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Abstract

In this paper, the global exponential stability and exponential convergence rate
of neural networks with discrete and continuously distributed delays is investi-
gated. By establishing a new delay differential inequality, some sufficient condi-
tions for ensuring global exponential stability of these networks are derived, and
the estimated exponential convergence rate is also obtained. Finally, an example is
also provided to illustrate the applicability of the result.
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1 Introduction
Neural networks such as Hopfield neural networks (HNNs), cellular neural networks
(CNNs), and Cohen–Grossberg neural networks (CGNNs), with time delays, have been
extensively studied in past years due to their many applications in different areas such
as pattern recognition, associative memory, and combinatorial optimization, see [1–
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10]. Recently, various results on stability of delayed neural networks are obtained via
different approaches, see [3–10]. In [9], Zhou et al obtained some sufficient conditions
for the existence uniqueness and global exponential stability of the equilibrium point
for HNNs system with distributed delays by using contraction mapping principle and
differential inequality technique. In [4], Park obtained a new sufficient condition for
global asymptotic stability of the equilibrium point for a class of neural networks with
discrete and distributed delays by using the Lyapunov’s second method and the linear
matrix inequality (LMI) optimization approach.

In this paper, we consider the global exponential stability and exponential conver-
gence rate of a class of neural networks with continuously distributed delays by estab-
lishing a new delay differential inequality. It should be noted that the stability conditions
we obtained contain all the information of neural networks, and only depend on physi-
cal parameters of neural networks, which can be checked easily and quickly. Moreover,
our result also improves and generalizes some earlier results.

2 Preliminaries
Consider a continuous time-delayed neural network which is described by the following
nonlinear retarded functional differential equations:

u̇i(t) = −ciui(t) +
n∑

j=1

aijgj(uj(t)) +
n∑

j=1

bijgj(uj(t− h))

+
n∑

j=1

wij

∫ t

−∞
Kj(t− s)gj(uj(s))ds + Ii, t ≥ t0, i ∈ Λ,

ui(s) = φi(s), −∞ ≤ s ≤ t0,

(2.1)

where Λ = {1, 2, · · · , n}, n ≥ 2 corresponds to the number of units in a neural network,
ui corresponds to the state of ith neuron at time t, ci > 0 denotes the passive decay rate,
gj denotes the activation functions of the jth neuron, aij, bij and wij are the synaptic
connection strengths, h is a constant delay, Ii is the input of the unit i, φi(·) ∈ C, C
denotes the set of real-valued continuous functions defined on (−∞, t0], and the delay
kernels Kj : [0,∞) → R+, j ∈ Λ are continuous and satisfy Kj(s) ≤ K(s) for all
j ∈ Λ, s ∈ [0,∞),∫ ∞

0

Kj(s)ds = 1, j ∈ Λ, and
∫ ∞

0

K(s)eη0sds < ∞,

in which K(s) corresponds to some nonnegative function defined on [0,∞) and the
constant η0 denotes some positive number. Furthermore, in this paper we always assume
that the neuron activation function gj : R → R is bounded and satisfies the following
condition:

|gj(s1)− gj(s2)| ≤ Lj|s1 − s2|, ∀s1, s2 ∈ R, j ∈ Λ,
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where Lj > 0 are constants for j ∈ Λ.
Since gi, i ∈ Λ, are bounded, by employing the well-known Brouwer fixed point

theorem, one can easily prove that there exists an equilibrium point for system (2.1).
Assume that x∗ = (x∗1, x

∗
2, · · ·x∗n)T is an equilibrium point of system (2.1). One can

derive from system (2.1) that the transformation yi = ui − u∗i , i ∈ Λ transforms such
system into the following system:

ẏi(t) = −ciyi(t) +
n∑

j=1

aijfj(yj(t)) +
n∑

j=1

bijfj(yj(t− h))

+
n∑

j=1

wij

∫ t

−∞
Kj(t− s)fj(yj(s))ds, t ≥ t0, i ∈ Λ,

yi(s) = ϕi(s), −∞ ≤ s ≤ t0,

(2.2)

where fi(yi(t)) = gi(ui(t))− gi(u
∗
i ), ϕi(s) = φi(s)− u∗i .

Obviously, the global exponential stability analysis of the equilibrium point u∗ of
(2.1) can now be transformed to the global exponential stability analysis of the trivial
solution y = 0 of (2.2).

Definition 2.1. The equilibrium point u∗ = (u∗1, u
∗
2, · · ·u∗n)T of (2.1) is globally expo-

nentially stable, if there exist constants λ > 0, M ≥ 1 such that for any initial value
φ:

||u(t, t0, φ)− u∗|| < M||φ− u∗||e−λ(t−t0), t ≥ t0, (2.3)

where u = (u1, u2, · · ·un)T , φ = (φ1, φ2, · · · , φn)T ,

||u|| =
n∑

i=1

|ui| and ||φ|| = sup
−∞≤s≤t0

(
n∑

i=1

|φi|
)

.

Lemma 2.2. Let α, β and γ denote positive constants, and f be a nonnegative function
defined for all t ∈ R which satisfies the differential inequality

D+f(t) ≤ −αf(t) + βf(t− τ) + γ

∫ ∞

0

k(s)f(t− s)ds, t ≥ t0, (2.4)

in which the function k : [0,∞) → [0,∞) is continuous and
∫ ∞

0

k(s)eλ0sds < ∞ for

some positive number λ0. If

α > β + γ

∫ ∞

0

k(s)ds, (2.5)

then
f(t) ≤ f(t0)e

−λ(t−t0), t ≥ t0, (2.6)



224 L. Yin, Y. Chen and Y. Zhao

where λ ∈ (0, λ0) satisfies

λ ≤ α− βeλτ − γ

∫ ∞

0

k(s)eλsds, (2.7)

where f(t0) = sup
−∞≤s≤t0

f(s) < ∞.

Proof. Condition (2.5) implies that there exists some λ ∈ (0, λ0) such that the inequality
(2.7) holds. In order to prove that (2.6) holds for all t ≥ t0, we define

L(t) =

{
f(t) eλ(t−t0), t ≥ t0,
f(t), −∞ ≤ t ≤ t0.

Then it is obvious that L(t) ≥ f(t) for all t ∈ R. Now we only need to show L(t) ≤
f(t0), t ∈ [t0,∞). Suppose on the contrary, then there exists some t ∈ [t0,∞) such that
L(t) > f(t0) Let

t? = inf{t ∈ [t0,∞), L(t) > f(t0)}.
Then

L(t?) = f(t0), L(t) ≤ f(t0), t ∈ (−∞, t?] and D+L(t?) > 0. (2.8)

For the case of t = t?, by (2.7) and (2.8), we can compute the derivative of L(t) along
the trajectories of (2.4), giving

D+L(t)|t=t? = D+f(t?)eλ(t?−t0) + λf(t?)eλ(t?−t0)

≤
[
−αf(t?) + βf(t? − τ) + γ

∫ ∞

0

k(s)f(t? − s)ds

]
eλ(t?−t0) + λf(t?)eλ(t?−t0)

≤
[
−αf(t?) + λf(t?) + βf(t? − τ) + γ

∫ ∞

0

k(s)f(t? − s)ds

]
eλ(t?−t0)

≤
[
−βeλτf(t?)− γf(t?)

∫ ∞

0

k(s)eλsds + βf(t? − τ)

]
eλ(t?−t0)

+γeλ(t?−t0)

∫ ∞

0

k(s)f(t? − s)ds

≤ −βeλτf(t?)eλ(t?−t0) − γ

∫ ∞

0

k(s)eλsdsf(t?)eλ(t?−t0)

+βeλτf(t? − τ)eλ(t?−τ−t0) + γ

∫ ∞

0

k(s)eλsf(t? − s)eλ(t?−s−t0)ds

= −βeλτL(t?)− γ

∫ ∞

0

k(s)eλsdsL(t?) + βeλτL(t? − τ)

+γ

∫ ∞

0

k(s)eλsL(t? − s)ds

≤ −βeλτf(t0)− γ

∫ ∞

0

k(s)eλsdsf(t0) + βeλτf(t0) + γ

∫ ∞

0

k(s)eλsdsf(t0)

= 0,
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which is a contradiction with D+L(t?) > 0. Hence, we obtain that (2.6) holds for all
t ∈ [t0,∞). The proof is therefore complete.

3 Global Exponential Stability
In this section, we will analyze the stability of neural networks model (2.1) by employ-
ing Lemma 2.2.

Theorem 3.1. The equilibrium point of (2.1) is globally exponentially stable with the
approximate exponential convergent rate λ, if the following condition holds:

min
i∈Λ

{ci} >
n∑

i=1

max
j∈Λ

{|aij|Lj}+
n∑

i=1

max
j∈Λ

{|bij|Lj}

+
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)ds,

(3.1)

where λ ∈ (0, η0) satisfies

λ ≤ min
i∈Λ

{ci} −
n∑

i=1

max
j∈Λ

{|aij|Lj} −
n∑

i=1

max
j∈Λ

{|bij|Lj}eλh

−
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)eλsds.

(3.2)

Proof. It suffices to show that the trivial solution of (2.2) is globally exponentially sta-
ble. For any t0 ≥ 0, ϕ = (ϕ1, ϕ2, · · · , ϕn)T , ϕi ∈ C, let y(t) = (y1, y2, · · · , yn)T be a
solution of (2.2) through (t0, ϕ). First, we calculate the upper right derivative D+|yi(t)|
along the solutions of (2.2) as follows:

D+|yi(t)| = −ci|yi(t)|+
n∑

j=1

|aij||fj(yj(t))|+
n∑

j=1

|bij||fj(yj(t− h))|

+
n∑

j=1

|wij|
∫ ∞

0

Kj(s)|fj(yj(t− s))|ds

≤ −min
i∈Λ

{ci}|yi(t)|+ max
j∈Λ

{|aij|Lj}
n∑

j=1

|yj(t)|+ max
j∈Λ

{|bij|Lj}
n∑

j=1

|yj(t− h)|

+ max
j∈Λ

{|wij|Lj}
n∑

j=1

∫ ∞

0

Kj(s)|yj(t− s)|ds

≤ −min
i∈Λ

{ci}|yi(t)|+ max
j∈Λ

{|aij|Lj}
n∑

j=1

|yj(t)|+ max
j∈Λ

{|bij|Lj}
n∑

j=1

|yj(t− h)|
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+ max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)
n∑

j=1

|yj(t− s)|ds. (3.3)

We choose a Lyapunov functional for system (2.2) as

V (t) =
n∑

i=1

|yi(t)|, t ∈ R,

and we define

V (t) = sup
−∞≤s≤t

V (s) = sup
−∞≤s≤t

(
n∑

i=1

|yi(s)|
)

.

Then by (3.3), we can obtain the time derivative of V (t) along the solutions of (2.2), for
t ≥ t0

D+V (t) = −
n∑

i=1

ci|yi(t)|+
n∑

i=1

n∑
j=1

|aij||fj(yj(t))|+
n∑

i=1

n∑
j=1

|bij||fj(yj(t− h))|

+
n∑

i=1

n∑
j=1

|wij|
∫ ∞

0

Kj(s)|fj(yj(t− s))|ds

≤ −min
i∈Λ

{ci}
n∑

i=1

|yi(t)|+
n∑

i=1

max
j∈Λ

{|aij|Lj}
n∑

j=1

|yj(t)|

+
n∑

i=1

max
j∈Λ

{|bij|Lj}
n∑

j=1

|yj(t− h)|

+
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)
n∑

j=1

|yj(t− s)|ds

= −min
i∈Λ

{ci}V (t) +
n∑

i=1

max
j∈Λ

{|aij|Lj}V (t) +
n∑

i=1

max
j∈Λ

{|bij|Lj}V (t− h)

+
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)V (t− s)ds

= −

{
min
i∈Λ

{ci} −
n∑

i=1

max
j∈Λ

{|aij|Lj}

}
V (t) +

n∑
i=1

max
j∈Λ

{|bij|Lj}V (t− h)

+
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)V (t− s)ds.

By assumption (3.1), we obtain from Lemma 2.2

V (t) ≤ V (t0)e
−λ(t−t0),



Global Exponential Stability for NNs with Continuously Distributed Delays 227

which is equivalent to
n∑

i=1

|yi(t)| ≤ ||ϕ||e−λ(t−t0),

where λ satisfies the inequality (3.2). This completes the proof.

Remark 3.2. Under the assumption (3.1), Theorem 3.1 provides a sufficient condi-
tion ensuring the global exponential stability of neural networks with continuously dis-
tributed delays (2.1). It should be noted that the stability conditions we obtained contain
all the information of neural networks, and only depend on physical parameters of neu-
ral networks, which can be checked easily and quickly.

4 An Example
In this section, we will give an example to illustrate our result.

Example 4.1. Consider the following simple neural network consisting two neurons:

(
u̇1(t)
u̇2(t)

)
=

(
−2.6 0

0 −3

)(
u1(t)
u2(t)

)
+

(
0.1 0.2
−0.2 0.4

)(
tanh(u1(t))
tanh(u2(t))

)
+

(
0.15 0.3
0.1 −0.5

)(
tanh(u1(t− h))
tanh(u2(t− h))

)

+

∫ t

−∞

(
0.1 −0.1
0.12 0.05

)(
e−(t−s) 0

0 e−(t−s)

)(
tanh(u1(s))
tanh(u2(s))

)
ds,

t ≥ 0.

(4.1)

where h > 0 is any given constant. In this case, we can choose K(s) = e−s, Lj = 1, j =
1, 2, η0 = 0.5. By calculation, we can obtain

n∑
i=1

max
j∈Λ

{|aij|Lj}+
n∑

i=1

max
j∈Λ

{|bij|Lj}+
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)ds = 1.62,

min
i∈Λ

{ci} = 2.6 > 1.62,

and λ ∈ (0, 0.5) satisfies

λ ≤ min
i∈Λ

{ci} −
n∑

i=1

max
j∈Λ

{|aij|Lj} −
n∑

i=1

max
j∈Λ

{|bij|Lj}eλh

−
n∑

i=1

max
j∈Λ

{|wij|Lj}
∫ ∞

0

K(s)eλsds

= 2− 0.8eλh − 0.22

∫ ∞

0

e−(1−λ)sds.

(4.2)
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It is obvious that for any given h > 0, there exists small enough λ ∈ (0, 0.5) such
that above inequality (4.2) holds. For example, let h = 0.2. Then by calculation,
we can choose λ = 0.1. Hence, we conclude that the equilibrium point of (4.1) is
globally exponentially stable with the approximate exponential convergent rate λ, where
λ satisfies (4.2).

Remark 4.2. By the criteria in [4], it can be deduced that the equilibrium point of (4.1)
is globally asymptotically stable under the assumption that the delay h satisfies a certain
restriction in [4]. Note in our result, the stability of (4.1) is delay-independent for h, and
the exponential convergent rate is delay-dependent for h. Moreover, our result can guar-
antee the global exponential stability. Therefore, our result presents a less conservative
result than that in [4] for Example 4.1.
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