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Abstract

This paper deals with the global existence and blow-up of a non-Newtonian
polytropic filtration equation with multiple nonlinearities. We obtain necessary
and sufficient conditions on the global existence of all positive solutions by con-
structing super solutions and sub solutions.
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1 Introduction

In this paper, we consider the following non-Newtonian polytropic filtration equations

(M) = Apu+u®, w€Q, t>0,

Vpu-l/:uﬁ, x e, t>0, (1.1)
u(z,0) = up(x), z€Q,
where
N

Apu = div(|Vul"'Vu) =) “(|Vul ug,)a,,
i=1
Vyu = (VulP gy, .. [Vl gy, ),
Q c R" is a bounded domain with smooth boundary 0f2, v is the outward unit normal

vector on the boundary 99, k,p > 0, a, 8 > 0, ug is a C*(Q) function satisfying the
compatibility condition, and uy > o > 0 for some positive constant o.
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The first equation in (1.1) is the well-known non-Newtonian polytropic filtration
equation, which is used to describe the nonstationary flows in a porous medium of fluid
with a power dependence of the tangential stress on the velocity of displacement under
polytropic condition. It has been intensively studied (see [10—12] and the references
therein). For the Neumann problem (1.1), the local existence of solutions in time has
been established, see the survey [12].

In recent years, the global existence and blow-up of the solution for parabolic equa-
tions with inner sources or nonlinear boundary conditions have been intensively studied
(see [2-5,9, 13] and the references therein). For the problem (1.1) with £k = p = 1,
i.e., the semilinear parabolic equation of Fujita type with the nonlinear boundary flux,
it is known that the solutions of (1.1) exist globally if and only if « < 1l and § < 1
(see [2,4,5,13] and the references therein).

In [9], Song and Zheng studied the reaction-diffusion equation

(") = Au+u®, 2€Q, t>0,
— =u’, €09, t>0, (1.2)
u(z,0) = ug(x), z €Q,
and they showed that the solution of (1.2) exists globally if and only if « < & and
£ < min {k, % )
In the last century, many important results have been obtained on blow-up problems
for non-Newtonian polytropic filtration equations. We introduce some in the following.

In [11], Wang, Deng and Shi considered the doubly nonlinear parabolic equation
with nonlinear boundary conditions

(uk)t = (‘u:v|p_1uz)xa MRS (0, 1), t >0,
ug(0,8) =0, u,(1,t) =u’(1,t), t>0, (1.3)
u(z,0) = up(x), x € [0,1].

By using super and sub solution methods, they proved that all positive solutions of (1.3)

kE k+1
exist globally if 3 < min { —, e .
p p+1
In [10], Sun and Wang considered (1.3) in the multi-dimension case
(u®), = A, e, t>0,
Vpu-l/:uﬂ, red, t>0, (1.4)

u(z,0) = ug(z), z€9Q,
and they proved that all positive solutions of (1.4) exist globally if and only if 3 < k
k+1
when k£ < p and if and only if 3 < % when k£ > p.

In this paper we give necessary and sufficient conditions on the existence of global
weak solutions to the Neumann problem (1.1) and extend the results of problems (1.2)—
(1.4) to a more general case of (1.1).
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Our main result is stated as follows.

Theorem 1.1. The positive (weak) solutions to the problem (1.1) are global if and only

ifagkandﬁgmin{k:,w}.
p+1

Remark 1.2. Theorem 1.1 shows that the blow-up criteria are determined by interactions

among the four nonlinear mechanisms in the model. Roughly speaking larger «, larger
k+1

[ or smaller min < k, w
p+1

The rest of this paper is organized as follows. In Section 2, some preliminaries are

established. In Section 3, we give the necessary and sufficient conditions on global
existence of all positive solutions and show the proof of Theorem 1.1.

} benefit the occurrence of blow-up of the solutions.

2 Preliminaries

As it is well known that degenerate or singular equations need not possess classical
solutions, we give a precise definition of a weak solution for the problem (1.1).

Definition 2.1. Let 7 > 0 and Qr = Q x (0,7]. A function u(z,t) is called a super
(or sub) solution of (1.1) in Qr if u(z,t) € L>(0, T; WH>(Q)) N WH2(0,T; L*(€2)) N
C(Qr) and satisfies

(). u(z,0) = (<uo(w);

(ii). for any positive function ¢» € L*(0,T; W*(Q)) N L*(Qr),

/ /Q )i + Vpu - Vpldodt > (< / /Q updrdt + / /a ) uPpdsdt.

A weak solution of (1.1) is a function which is both a super solution and a sub solution
of (1.1). For every T < oo, if u is a solution of (1.1) in Q)7, we say u is global.

Next we prove a weak comparison principle, which plays an important role in our
paper.

Proposition 2.2 (Comparison Principle). Assume that v is a positive C*(Q) function
and u(x,t) is any weak solution of (1.1) in Qp. Let u > ¢y > 0 and u be a positive
sub solution and a positive super solution of (1.1), respectively, with nonlinear reaction
source u” and u®, and with nonlinear boundary flux \ u® and XT°, where 0 < A\ < 1 <
. Then we have

u>u>u  in Q.
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Proof. For small § > 0, letting

Ys(2) :min{l,max{g,()}}, z € R,

and setting 1) = 1s(u—u), according to the definition of super solution and sub solution,
we have

// (W — ") s (u — u) + (Vpu — Vyu) - Vios(u — u)]dadt

</ (=) o + | [ o = st = s,

Define
(x) = 1, x> 0,
XET=1 o, x <0.

As in [1], by letting 6 — 0 we get

/] (0= )y~

</ (=) — o + | [ o =l s

1.e.,

/(gk—uk)+\t27dx§// (go‘—ua)er:Udt—i-/ / (M’ —uP) dsdt, (2.1)
0 , o Joo

where W, = max{W,0}. Since A < 1,u > ¢ > 0and u,u € C(Qr), u(z,0) <
ug(z), it follows from the continuity of u, u that there exists a 7 > 0 sufficiently small
such that

2w’ <uf o for  (z,t) € Q.

It follows that

/(gk — M)y fierdr < // (u® — u®); dadt. (2.2)
Q T

Clearly, 7 can be replaced by any ¢ < 7. By Gronwall’s inequality, we see that u > u in
Q. Denote

™ =sup {7 €[0,7] : u(z,t) < u(x,t) forall (z,t) € Q,}.

We claim that 7% = T. Otherwise, from the continuity of u, u there exists an ¢ > 0
such that 7* + ¢ < T and A v’ < v’ forall (z,t) € Q1. By (2.1) and (2.2) we
obtain that u < u on @+, which contradicts the definition of 7*. Hence u < u for all

(33, t) € QT.

Obviously, dp = min ug(x) > 0 is a sub solution of (1.1) in Q. therefore, u > §y >
Q

0 in Q7. Using this fact, as in the above proof we can prove that uw > u in Q. [
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Remark 2.3. The above comparison principle does not imply uniqueness. The unique-
ness of solutions to the problem (1.1) is open.

For convenience, we denote 0 < A\ < 1 < ), which are fixed constants, and let
dp = minug(x) > 0.
Q

3 Blow-up Criteria

In order to prove Theorem 1.1, we start with two lemmas, which give the necessary
condition on the global existence of solutions.

(k+1)p

Lemma 3.1. Suppose k < p, 3 > kork > p (3 > 1

, then each positive

solution of (1.1) blows up in finite time.

Proof. 1t is easy to see that the solutions of (1.4) are always sub solutions of (1.1) for
the same k,p, 0 and the same initial value. We know from [10] that the solutions of

k+1
(1.4) blow up in finite time if £k < p, 8 > kork > p, B > %, and so do the
p
solutions of (1.1). ]
Lemma 3.2. Suppose o > k. Then each positive solution of (1.1) blows up in finite
time.
Proof. Let
! te |0 b
u = -
= (b—=cat)V e
with

1 =1 a—Fk , o
l:a—k’ b=24,", c:< ’ )mln{l,éo}.

_ b
It is easy to check that u(x,0) = &y < ug(z) in Q, Vyu-v = 0 < Mu” on 99 x (O, —)
c

and

kle 1 b
k\ o« :
By Proposition 2.2, we have u < u, which implies that the solutions of (1.1) blow up in
finite time. U

Next we prove the sufficiency condition of Theorem 1.1 by the following two lem-
mas.

Lemma 3.3. Assume that k < p. If « < k and § < k, then all positive solutions of
(1.1) exist globally.
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Proof. Let p(z) be the first eigenfunction of
—A,p =ApP(z) inQ, ¢(zr)=0 ond 3.1

with the first eigenvalue \;, normalized by ||o(x)||oo = 1. Then A\; > 0, ¢(x) > 0in §2
0
and p(z) € W, P n CH(Q) and gg(x) < 0on 09 (see [6-8]).
v

Thus there exist some positive constants A, B, C, D such that

A< —ag(f> < B, |Vp()| >0, v€09; |Vo(x)| <D, v (3.2)

Take -

u(z,t) = Rie'log <(1 —p(x))e » + R2>

2(p — k)
p

for (x,t) € Q x R, where R, satisfies Ry log Ry > , and constants R; and [

to be determined. A direct calculation in 2 x R shows

—k k ikt (k—p)it F
(@), = klRYe (1og<<1 —p(a))e +R2)>
1 21— p(@))e T
(k—p)it -1 —1l—=px))e r
+hLREe (log(1 = p(x))e + +Ry)) 2 e
(1 —p(x))e » + Ry

v

1 (k—p)it k
§klR'felkt (log((l —p(x))e » gt Rg))

1
5/.czz%’fe”ft(log Ry)*, (3.3)

Rie'v (—V(z))

Vu = (k—p)lt >
(1—¢(x))e 7 + Ry
a* < (Rilog(l+ Ry))%e™, (3.4)
Ag — Y ( R (= V(@) P~ p.,) ) _ MRy
pt = it S
S\ —p@)e 7+ R/,

Moreover, we have on the boundary that

RP ekt |7 p—1/_ Op(x) D klt p—1
V. RVl D) | Rteor A

k—p)it — ) (35)
(1= p@)e 7 + Ry (LT R

where C, = Cifp>1land C, = Dif p < 1. Now

7’ < (Rylog(1 + Ry))Pe ™, (3.6)
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Choose Ry, such that
RV > X(log(1 + Ry))P(1 4 Ry)P(CP~LA)™ (3.7)
and
A\ RYF + ROFRE(log(1 + Ry))®
k(log R2)*RY '
By (3.3), (3.4), and (3.8) we have (@*), > A,u+ " in Q x RT, and by (3.5)~(3.7) we

get Vyu-v > M@’ on 09 x R*. By the relation above and Proposition 2.2 we see that
u > u, and thus the solutions of (1.1) are global. ]

k+1
(+—1)p, then all positive solutions

Ry log Ry > max{1, ||ug||e}, { > (3.8)

Lemma 3.4. Assume thatk > p. If o < kand <
of (1.1) exist globally.

Proof. Construct
1 l(k—p)t 1
U(x,t) = e (M + AP twe 7T (2M)§L—1(A05—1)p> : (3.9)

where C, = C'ifp > land C, = Dif p < 1and A,C, D, ¢ are defined in (3.1) and
(3.2); 1 is a positive constant to be determined, M = max{1, ||uo||~, } and

-p

XD T (Acr ), 2

L= AP
maX{ (p+1

B
P

XiM‘?(ACf—l)é} . (3.10)

1 > 2k A\ + LpDP ™) (2M)P(ACP™H) ™! 4 (2M)7]. (3.11)

l(k—p)t T . _ _
We know that —Lpe »71 e L%¢ 77" > _esince —ye ™ > —e ! forany y > 0.

Thus for (z,t) € Q x RT, a simple computation shows

I(k—p)t

1 k
@), = kle™ (M + Aretee T (2M)5L1(A051)—é>

1 I(k—p)t k—1
+ ket <M+Ape‘“” m (2M)5L—1(Acf‘1)‘i> x

1 _
xAp(zM)%L—l(ACf—l)—%—l(k P)
p+1
o)t I(k—p)t
x(—LQO)elU;ﬁ) g Lwe TH
1
> §klek“. (3.12)

In addition, for (x,t) € 0 x RT, we have

I(k—p)t
1y -1 (k=p)lt ;o THFL
(AC? 1) pelte pii e Lye P |

1 s
p

T < (2M)%e™ Vu = —\?(2M) V|, (3.13)
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N - p(k—p)lt l(k—p)t
A = 7 (Remyiac ) et R otee <—|w|p—1%>>

i=1

I(k—p)t
— _ _ p(k—p)lt _ F1
< AMM)P(ACPY)lpperlte™ 5 emlree 7
l(k—p)t

+ALp(2M)P(ACP~1) Lkl p=Lppe e |Vp[pt!
< XA+ LpDPTY(2M)P(ACP™H) ek, (3.14)

Noting ¢ = 0 on 0f2, we have on the boundary

t (k—p)
Vpﬂ V= X(2M)ﬁ(Acpfl)flepltep(l;fl’)l e*Lp(,pel I;-ﬁ .
9 - >
X!Vsalp‘l(—a—(’o) > NeM)Pe T
14

(3.15)

and by (3.9) and (3.10) we can get
a’ < (2M)PePM. (3.16)

By (3.11)—(3.14) we know that (Ek)t > Aju+7u®in Q x RY, and (3.15), (3.16) imply
that V, 7 - v > \a” on 9 x R*. Obviously, T(z, 0) > u(z) on Q. By Proposition 2.2,
we have © > u, which implies that the solutions of (1.1) are global. 0
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