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Abstract

We deal with the reaction-diffusion-aggregation equation
vy = [D(v)vx} + f(v) t>0,z€eR,
x

where f is a monostable (i.e., Fisher-type) nonlinear reaction term/angd is a
changing-sign nonlinear term, modeling repulsive-attractive population dynamic.
We prove the existence of travelling fronts having speed varying in a half-line and
provide an estimate for the minimal spe€d We also investigate the possible
existence of fronts reaching the equilibria at finite values.
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1 Introduction

As it is well known, the diffusion of a population in a domain is modelled by the so-
called reaction-diffusion equations, that is a nonlinear parabolic equation of the type

v = (D(v)vy). + f(v), t>0,2 R, (1.1)

whereD(v) is a nonnegative state-dependent diffusivity gid) is a nonlinear reaction
term. Whenv stands for the density, usuallfy vanishes at 0 and 1. Such equations
have been very widely studied, in particular for proving the existence and properties of
travelling waves (see the monographs [3,4,12]).
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Recently some models of reaction-diffusion-aggregation processes have been pro-
posed, describing the tendency of a population to be in clusters to avoid the risk of
extinction (see [1, 2,5, 9-11]). In this case the tdnfv) has no longer constant sign,
but it is negative forv lying in some sub-interval of0,1). As a consequence, the
well-posedness of the initial value problem is no longer guaranteed. On the other hand,
this phenomenon is strictly connected with the feature of the aggregating processes, in
which movements are towards the population gradient, that becomes steeper and steeper.
Hence in general one can not expect the existence of regular solutions. Perhaps due to
what was just said, the study of this kind of dynamics seems to be lagging behind.
In [6, 7] the existence of travelling wave solutions (t.w.s.) for aggregation-diffusion
models has been investigated, both for Fisher-type reactionférii.e., f(v) > 0in
(0,1)), and for Nagumo-type ones (i.€.(v)(v — «) > 0 for somea € (0, 1)). Recall
that a t.w.s. is a solution having a constant profile of the typer) = u(x — ct), where
c is the wave speed,(¢) is the wave shape in the wave-coordingte x — ct. In those
papers the diffusion term was assumed to satisfy the sign condition

D(v) >0 in (0, «) D(v) <0 in(a,1). (1.2)

It was shown that, despite the possible ill-posedness of the dynamic, actually regular
travelling wave solutions, connecting the stationary states 0 and 1, exist. Moreover,
the authors also classified the nature of the t.w.s. showing that besides the classical
ones, solutions reaching one or both the equilibria at a finite value can appear (see the
definition of sharp solution of type (1), (I1) or (1ll) and [6, Figure 1]), when the diffusivity
is degenerate (i.e)(0) = 0) or doubly-degenerate (i.e2(0) = D(1) = 0).

In the present paper we consider a modified model assuming the following sign
condition on the diffusivityD (v):

D(v) >0 in(0,a) U (5,1), D(v) <0 in(a,f) (1.3)

for somea, 5 € (0,1). The motivation for this new model is based on the consideration
that when the density is close to 1, then one naturally expects a tendency to diffuse,
rather than to continue with the aggregation process. In other words, now the dynamic
models tendency to diffusion for values of the density close to 0 and 1, and the opposite
tendency to aggregation when the density lies in some subinterv@l bf

We prove the existence of a threshold vattidor the wave speed such that t.w.s.
having speed exist if and only ifc > ¢* and provide an estimation fef in terms of
the nonlinearities appearing in the equation (see Theorem 3.4). Moreover we show that
in our setting, even if the diffusivity is doubly-degenerate, actually only sharp solutions
of type (I) can appear, contrary to what happens under condition (1.2), as shown in [6].
Moreover, whenD(0) = 0, we provide a simple sufficient condition guaranteeing that
t.w.s. are only classical (see Theorem 4.2). The technique and methodologies we adopt
are mainly the same developed in [6, 7], adapted to the present situation. In particular,
we reduce the study of the existence of t.w.s. to the study of the solvability of a singular
first order boundary value problem.
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2 Preliminary Results

Recall that a t.w.s. for (1.1) is a solution having constant profile, that is, the form
v(t,x) = u(x — ct) for some constant The equation we have to deal with is

(D(u)u') + cu' + f(u) =0 (2.1)

where’ stands for derivation with respect to the wave varigbte =z — ct. We assume
thatD € C'[0, 1] satisfies condition (1.3) and

D024+ D(0)? >0, D(1)?>+ D(1)?>0, (2.2)

where” means derivation with respect to Of courseD(a) = D(5) = 0, while
D(0), D(1) > 0. Moreover, we consider monostable reaction terms, thgtés('[0, 1]
is such that

f(u) >0 for uwe (0,1), f(0)=f(1)=0.

We are interested in studying t.w.s. connecting the equilibria 0 and 1. Hence we will
search for heteroclinic solutions of equation (2.1) in the following sense.

Definition 2.1. A travelling wave solution (t.w.s.) of (1.1) is a functianc C'(a,b),
with (a,b) C R, such thatD(u)u’ € C*(a,b), satisfying equation (2.1) ifu, b) and the
boundary conditions

wat) =1, u(d)=0 (2.3)
i D((E)(§) = lim D) (E) =0 @4

Condition (2.4) added to the classical boundary condition (2.3) is motivated by the
possible occurrence of sharp solutions, that is, solutions reaching the equilibria at a finite
value (in this case one or both the extrema are finite). However, when the existence
interval is the whole real line, then condition (2.4) is automatically satisfied and then
Definition 2.1 reduces to the classical one, as the following proposition states.

Proposition 2.2. Letu be a solution tq2.1) satisfying(2.3). Then

If a=-0c0, then lim D(u(£))u'(§) =0,

S

if b=o00, then lim D(u(¢))u' () =0.

§—o0

Proof. Assumen = —oo, put? := sup{¢{ : u(t) > gforall t € (—o0,&)} and define

- /ﬂ D(s)f(s)ds, B(E) =

[D (@) ()] + H(u())

N —
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foru € (4,1) and{ € (—oo,T'). Then
(&) = (D)) (€)' D(u(€))u'(€) + D(u(€)) f (u(€))u'(€) = —eD(u(€))(w' (€)™

SinceD(u(&)) > 0, we havecd’(£) < 0in (—oo,T). Sod(&) is monotone and there
exists the Iimitf lim @(&). On the other hand, there exists also

s

lim H(u(€)) = /ﬁ D(s)f(s)ds € R.

Hence, from the definition ob(¢), we deduce the existence of the limit

lim D(u(€))|u/(§)] =: 1 € [0, 00].

£——o0

If I > 0, beingu(—oco) = 1 and D(u(§)) > 01in (—o0,T), then there exists also
shm [u'(£)] :== A € (0,00], in contradiction with the boundedness«of Therefore,

[ = 0. The casé = co can be treated similarly. O

As a consequence, wheén, b) = (—oo, oo), condition (2.4) is satisfied and Defini-
tion 2.1 reduces to the classical one.

From now on, le{a”, b*) denote the minimal interval (possibly the whole real line)
such that:(¢) = 1 for every¢ < o* andu(¢) = 0 for every¢ > b*.

The following result concerns some properties of the solutions we are looking for.

Proposition 2.3. If u solves(2.1) and satisfieq2.3)+2.4), thenc > 0 and u(¢) is
decreasing and it is strictly decreasing in the interval= {¢ : 0 < u(§) < 1}.

Proof. Integrating equation (2.1), one gets
b* b* b*
| oy se [ [ e o

b
The first integral is null by (2.4), so = / f(u(§))dé > 0. We now split the proof

into various steps.
Step 1.Let us now prove that

O<u() <a and u'(£) <0 for every¢ € (T3, b%), (2.5)

where

Ty :=inf{¢ : u(t) < o foreveryt € (£,b")}.
To this aim assume, by contradiction, the existence of a w@lue (7,b") such that
u'(£*) > 0andu(£*) > 0. Then,

d

d—g(D(U)U')\@g* = —cu'(§") = f(u(¢")) < —c'(€7) <0,
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henceD(u(&))u'(€) is decreasing in a neighborhood@f and sinceD(u(£)) > 0, we
getu'(¢) > 0in (&* — 4, ¢") for somes > 0. Let

€ :=inf{€ : u/(t) > 0 for everyt € (£,£")}.

Of course£ > —oo andu/(€) = 0; moreover{ > T, sincew is increasing in(&, £*).

Therefore, we have(¢) = 0, since otherwisej—g(D(u)u’)lgzg~ = —f(u(f) <0, so

D(u(€))u'(€) is decreasing in a neighborhoodsadnd null atg. ThusD (u(€))u/(€) < 0
in (¢,& + ¢) for somes > 0, a contradiction sinc®(u(§)) > 0in (73, b*). Hence,

b* b* b*
0= /£ (D(u(€))u(€))dé + ¢ /£ W (€)dé = /g F(ul(€))de <0,

a contradiction. Therefore, we hav&¢) < 0 for every¢ € (T3, b") satisfyingu(§) > 0.
This impliesu(§) > 0in (T3, 0"). Indeed, ifu(§) = 0 for some§ € (73,0"), then
necessarily:(£) > 0 with «/(£) > 0 for some > &, which is not possible. This proves
(2.5).

Step 2.Let us now prove that

B<u(l) <1 andd'(§) <0 foreveryé e (a*,Ty), (2.6)

where
Ty :=sup{¢ : u(t) > B foreveryt € (a*,€)}.

Assume, by contradiction, the existence&f e (a*, 7)) such thatu'(¢*) > 0 and
u(€*) < 1. Then, as above)(u(&))u'(€) is decreasing in a neighborhood ©f and,
being D (u(¢)) > 0, we deduce/(£) > 0in (£* — ¢,&*) for somed > 0. Let

€ :=inf{€:u/(t) >0 foreveryt e (& &)}

Because of < ¢* < T, we haveu(¢) > 3 and moreover(¢) < 1. So, again we
haveD (u(€))u/'(€) is decreasing in a neighborhoodéofnd null atc. This implies that
u'(€) < 0in (€,€ + ¢) for somee > 0, a contradiction. So, we havé(¢) < 0 for every

¢ € (a*,T) provided thatu(§) < 1. By the same argument used before, this implies
thatu(¢) < 1 for every¢ € (a*,T7), and (2.6) is proved.

Step 3.Let us now prove that
W'(Th) <0 and Ty <o:=sup{{>T;:u'(t) <0 foreveryt € [T1,€)}.

Indeed, first observe that if (77) = 0, then D(u(&))u'(€) is decreasing nedf; and
null at 77, which is not possible sincé (£) < 0 and D(u(§)) > 0fora < £ < T3.
So,u'(Ty) < 0. Assume now, by contradiction, that < 75 and suppose first that
u(o) € («, 3). In this case, sinc®(u(£))u'(€) is decreasing in a neighborhood of
with D(u(€)) < 0, we deduce that'(£) > 0in (o,0 + €) for somee > 0. Put now
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n = sup{€ > o : W'(¢t) > 0in (0,£)}. Of coursen < oo andu(n) > 3 (since ifu’
vanishes af, with o < u(&y) < 3, then, by what shown abovg, is a local minimum
point). Therefore, there exists< p < n such that.(p) = /3, and so

0= [ "we)de = [ (D) e)yas + Tpf(U(ﬁ))di-

T T

Then/Tp(D(u(f))u'(f))’df < 0, thatis,0 = D(u(p))u'(p) < D(u(T)))u'(Ty) = 0, a
contradiction. Hencey(o) < a. Set now

T3 :=sup{¢ : u(t) > o foreveryt € (a*,&)} < To.

Integrating equation (2.1) i3, 73), we obtain

Ty 1> T2
0= [ “eu©yds+e [ Cuod=- [ e
T3 T3 T3
Hence, by the positivity of, we getT, = 75 and consequently > 73 = T, and the
proof of Step 3 is concluded.
Recalling (2.5) and (2.6), we derive thd{¢) < 0 for everyé € (a*, b*), with the
exception, at the most, gf= 1. O

In view of Proposition 2.3, we get thét*, b*) coincides with the interval where
u is strictly decreasing.

3 Existence of t.w.s.

As usual, the study of the existence of t.w.s. can be reduced to the study of the solvability
of a singular first order boundary value problem, by a function having a prescribed

sign. The following equivalence result illustrates this method in the present situation of

changing-sign diffusivity.

Theorem 3.1. The existence of a t.w.s({) of equation(2.1), with wave speed, is
equivalent to the solvability of the singular problem

Z(u) = ﬂ?(f)( ) for everyu € (0, o) U (o, B) U (5, 1)
(P) z(u) < for everyu € (0,a) U (5,1)

z(u) > for everyu € (a, 3)

2(07) = ( )=0

by a functionz € C(0, 1), with the same speed
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The proof of Theorem 3.1 requires the following lemma, whose proof is postponed
to the end of that of Theorem 3.1.

Lemma 3.2. Let 2 € C(0,1) be a solution of probleniP) for somec > 0. Then
z € C'(0,1) with

0 =3 (Ve -ar@b@-c). 9 =3 (Ve -1De) ).

Moreover, the functiod : (0,1) — R defined by

( z(u)

D) foru # a, (3,
— 2/(e) foru =«
Z(u) = c+ \/c2 _ 4f(a)D(a) ’
— 2/() foru=p
| et e —4f8)D(B)

is a negative continuous function.

Proof of Theorem 3.1Let u(&) be a solution of (2.1) and let(w) : (0,1) — (a,b)
be the inverse function, whose existence is ensured by Proposition 2.3.(:$et=
D(u)u'(§(u)) foru € (0,1). Of coursey is continuous, differentiable if0, 1) \ {«, 4}
with

éu) —%—(wa/)’ L _ (puyuy 2 fw)D(u)

for everyu € (0,a) U (o, ) U (3, 1). Moreover, since/(§) < 0 for every¢ € (a,b),
¢ # Ty, we deduce that(u)D(u) < 0 for everyu € (0,1), u # «, . Finally, by
(2.4) we haveuli)rgl+ z(u) = uli% D(u)u'(t(u)) = 0, hencez(0") = 0, and similarly
z(17) = 0. This concludes the proof of the necessary part.

Let us now prove the sufficient part and assume the existence of a sotution
C(0,1) of problem (P). From Lemma 3.2 it follows thate C'(0, 1). Let us consider
the (unique) solutiom of the Cauchy problem

(1520

defined in its maximal interval of existenc¢e, b). By Lemma 3.2, we get € C'(a, b)
and D(u)u' = D(u)Z(u) = z(u) for everyu € (0,1), so D(u)v’ € C'(a,b) too.
Moreover,u is a strictly decreasing function ifu, b), with u(a™) = 1. Indeed, by
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Lemma 3.2, ifa < u(a™) < 1, thenglim+ u'(§) = lim o < 0, in contradiction
e u—u(at) g
with the boundedness af Similarly, one can show that(b~) = 0. Observe now that
!/ !/ 3 / /! f ué- 'D ué !/
(D@EW©) = €)' (€)= —en'(e) - LUDDUED )

= —al'(§) — f(ul(§))

for every¢ € (a,b) such thatu(§) # «, 3. By the continuity ofu’ and D(u)u’, we
deduce that the previous relation holds true even wihign = « or u(§) = (. It
remains to show that satisfies condition (2.4). To this aim, note that whefl) > 0,
there exists the limit/(a™) := lir?_ ;((7”3) = 0, hence alsd(u(¢))u'(§) — 0 as
¢ — a*. Instead, wherD(1) = 0 (and thenD(1) # 0 by the assumptions of), by
what was proved in [8, Lemma 15], we hayd ) = 0, so that

. / ERT _
Jm w(§) = lim 5o =

so alsoD(u(€))u'(§) — 0 asé — a™. Similarly, whenD(0) > 0, there exists the

limit «/(b7) = Jféﬂ ;Z;)) .: 0, hence alsd(u(¢))u'(§) — 0 asé — b~. Instead,
when D(0) = 0 (and thenD(0) > 0 by the assumptions oP), by what was proved
in [8, Lemma 5], we havé(0) = 0 or 2(0) = —c. Therefore, we gegﬁirl])a_ u'(§) =0or
lim u'(§) = ——° . Inboth cases we géd(u(&))u'(€) — 0asé — b O
E—b- D(0)

Proof of Lemma 3.2Setg(u) := f(u)D(u). First we prove the differentiability of
z(u) at a. To this purpose, put := limsup 2(w) A= liminfﬂ. Of course

y—at U — u—at U — &

0 < ¢ < L; assume, by contradictioA,< L. Fix~y € (¢, L) and letu,, be a decreasing
sequence converging tosuch that

2un) v>0 and a (M)mu <0.

Uy — O du \u — « -
Since d , z(u) Z2(u)(u — a) — z(u) 1 . z(u)
%(u—a): (u—a)? :u—a[z(u)_u—a]’
we haves(u,) < uzn(qi"l[ = v, hence—c — ZEZZ; =—c— % < v, and taking

the limit asn — oo, we deduce-c — 9(e) < v, thatis,y? + ¢y + g(a) > 0, implying
Y
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[c2 — A¢ —
v > ¢ gla) —c (sincey > 0). Instead, if we take a decreasing sequengce
converging tax such that
z(vn) =~ and i (ﬂ) >0,
|lu=vp

Up — du \u— «

by repeating the same argument, we get

V& —4g(a) — c

2

Y+ ey +g(e) <0, implying v <

/2 — 4¢ —
So,y = ‘ gla) —c for everyy € (¢, L), from which we derive = L. There-
fore, there exists the limit

AT = lim () € [0, oc].
u—at U — «

Similarly we can prove that there exists

A7 = lim 2()
u—a- U —

€ [0, o0].

Let us now prove thak~ = \* = ;{\/cQ — 4g(a) — ¢}. Indeed, ifD(a) = 0, then

sincez(u)+c = —M, we obtain lim )
z(u) u—at U —
then lim, #(u) = —c < 0, a contradiction. Hence in this case

U—x

[Z(u)+¢c] = —g(a) = 0. So, if AT > 0,

30— —c+ 022—49(04)‘

Instead, ifD(a) # 0 (equivalent toj(a) # 0, sinceg(a) = f(a)D(a)), thenAt # 0.
Indeed ifA* = 0, because of

Z(u) = —c— 9() u—aj
u—a z(u)
we deduce that there eX|sth+ Z(u) = oo, implying \™ = hm+ = o0, a
U—Q u—at U — X
contradiction. Similarly, one can show that < oo. Consequentlyh™ € (0, o),
and then there existdim_(u) = —c — g;ié) = A", hence(A")? + eAt + g(a) = 0,

implying
D)
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Similarly we can prove that

—c+ /= 4g(a)

AT = ="
2
As for the continuity ot at«, notice that wherD(«a) # 0, we have
_ 1 2
lim 2(u) = lim ) u—a = — ( 2 —44(a) — c> =— J(2) :
u—a D(u)  w—ou—a D(u)  2D(a) —4g(a) + ¢
that is, 7 is continuous atv. Instead, ifD(a) = 0, fix ¢ > 0, ¢ < @ and let

C
d = d(e) > 0 be such that

cf (u) fla) :
—c+ flo) + oo + ( Tt 5) D(u) <0  whenevetu —a| < ¢ (3.1)

—c+ f(caj;(ﬁ)% + <f(ca) - 5) D(u) >0  whenevetu — a| < 6. (3.2)
Let us define(.(u) := —(@ +¢)D(u) for u € (o — d,« + §) and let us prove
that z(u) > (. (u) for everyu € (a — d,«). Indeed, ifz(ug) < (.(up) for some
uy € (o — 6, ), then by (3.1) we get

S (u0)¢e(uo) cf (uo)

Huw) = —et cz(uo)(f(oz) + ce) SN fla) +ce

< - (@ + g) D(ug) = C(ug).

C

Hencez(u) < (.(u) in a right neighborhood of,, so we deduce(u) < (.(u) with
2(u) < C(u) in (ug, ), implying z(a™) < (.(a”) = 0, a contradiction. Therefore,
z(u) > (.(u) for everyu € (o — §, ). Similarly, we can prove that(u) < (.(u) for
everyu € (o, o+ 0). Indeed, ifz(u;) > (. (uy) for someu; € (a, a + ), then

_Jw)Dw) . flw)D(w) _ cf(w)
2(uy) T C(uq) flo) +ce
and
) = o W) D) < ¢ cf(ur)  (fla) S = ¢ (u
) = - bt < (K92 by = )

Hence, ifz(u) > ¢.(u), thenz(u) < (.(u). So, ifu, exists, we have(u) > (.(u) for
everyu € (a,u;) with 2(u) < ((u), implying z(a*) > (.(a™) = 0, a contradiction.
Summarizing, we have

C

z(u) > — (f(a) + s) D(u) foreveryu e (a—4,a),
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C

z(u) < — (m +5) D(u) foreveryu € (a,a+ ).

Using (3.2) instead of (3.1), we can analogously prove that

C

z(u) < — (M - 5) D(u) foreveryu € (a—9,a),
fle)

Cc

z(u)>—<

Combining these formulas and recalling thatu) > 0 in (0,«) and D(u) < 0 in
(e, B), we deduce that

fla) z(u) fla)

— 5) D(u) foreveryu € (a,a+9).

- —e< < — whenevel < |u — «a| < 9
. £ D(u) . + ¢, lu — | <6,
that is, lim ;(<u)) = —f(a). Then, the assertion relative to the equilibriams now
U—Q Uu C

complete. Let us now consider the equilibrismRegarding the differentiability of at

G, putL = limsupM and? := liminf —~_. Of course/ < L < 0; assume by
u—pt U— P u—pt u—f3

contradiction/ < L. Fixn € (¢, L) and letu,, be a decreasing sequence converging to

[ such that
2(y,) . d [ z(u)
= th —(—= > 0.
n<0 w du(u—ﬂ |u:un_0

Repeating the same argument developed above relativelyte find—c — @ >,
n
thatis,n*+cn+¢g(3) < 0. Similarly, taking a decreasing sequence convergingwath
—c+ ./ —44(9)
2 )

4 (ﬂ) < 0, we gety’+cn+¢(3) < 0. Thereforey) =
du \uv—a/,_,
g(u)

with g(3) > 0. Observe now that(u) + ¢ = — > 0, and thusz(u) > —c for

z(u)
v c2—429(ﬁ) —° Bythe

everyu € (0,1) \ {a,3}. Hence,n > —c¢, and therm) =
arbitrariness of) € (¢, L), we obtain/ = L, that is, there exists the limit

At i 2 <.

u—Bt U — 6
From now on, the proof proceeds as that developed for the equilirium O

In light of Theorem 3.1, the study of the existence of t.w.s. for equation (2.1) is re-
duced to the study of the solvability of problem (P). It can be split into three singular
problems, respectively if0, «), (o, 3), and (5, 1), which have been widely investi-
gated. The following Proposition summarizes the results known for them.
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Proposition 3.3. Letg : [¢1, (5] — R be a given continuous function vanishing/at/,
and consider the singular problem

P ()
(S) z(u)
2(67) = 2(¢;) = 0.

e If g(u) > 01in (¢4, ¢2) and there exists (finitg)(¢, ), then a threshold valuéexists
satisfying

2l < ¢ < 2, sup 2
ue(fl,fz} u— gl

such that problentS) admits a negative solution ifYy, ¢5) if and only ifc > ¢,
and in this case the solution is unique.

e Similarly, if g(u) < 0in (¢1,¢;) and there exists (finite)(¢»), then a threshold
valuec exists satisfying

2ol < &< 2] sup 2

u€lfly,la) U — ly

such that problentS) admits a positive solution iy, ¢5) if and only ifc > ¢,
and in this case the solution is unique.

Proof. The result in the casg(u) > 0 is well known (see, e.g., [8]). The cagé:) < 0
can be proved with the change of variable

g(u) == —g(ly + o —u) , Z(u) = —z(l; + by — u).

Indeed,g(u) > 0in (¢4, ¢;) andz(u) is a negative solution of problem (S) relativego
if and only if z is a positive solution of problem (S) relative go O

The following existence theorem is the main result of the paper.

Theorem 3.4. Supposg‘;(o) exists and is finite. Then, there exists a threshold value
satisfying

max{{O)DO), (3D} <
- { wp J0D@ f(U)D(U)}
u€(0,a] (4 u€|a, 1], u#s u — 5

such that equatio2.1) admits solutions satisfyin@.3)and (2.4)if and only ifc > ¢*.
Moreover, the solution is unique (up to shifts).
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Proof. By virtue of Proposition 3.3, puj(u) := f(u)D(u), let ¢, cs, c5 denote the
threshold values for the existence of solutions to problem (S) respectivély, i,
(o, ), (B, 1) (see Proposition 3.3), satisfying

o) < G g(u) G g(u) . A g(u)
9(0) < 4 < Sup S 9P < 7 < S B) <3 < S
(3.3)
In force of Theorem 3.1, we deduce that the problem (P) admits a solution if and only
if ¢ > ¢* := max{cy, co, c3}. O

4 Classification of the t.w.s.

As we mentioned in the introduction, due to the possible degeneracy of the diffusion-
aggregation tern(u), t.w.s. reaching the equilibria at finite values could appear. In this
section we study the possible types of t.w.s. in our dynamics according to the following
definition. From now on(a, b) will denote the maximal existence interval of the t.w.s.
(see Definition 2.1).

Definition 4.1. A t.w.s. is said to be

- classical if(a,b) = R;
- sharp of type (1) ifa = —oo andb € R;
- sharp of type (I1) ifa € R andb = oc;

- sharp of type (Ill) ifa, b € R.

In the model proposed in [6], all the previous types of solutions can appear. Instead,
in our framework just sharp t.w.s. of type (I), besides the classical ones, are present, as
the following result shows.

Theorem 4.2. Equation(2.1) supports just classical t.w.s. or sharp of type (I). More-
over, sharp solutions can appear only whee- ¢* and D(0) = 0. Finally, if ¢ = ¢,

D(0) =0and
FBDE) > sup LWPW @.1)

u€(0,a] Uu
then the t.w.s. is classical.

Proof. Let v be a t.w.s. and leta, b) be its maximal existence interval. Of course, if
lim «/'(§) = 0, thenb = oo, otherwise the solution could be continued in the whole

£—b-
half-line (b, 00) as the null function, in contradiction with the maximality of the interval
(a,b). Vice versa, trivially ifglir?_ u'(€) < 0, thenb € R. Similar arguments hold for

the extremum poin&. Let z(u) be the corresponding solution of the singular problem
(P), given by Theorem 3.1. We have

e e 2(w) - (O
Jdm () = lm o5 and lim w(e) = lim 5o
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so, whenD(0) > 0, thenu’(b™) = 0 andb = oo; whenD(1) > 0, thenv’(a™) = 0 and

a = —oo. In [8, Lemma 15] it was proved tha{1) = 0 exists. So, wheD(1) = 0,
according to condition (2.2), we have(1) # 0, and then again’(a*) = 0 implying

a = —oo. Hence, sharp t.w.s. of types (lI) and (lll) does not exist. Finally, assume
that D(0) = 0 and letc; be the threshold wave speed defined in the proof of Theorem
3.4. In [8, Lemma 5 and Corollary 11] it is proved thgt) € {0, —c} exists, and
whenc > ¢;, thenz(0) = 0. Therefore, because @#(0) # 0, whenc > ¢;, we have
u'(b”) = 0, and the t.w.s. is classical. This situation occurs whenc* orc = ¢* > ¢;.
Therefore, wherr = ¢* = max{cy, c2, c3}, under condition (4.1), taking (3.3) into
account, we derive that the t.w.s. is classical. N

Observe that ifD(3) # 0, then condition (4.1) holds true provided thais suffi-
ciently small. This happens in the following example, where the t.w.s. are all classical.

4
condition (1.3) holds withh = i, g = % As it is easy to check]D <%> = E and

f (%) D <%) = 3—12 Moreover, in(O, ﬂ , we have 8
M:u(l—u) (LU) (1—u)< -

so condition (4.1) is satisfied and the t.w.s. are all classical.

Example 4.3. Let f(u) := u(1l — u) and letD(u) := u (1 - u) (% - u> Then
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