjSj(xj, λ).

For each fixed xj ∈ [0, Tj], the functions S
(ν)
j (xj, λ), C

(ν)
j (xj, λ), ϕ(ν)(x, λ), j =

0, r, ν = 0, 1, are entire in λ of order 1/2. Moreover,

〈ϕj(xj, λ), Sj(xj, λ)〉 ≡ 1,

where 〈y, z〉 := yz′ − y′z is the Wronskian of y and z. Denote a1(λ) := S0(T0, λ),
H(λ) := C0(T0, λ)− S ′

0(T0, λ). Let {zn}n≥1 be zeros of the entire function a1(λ), and
put ωn := sign H(zn), Ω = {ωn}n≥1.

We choose and fix one edge eξi
∈ Ei from each block Ei, i = 1, N , i.e., si−1 + 1 ≤

ξi ≤ si. Denote by ξ := {k : k = ξ1, . . . , ξN} the set of indices ξi, i = 1, N . The
inverse problem is formulated as follows.

Inverse Problem 2.1. Given 2N + r − N spectra Λj, j = 0, r, Λν1,...,νp , p = 2, N ,
1 ≤ ν1 < . . . < νp ≤ r, νj ∈ ξ, and Ω, construct the potential q on T and h = [hj]j=1,r.

Example 2.2. Let N = 3, r = 4 (see Figure 2.1).

1. Take ξ1 = 2, ξ2 = 3, ξ3 = 4. Then we specify Ω and the following spectra:
Λ0, Λ1, Λ2, Λ3, Λ4, Λ23, Λ24, Λ34, Λ234.

2. Take ξ1 = 1, ξ2 = 3, ξ3 = 4. Then we specify Ω and the following spectra:
Λ0, Λ1, Λ2, Λ3, Λ4, Λ13, Λ14, Λ34, Λ134.

Let us formulate the uniqueness theorem for the solution of Inverse Problem 2.1. For
this purpose together with q we consider a potential q̃. Everywhere below if a symbol α
denotes an object related to q, then α̃ will denote the analogous object related to q̃.

Theorem 2.3. If Λj = Λ̃j, j = 0, r, Λν1,...,νp = Λ̃ν1,...,νp , p = 2, N , 1 ≤ ν1 < . . . <

νp ≤ r, νj ∈ ξ, and Ω = Ω̃, then q = q̃.

This theorem will be proved in Section 4. In Section 3 we introduce the main notions
and prove some auxiliary propositions.

3 Auxiliary Propositions
Consider the potential q0 = {q0

i }i=1,N on e0, where q0
i is defined on e0

i . Let Si0(ξi, λ)

and Ci0(ξi, λ), i = 1, N, ξi ∈ [0, T 0
i ] be the solutions of the equation

− d2

dξ2
i

y0
i (ξi) + q0

i (ξi)y
0
i (ξi) = λy0

i (ξi), ξi ∈ [0, T 0
i ],

on e0
i with the initial conditions

Si0(0, λ) = C ′
i0(0, λ) = 0, S ′

i0(0, λ) = Ci0(0, λ) = 1. (3.1)

Denote T ∗
i := T 0

1 + · · ·+ T 0
i , i = 1, N .
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Lemma 3.1. The following relations hold for i = 1, N − 1:

S
(ν)
0 (T ∗

i+1, λ) = S0(T
∗
i , λ)C

(ν)
i+1,0(T

0
i+1, λ) + S ′

0(T
∗
i , λ)S

(ν)
i+1,0(T

0
i+1, λ), (3.2)

C
(ν)
0 (T ∗

i+1, λ) = C0(T
∗
i , λ)C

(ν)
i+1,0(T

0
i+1, λ) + C ′

0(T
∗
i , λ)S

(ν)
i+1,0(T

0
i+1, λ). (3.3)

Proof. Fix i = 1, N − 1. Let x ∈ [T ∗
i , T ∗

i+1]. Using the fundamental system of solutions
Si0(ξi, λ), Ci0(ξi, λ), one has

S0(x, λ) = A(λ)Ci+1,0(x− T ∗
i , λ) + B(λ)Si+1,0(x− T ∗

i , λ).

Taking (3.1) into account we find the coefficients A(λ) and B(λ):

A(λ) = S0(T
∗
i , λ), B(λ) = S ′

0(T
∗
i , λ),

and consequently,

S0(x, λ) = S0(T
∗
i , λ)Ci+1,0(x− T ∗

i , λ) + S ′
0(T

∗
i , λ)Si+1,0(x− T ∗

i , λ).

We put here x = T ∗
i+1, and arrive at (3.2). Relation (3.3) is proved similarly.

Fix k = 1, r. Let Φk = {Φkj}j=0,r, be the solution of equation (2.1) satisfying (2.2)
and the boundary conditions

Uj(Φk) = δjk, j = 1, r, (3.4)

where δjk is the Kronecker symbol. Denote Mk(λ) := Φkk(0, λ), k = 1, r. The function
Mk(λ) is called the Weyl function with respect to the boundary vertex vk. Clearly,

Φkk(xk, λ) = Sk(xk, λ) + Mk(λ)ϕk(xk, λ), xk ∈ [0, Tk], k = 1, r, (3.5)

and consequently,
〈ϕk(xk, λ), Φkk(xk, λ)〉 ≡ 1. (3.6)

Denote M1
kj(λ) := Φkj(0, λ), M0

kj(λ) := Φ′
kj(0, λ). Then

Φkj(xj, λ) = M1
kj(λ)Sj(xj, λ) + M0

kj(λ)ϕj(xj, λ), xj ∈ [0, Tj], j = 0, r, k = 1, r.
(3.7)

In particular, M1
kk(λ) = 1, M0

kk(λ) = Mk(λ). Substituting (3.7) into (2.2) and (3.4) we
obtain a linear algebraic system Dk with respect to M ν

kj(λ), ν = 0, 1, j = 0, r. The
determinant ∆0(λ) of Dk does not depend on k and has the form

∆0(λ) = σ(λ)
(
a(λ) +

N∑
k=1

∑
1≤µ1<...<µk≤N

aµ1...µk
(λ)ωµ1(λ) . . . ωµk

(λ)
)
, (3.8)
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where

σ(λ) =
r∏

j=1

ϕj(Tj, λ), ωi(λ) =

si∑
j=si−1+1

ϕ′
j(Tj, λ)

ϕj(Tj, λ)
, (3.9)

a(λ) = C0(T0, λ) + S ′
0(T0, λ)− 2, a1(λ) = S0(T0, λ). (3.10)

We note that the coefficients a(λ) and aµ1...µk
(λ) in (3.8) depend only on S

(ν)
i0 (T 0

i , λ) and
C

(ν)
i0 (T 0

i , λ), and (3.10) follows from Lemma 3.1. We do not need concrete formulae for
other coefficients aµ1...µk

(λ). The function ∆0(λ) is entire in λ of order 1/2, and its
zeros coincide with the eigenvalues of the boundary value problem L0(q). The function
∆0(λ) is called the characteristic function for the boundary value problems L0(q). Let
∆ν1,...,νp(λ), p = 1, r, 1 ≤ ν1 < . . . < νp ≤ r, be the function obtained from ∆0(λ)

by the replacement of ϕ
(ν)
j (Tj, λ) with S

(ν)
j (Tj, λ) for j = ν1, . . . , νp, ν = 0, 1. The

function ∆ν1,...,νp(λ) is entire in λ of order 1/2, and its zeros coincide with the eigenval-
ues of the boundary value problem Lν1,...,νp(q). The function ∆ν1,...,νp(λ) is called the
characteristic function for the boundary value problem Lν1,...,νp(q).

Solving the algebraic system Dk we get by Cramer’s rule M s
kj(λ) = ∆s

kj(λ)/∆0(λ),
s = 0, 1, j = 0, r, where the determinant ∆s

kj(λ) is obtained from ∆0(λ) by the re-
placement of the column which corresponds to M s

kj(λ) with the column of free terms.
In particular,

Mk(λ) = −∆k(λ)

∆0(λ)
, k = 1, r. (3.11)

It follows from (3.11) that the Weyl functions Mk(λ) are meromorphic in λ with the set
of poles Λ0 and the set of zeros Λk.

Let λ = ρ2, Im ρ ≥ 0. Denote

Λ := {ρ : Im ρ ≥ 0}, Λδ := {ρ : arg ρ ∈ [δ, π − δ]}.

It is known (see [11, 12]) that for each fixed j = 0, r, on the edge ej , there exists a
fundamental system of solutions of equation (2.1)

{ej1(xj, ρ), ej2(xj, ρ)}, xj ∈ [0, Tj], ρ ∈ Λ, |ρ| ≥ ρ∗

with the following properties:

1) the functions e
(ν)
js (xj, ρ), ν = 0, 1, are continuous for xj ∈ [0, Tj], ρ ∈ Λ, |ρ| ≥

ρ∗;

2) for each xj ∈ [0, Tj], the functions e
(ν)
js (xj, ρ), ν = 0, 1, are analytic for Im ρ >

0, |ρ| > ρ∗;
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3) uniformly in xj ∈ [0, Tj], the following asymptotical formulae hold

e
(ν)
j1 (xj, ρ) = (iρ)ν exp(iρxj)[1], e

(ν)
j2 (xj, ρ) = (−iρ)ν exp(−iρxj)[1],

ρ ∈ Λ, |ρ| → ∞, (3.12)

where [1] = 1 + O(ρ−1).

Fix k = 1, r. One has

Φkj(xj, λ) = A1
kj(ρ)ej1(xj, ρ) + A0

kj(ρ)ej2(xj, ρ), xj ∈ [0, Tj]. (3.13)

Substituting (3.13) into (2.2) and (3.4) we obtain a linear algebraic system D0
k with

respect to Aν
kj(ρ), ν = 0, 1, j = 0, r. Solving the algebraic system D0

k by Cramer’s rule
we get, in particular,

A1
kk(ρ) = [1](iρ)−1, A0

kk(ρ) = (iρ)−1 exp(2iρTk)[Ak], ρ ∈ Λδ, |ρ| → ∞,

where Ak is a constant. Together with (3.12) and (3.13) this yields for each fixed xk ∈
[0, Tk):

Φ
(ν)
kk (xk, λ) = (iρ)ν−1 exp(iρxk)[1], ρ ∈ Λδ, |ρ| → ∞. (3.14)

In particular, Mk(λ) = (iρ)−1[1], ρ ∈ Λδ, |ρ| → ∞. Moreover, uniformly in xj ∈
[0, Tj],

ϕ
(ν)
j (xj, λ) =

1

2

(
(iρ)ν exp(iρxj)[1] + (−iρ)ν exp(−iρxj)[1]

)
, ρ ∈ Λ, |ρ| → ∞.

(3.15)
Let τ := Im ρ. Using (3.8) and (3.15), by a well-known method (see, for example, [3]),
one can obtain the following properties of the characteristic function ∆0(λ) and the
eigenvalues Λ0 of the boundary value problem L0(q).

1) For ρ ∈ Λ, |ρ| → ∞,

∆0(λ) = O
(

exp
(
|τ |

r∑
j=0

Tj

))
.

2) There exist h > 0, Ch > 0 such that

|∆0(λ)| ≥ Ch exp
(
|τ |

r∑
j=0

Tj

)
for |τ | ≥ h. Hence, the eigenvalues λn0 = ρ2

n0 lie in the domain |Im ρ| < h.

3) The number Nξ of zeros of ∆0(λ) in the rectangle Πξ = {ρ : |Im ρ| ≤ h, Re ρ ∈
[ξ, ξ + 1]} is bounded with respect to ξ.
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4) For n →∞,

ρn0 = ρ0
n0 + O

( 1

ρ0
n0

)
,

where λ0
n0 = (ρ0

n0)
2 are the eigenvalues of the boundary value problem L0(0) with

the zero potential.

The characteristic functions ∆ν1,...,νp(λ) have similar properties. In particular, for ρ ∈
Λ, |ρ| → ∞,

∆ν1,...,νp(λ) = O
(
|ρ|−p exp

(
|τ |

r∑
j=0

Tj

))
.

Using properties of the characteristic functions and Hadamard’s factorization theorem
[6, p.289], one gets that the specification of the spectrum Λ0 uniquely determines the
characteristic function ∆0(λ) (see [20]), i.e., if Λ0 = Λ̃0, then ∆0(λ) ≡ ∆̃0(λ). Anal-
ogously, if Λν1,...,νp = Λ̃ν1,...,νp , then ∆ν1,...,νp(λ) ≡ ∆̃ν1,...,νp(λ). The characteristic
functions can be constructed as the corresponding infinite products.

4 Proof of Theorem 2.3
Assume that Λk = Λ̃k, k = 0, r, Λν1,...,νp = Λ̃ν1,...,νp , p = 2, N , 1 ≤ ν1 < . . . < νp ≤ r,
νj ∈ ξ, and Ω = Ω̃. Then one has

∆k(λ) ≡ ∆̃k(λ), k = 0, r, (4.1)

∆ν1,...,νp(λ) ≡ ∆̃ν1,...,νp(λ), p = 2, N, 1 ≤ ν1 < . . . < νp ≤ r, νj ∈ ξ. (4.2)

By virtue of (3.11) and (4.1),

Mk(λ) ≡ M̃k(λ), k = 1, r.

Consider the functions

P k
1s(xk, λ) = (−1)s−1

(
ϕk(xk, λ)Φ̃

(2−s)
kk (xk, λ)− ϕ̃

(2−s)
k (xk, λ)Φkk(xk, λ)

)
, s = 1, 2.

(4.3)
Since 〈ϕk(xk, λ), Φkk(xk, λ)〉 ≡ 1, one has

ϕk(xk, λ) = P k
11(xk, λ)ϕ̃k(xk, λ) + P k

12(xk, λ)ϕ̃′
k(xk, λ). (4.4)

It follows from (3.14), (3.15) and (4.3) that

P k
1s(xk, λ) = δ1s + O(ρ−1), ρ ∈ Λδ, |ρ| → ∞, xk ∈ (0, Tk]. (4.5)

According to (3.5) and (4.3),

P k
1s(xk, λ) = (−1)s−1

((
ϕk(xk, λ)S̃

(2−s)
k (xk, λ)− ϕ̃

(2−s)
k (xk, λ)Sk(xk, λ)

)
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+(Mk(λ)− M̃k(λ))ϕk(xk, λ)ϕ̃
(2−s)
k (xk, λ)

)
.

Since Mk(λ) = M̃k(λ), it follows that for each fixed xk, the functions P k
1s(xk, λ) are

entire in λ of order 1/2. Together with (4.5) this yields P k
11(xk, λ) ≡ 1, P k

12(xk, λ) ≡ 0.
Substituting these relations into (4.4) we get ϕk(xk, λ) ≡ ϕ̃k(xk, λ) for all xk and λ,
and consequently,

qk(xk) = q̃k(xk) a.e. on [0, Tk], hk = h̃k, k = 1, r.

Using the method of spectral mappings [17] for the Sturm–Liouville operator on the
edge ek one can get a constructive procedure for finding qk and hk.

Since qk(xk) = q̃k(xk) a.e. on [0, Tk] and hk = h̃k, k = 1, r, it follows that

Ck(xk, λ) ≡ C̃k(xk, λ), ϕk(xk, λ) ≡ ϕ̃k(xk, λ), k = 1, r, xk ∈ [0, Tk]. (4.6)

Denote d(λ) := a(λ) + 2, i.e., d(λ) = C0(T0, λ) + S ′
0(T0, λ). By virtue of (3.9) and

(4.6), one has σ(λ) ≡ σ̃(λ) and ωi(λ) ≡ ω̃i(λ), i = 1, N . We remind that ∆0(λ) has
the form (3.8), and ∆ν1,...,νp , p = 1, r, 1 ≤ ν1 < . . . < νp ≤ r, is obtained from ∆0(λ)

by the replacement of ϕ
(ν)
j (Tj, λ) with S

(ν)
j (Tj, λ) for j = ν1, . . . , νp, ν = 0, 1. Using

these expressions and (4.6) we infer, in particular, a(λ) = ã(λ), a1(λ) = ã1(λ), and
consequently, d(λ) = d̃(λ), zn = z̃n, n > 0.

Since 〈C0(T0, λ), S0(T0, λ)〉 ≡ 1, it follows that

H2(λ)− d2(λ) = −4(1 + C ′
0(T0, λ)a1(λ)),

and consequently,
H(zn) = ωn

√
d2(zn)− 4. (4.7)

Moreover,
S ′

0(T0, zn) = (d(zn)−H(zn))/2. (4.8)

Denote αn :=

∫ T0

0

S2
0(t, zn) dt. Then (see [7, 15])

αn = ȧ1(zn)S ′
0(T0, zn), ȧ1(λ) :=

da1(λ)

dλ
. (4.9)

The data {zn, αn}n≥1 are called the spectral data for the potential q0. It is known (see
[7, 9, 10, 15]) that the function q0 can be uniquely constructed from the given spectral
data {zn, αn}n≥1.

Since a1(λ) = ã1(λ), d(λ) = d̃(λ), zn = z̃n, ωn = ω̃n, n > 0, it follows from
(4.7)–(4.9) that αn = α̃n, n > 0, and consequently,

q0(x0) = q̃0(x0) a.e. on [0, T0].

Theorem 2.3 is proved.
Remark 4.1. Using the scheme of the proof of Theorem 2.3, one can get a constructive
procedure for the solution of Inverse Problem 2.1.
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[5] Khosrow Chadan, David Colton, Lassi Päivärinta, and William Rundell. An intro-
duction to inverse scattering and inverse spectral problems. SIAM Monographs
on Mathematical Modeling and Computation. Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA, 1997. With a foreword by Margaret Ch-
eney.

[6] John B. Conway. Functions of one complex variable. II, volume 159 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1995.

[7] Gerhard Freiling and Vjacheslav Anatoljevich Yurko. Inverse Sturm-Liouville
problems and their applications. Nova Science Publishers Inc., Huntington, NY,
2001.

[8] Gerhard Freiling and Vjacheslav Anatoljevich Yurko. Inverse problems for Sturm-
Liouville operators on noncompact trees. Results Math., 50(3-4):195–212, 2007.

[9] B. M. Levitan. Inverse Sturm-Liouville problems. VSP, Zeist, 1987. Translated
from the Russian by O. Efimov.

[10] Vladimir A. Marchenko. Sturm-Liouville operators and applications, volume 22
of Operator Theory: Advances and Applications. Birkhäuser Verlag, Basel, 1986.
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