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Abstract

This paper deals with the global existence and blow-up of a non-Newtonian
polytropic filtration equation with multiple nonlinearities. We obtain necessary
and sufficient conditions on the global existence of all positive solutions by con-
structing super solutions and sub solutions.
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1 Introduction
In this paper, we consider the following non-Newtonian polytropic filtration equations

(uk)t = ∆pu+ uα, x ∈ Ω, t > 0,
∇pu · ν = uβ, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), x ∈ Ω,

(1.1)

where

∆pu = div(|∇u|p−1∇u) =
N∑

i=1

(|∇u|p−1uxi
)xi
,

∇pu = (|∇u|p−1ux1 , . . . , |∇u|p−1uxN
),

Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, ν is the outward unit normal
vector on the boundary ∂Ω, k, p > 0, α, β ≥ 0, u0 is a C1(Ω) function satisfying the
compatibility condition, and u0 ≥ σ > 0 for some positive constant σ.

Received April 30, 2008; Accepted October 28, 2008
Communicated by Ravi Agarwal



212 Zhongping Li

The first equation in (1.1) is the well-known non-Newtonian polytropic filtration
equation, which is used to describe the nonstationary flows in a porous medium of fluid
with a power dependence of the tangential stress on the velocity of displacement under
polytropic condition. It has been intensively studied (see [10–12] and the references
therein). For the Neumann problem (1.1), the local existence of solutions in time has
been established, see the survey [12].

In recent years, the global existence and blow-up of the solution for parabolic equa-
tions with inner sources or nonlinear boundary conditions have been intensively studied
(see [2–5, 9, 13] and the references therein). For the problem (1.1) with k = p = 1,
i.e., the semilinear parabolic equation of Fujita type with the nonlinear boundary flux,
it is known that the solutions of (1.1) exist globally if and only if α ≤ 1 and β ≤ 1
(see [2, 4, 5, 13] and the references therein).

In [9], Song and Zheng studied the reaction-diffusion equation
(uk)t = ∆u+ uα, x ∈ Ω, t > 0,
∂u

∂ν
= uβ, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

(1.2)

and they showed that the solution of (1.2) exists globally if and only if α ≤ k and

β ≤ min

{
k,
k + 1

2

}
.

In the last century, many important results have been obtained on blow-up problems
for non-Newtonian polytropic filtration equations. We introduce some in the following.

In [11], Wang, Deng and Shi considered the doubly nonlinear parabolic equation
with nonlinear boundary conditions

(uk)t = (|ux|p−1ux)x, x ∈ (0, 1), t > 0,
ux(0, t) = 0, ux(1, t) = uβ(1, t), t > 0,
u(x, 0) = u0(x), x ∈ [0, 1].

(1.3)

By using super and sub solution methods, they proved that all positive solutions of (1.3)

exist globally if β ≤ min

{
k

p
,
k + 1

p+ 1

}
.

In [10], Sun and Wang considered (1.3) in the multi-dimension case
(uk)t = ∆pu, x ∈ Ω, t > 0,
∇pu · ν = uβ, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), x ∈ Ω,

(1.4)

and they proved that all positive solutions of (1.4) exist globally if and only if β ≤ k

when k ≤ p and if and only if β ≤ (k + 1)p

p+ 1
when k > p.

In this paper we give necessary and sufficient conditions on the existence of global
weak solutions to the Neumann problem (1.1) and extend the results of problems (1.2)–
(1.4) to a more general case of (1.1).
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Our main result is stated as follows.

Theorem 1.1. The positive (weak) solutions to the problem (1.1) are global if and only

if α ≤ k and β ≤ min

{
k,

(k + 1)p

p+ 1

}
.

Remark 1.2. Theorem 1.1 shows that the blow-up criteria are determined by interactions
among the four nonlinear mechanisms in the model. Roughly speaking larger α, larger

β or smaller min

{
k,

(k + 1)p

p+ 1

}
benefit the occurrence of blow-up of the solutions.

The rest of this paper is organized as follows. In Section 2, some preliminaries are
established. In Section 3, we give the necessary and sufficient conditions on global
existence of all positive solutions and show the proof of Theorem 1.1.

2 Preliminaries
As it is well known that degenerate or singular equations need not possess classical
solutions, we give a precise definition of a weak solution for the problem (1.1).

Definition 2.1. Let T > 0 and QT = Ω × (0, T ]. A function u(x, t) is called a super
(or sub) solution of (1.1) in QT if u(x, t) ∈ L∞(0, T ;W 1,∞(Ω)) ∩W 1,2(0, T ;L2(Ω)) ∩
C(QT ) and satisfies

(i). u(x, 0) ≥ (≤)u0(x);

(ii). for any positive function ψ ∈ L1(0, T ;W 1,2(Ω)) ∩ L2(QT ),∫ ∫
QT

[(uk)tψ +∇pu · ∇ψ]dxdt ≥ (≤)

∫ ∫
QT

uαψdxdt+

∫ T

0

∫
∂Ω

uβψdsdt.

A weak solution of (1.1) is a function which is both a super solution and a sub solution
of (1.1). For every T <∞, if u is a solution of (1.1) in QT , we say u is global.

Next we prove a weak comparison principle, which plays an important role in our
paper.

Proposition 2.2 (Comparison Principle). Assume that u0 is a positive C1(Ω) function
and u(x,t) is any weak solution of (1.1) in QT . Let u ≥ ε0 > 0 and u be a positive
sub solution and a positive super solution of (1.1), respectively, with nonlinear reaction
source uα and uα, and with nonlinear boundary flux λ uβ and λ uβ , where 0 < λ < 1 <
λ. Then we have

u ≥ u ≥ u in QT .
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Proof. For small δ > 0, letting

ψδ(z) = min
{

1,max
{z
δ
, 0
}}

, z ∈ R,

and setting ψ = ψδ(u−u), according to the definition of super solution and sub solution,
we have∫ ∫

Qτ

[(uk − uk)tψδ(u− u) + (∇pu−∇pu) · ∇ψδ(u− u)]dxdt

≤
∫ ∫

Qτ

(uα − uα)ψδ(u− u)dxdt+

∫ τ

0

∫
∂Ω

(λuβ − uβ)ψδ(u− u)dsdt.

Define

χ(x) =

{
1, x > 0,
0, x ≤ 0.

As in [1], by letting δ → 0 we get∫ ∫
Qτ

[(uk − uk)tχ[u− u]dxdt

≤
∫ ∫

Qτ

(uα − uα)χ[u− u]dxdt+

∫ τ

0

∫
∂Ω

(λuβ − uβ)χ[u− u]dsdt,

i.e.,∫
Ω

(uk − uk)+|t=τdx ≤
∫ ∫

Qτ

(uα − uα)+dxdt+

∫ τ

0

∫
∂Ω

(λuβ − uβ)+dsdt, (2.1)

where W+ = max{W, 0}. Since λ < 1, u ≥ ε0 > 0 and u, u ∈ C(QT ), u(x, 0) ≤
u0(x), it follows from the continuity of u, u that there exists a τ > 0 sufficiently small
such that

λ uβ ≤ uβ for (x, t) ∈ Qτ .

It follows that ∫
Ω

(uk − uk)+|t=τdx ≤
∫ ∫

Qτ

(uα − uα)+dxdt. (2.2)

Clearly, τ can be replaced by any t < τ . By Gronwall’s inequality, we see that u ≥ u in
Qτ . Denote

τ ∗ = sup
{
τ ∈ [0, T ] : u(x, t) ≤ u(x, t) for all (x, t) ∈ Qτ

}
.

We claim that τ ∗ = T . Otherwise, from the continuity of u, u there exists an ε > 0
such that τ ∗ + ε < T and λ uβ ≤ uβ for all (x, t) ∈ Qτ∗+ε. By (2.1) and (2.2) we
obtain that u ≤ u on Qτ∗+ε, which contradicts the definition of τ ∗. Hence u ≤ u for all
(x, t) ∈ QT .

Obviously, δ0 = min
Ω
u0(x) > 0 is a sub solution of (1.1) in QT . therefore, u ≥ δ0 >

0 in QT . Using this fact, as in the above proof we can prove that u ≥ u in QT .
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Remark 2.3. The above comparison principle does not imply uniqueness. The unique-
ness of solutions to the problem (1.1) is open.

For convenience, we denote 0 < λ < 1 < λ, which are fixed constants, and let
δ0 = min

Ω
u0(x) > 0.

3 Blow-up Criteria
In order to prove Theorem 1.1, we start with two lemmas, which give the necessary
condition on the global existence of solutions.

Lemma 3.1. Suppose k ≤ p, β > k or k > p, β >
(k + 1)p

p+ 1
, then each positive

solution of (1.1) blows up in finite time.

Proof. It is easy to see that the solutions of (1.4) are always sub solutions of (1.1) for
the same k, p, β and the same initial value. We know from [10] that the solutions of

(1.4) blow up in finite time if k ≤ p, β > k or k > p, β >
(k + 1)p

p+ 1
, and so do the

solutions of (1.1).

Lemma 3.2. Suppose α > k. Then each positive solution of (1.1) blows up in finite
time.

Proof. Let

u =
1

(b− ct)l
, t ∈

[
0,
b

c

)
with

l =
1

α− k
, b = δ

−1
l

0 , c =

(
α− k

k

)
min{1, δα

0 }.

It is easy to check that u(x, 0) = δ0 ≤ u0(x) in Ω, ∇pu · ν = 0 ≤ λuβ on ∂Ω×
(

0,
b

c

)
and

(uk)t =
klc

(b− ct)kl+1
≤ 1

(b− ct)lα
= uα, in Ω×

(
0,
b

c

)
.

By Proposition 2.2, we have u < u, which implies that the solutions of (1.1) blow up in
finite time.

Next we prove the sufficiency condition of Theorem 1.1 by the following two lem-
mas.

Lemma 3.3. Assume that k < p. If α ≤ k and β ≤ k, then all positive solutions of
(1.1) exist globally.
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Proof. Let ϕ(x) be the first eigenfunction of

−∆pϕ = λϕp(x) in Ω, ϕ(x) = 0 on ∂Ω (3.1)

with the first eigenvalue λ1, normalized by ||ϕ(x)||∞ = 1. Then λ1 > 0, ϕ(x) > 0 in Ω

and ϕ(x) ∈ W 1,p+1
0 ∩ C1(Ω) and

∂ϕ(x)

∂ν
< 0 on ∂Ω (see [6–8]).

Thus there exist some positive constants A,B,C,D such that

A ≤ −∂ϕ(x)

∂ν
≤ B, |∇ϕ(x)| ≥ C, x ∈ ∂Ω; |∇ϕ(x)| ≤ D, x ∈ Ω. (3.2)

Take
u(x, t) = R1e

lt log
(
(1− ϕ(x))e

(k−p)lt
p +R2

)
for (x, t) ∈ Ω × R+, where R2 satisfies R2 logR2 ≥

2(p− k)

p
, and constants R1 and l

to be determined. A direct calculation in Ω× R+ shows

(uk)t = klRk
1e

lkt
(
log((1− ϕ(x))e

(k−p)lt
p +R2)

)k

+klRk
1e

lkt
(
log((1− ϕ(x))e

(k−p)lt
p +R2)

)k−1
k−p

p
(1− ϕ(x))e

(k−p)lt
p

(1− ϕ(x))e
(k−p)lt

p +R2

≥ 1

2
klRk

1e
lkt
(
log((1− ϕ(x))e

(k−p)lt
p +R2)

)k

≥ 1

2
klRk

1e
lkt(logR2)

k, (3.3)

∇u =
R1e

klt
p (−∇ϕ(x))

(1− ϕ(x))e
(k−p)lt

p +R2

,

uα ≤ (R1 log(1 +R2))
αeαlt, (3.4)

∆pu =
N∑

i=1

(
Rp

1e
klt(−|∇ϕ(x)|p−1ϕxi

)

((1− ϕ(x))e
(k−p)lt

p +R2)p

)
xi

≤ λ1R
p
1e

klt

Rp
2

.

Moreover, we have on the boundary that

∇pu · ν =
Rp

1e
klt|∇ϕ(x)|p−1(−∂ϕ(x)

∂ν
)

((1− ϕ(x))e
(k−p)lt

p +R2)p
≥ Rp

1e
kltCp−1

∗ A

(1 +R2)p
, (3.5)

where C∗ = C if p ≥ 1 and C∗ = D if p < 1. Now

uβ ≤ (R1 log(1 +R2))
βeβlt. (3.6)
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Choose R1, l such that

Rp−β
1 ≥ λ(log(1 +R2))

β(1 +R2)
p(Cp−1

∗ A)−1 (3.7)

and

R1 logR2 ≥ max{1, ||u0||∞}, l ≥
2λ1R

p−k
1 +Rα−k

1 Rp
2(log(1 +R2))

α

k(logR2)kRp
2

. (3.8)

By (3.3), (3.4), and (3.8) we have (uk)t ≥ ∆pu+ uα in Ω× R+, and by (3.5)–(3.7) we
get ∇pu · ν ≥ λuβ on ∂Ω× R+. By the relation above and Proposition 2.2 we see that
u ≥ u, and thus the solutions of (1.1) are global.

Lemma 3.4. Assume that k ≥ p. If α ≤ k and β ≤ (k + 1)p

p+ 1
, then all positive solutions

of (1.1) exist globally.

Proof. Construct

u(x, t) = elt

(
M + λ

1
p e−Lϕe

l(k−p)t
p+1

(2M)
β
pL−1(ACp−1

∗ )−
1
p

)
, (3.9)

where C∗ = C if p ≥ 1 and C∗ = D if p < 1 and A,C,D, ϕ are defined in (3.1) and
(3.2); l is a positive constant to be determined, M = max{1, ||u0||∞, } and

L = max

{
λ

1
p (
k − p

p+ 1
)2

β+p
p (M)

β−p
p (ACp−1

∗ )−
1
p , 2

β
pλ

1
pM

β−p
p (ACp−1

∗ )−
1
p

}
, (3.10)

l ≥ 2k−1[λ(λ1 + LpDp+1)(2M)β(ACp−1
∗ )−1 + (2M)α]. (3.11)

We know that −Lϕe
l(k−p)t

p+1 e−Lϕe
l(k−p)t

p+1 ≥ −e−1 since −ye−y ≥ −e−1 for any y > 0.
Thus for (x, t) ∈ Ω× R+, a simple computation shows

(uk)t = kleklt

(
M + λ

1
p e−Lϕe

l(k−p)t
p+1

(2M)
β
pL−1(ACp−1

∗ )−
1
p

)k

+keklt

(
M + λ

1
p e−Lϕe

l(k−p)t
p+1

(2M)
β
pL−1(ACp−1

∗ )−
1
p

)k−1

×

×λ
1
p (2M)

β
pL−1(ACp−1

∗ )−
1
p
l(k − p)

p+ 1
×

×(−Lϕ)e
l(k−p)t

p+1 e−Lϕe
l(k−p)t

p+1

≥ 1

2
kleklt. (3.12)

In addition, for (x, t) ∈ Ω× R+, we have

uα ≤ (2M)αeαlt, ∇u = −λ
1
p (2M)

β
p (ACp−1

∗ )−
1
p elte

(k−p)lt
p+1 e−Lϕe

l(k−p)t
p+1 |∇ϕ|, (3.13)
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∆pu =
N∑

i=1

(
λ(2M)β(ACp−1

∗ )−1eplte
p(k−p)lt

p+1 e−Lpϕe
l(k−p)t

p+1
(−|∇ϕ|p−1ϕxi

)

)
xi

≤ λλ1(2M)β(ACp−1
∗ )−1ϕpeplte

p(k−p)lt
p e−Lpϕe

l(k−p)t
p+1

+λLp(2M)β(ACp−1
∗ )−1eklte−Lpϕe

l(k−p)t
p+1 |∇ϕ|p+1

≤ λ(λ1 + LpDp+1)(2M)β(ACp−1
∗ )−1eklt. (3.14)

Noting ϕ = 0 on ∂Ω, we have on the boundary

∇pu · ν = λ(2M)β(ACp−1
∗ )−1eplte

p(k−p)lt
p+1 e−Lpϕe

l(k−p)t
p+1

×|∇ϕ|p−1(−∂ϕ
∂ν

) ≥ λ(2M)βe
p(k+1)lt

p+1 ,
(3.15)

and by (3.9) and (3.10) we can get

uβ ≤ (2M)βeβlt. (3.16)

By (3.11)–(3.14) we know that (uk)t ≥ ∆pu + uα in Ω× R+, and (3.15), (3.16) imply
that ∇pu · ν ≥ λuβ on ∂Ω×R+. Obviously, u(x, 0) ≥ u0(x) on Ω. By Proposition 2.2,
we have u ≥ u, which implies that the solutions of (1.1) are global.
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