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Abstract

In this paper, we are concerned with the third-order quasilinear ordinary differ-
ential equation
(@p(u") = ft,u, v/, u"), 0<t<1,

with the nonlinear boundary conditions
w(0) = 0, g(u'(0),u(0)) = A, h(w/(1),u"(1)) = B
or
u(0) = C, L(u'(0),4/(1)) =0, R((0),/(1),u"(0),u"(1)) =0,

whereA, B,C € R, ®,(u) = [ulP"2u(p > 1), f : [0,1] x R* — R is continuous,
g,h,L : R? - R,R : R* — R are continuous, which occurs in the study of
thep-Laplace equation, generalized reaction-diffusion theory, non-Newtonian fluid
theory, and the turbulent flow of a gas in porous medium. Existence results are
obtained by using a Nagumo condition and upper and lower solutions methods.
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1 Introduction

This paper deals with the existence of solutions for the nonlinear boundary value prob-
lem
(@, (u")) = f(t,u,ud "), teT=1[0,1] (1.1)

satisfying the conditions
u(0) =0, g(u'(0),u"(0)) = A, h(u'(1),u"(1)) =B (1.2)

or
uw(0) = C, L(u'(0),4'(1)) =0, R(u(0),u'(1),4"(0),u"(1)) =0, (1.3)

whereA, B,C € R, f : [0,1] x R® — Ris continuousg, h, L : R* - R, R: R* — R
are continuous, and,(s) = |s[’"s,p > 1. Equations of the above form are math-
ematical models occurring in studies of thd.aplace equation, generalized reaction-
diffusion theory [8], non-Newtonian fluid theory, and the turbulent flow of a gas in
porous medium [6]. In the non-Newtonian fluid theory, the quantity characteristic
of the medium. Media witlp > 2 are called dilatant fluids and those wijth< 2 are
called pseudoplastics. #f= 2, then they are Newtonian fluids.
The equation
(@,(u) = f(t,u,u), tel=10,1] (1.4)

with different boundary conditions has been studied by many authors (see [1-3,11,12,
14,17-20, 22, 23] and references therein).
Third-order boundary value problems

u" = f(t,u,u 0", tel=10,1], (1.5)

have been discussed in many papers in recent years, for instance, see [4,5,9,13, 15, 16,
26] and references therein. However, it seems that little is known about the results for
problem (1.1)—(1.2) or (1.1)—(1.3). Our results are motivated by the papers[1,2,4,5,7,9,
10, 13, 14,16, 26] which studied linear, periodic and Neumann with nonlinear boundary
conditions for equation (1.4) and (1.5). In this paper, we obtain some new results for
the problem (1.1) and (1.2) or (1.1) and (1.3), which are complementary and extensible
to the cases considered by the authors in [4,5,9, 13, 15, 16, 26].

2 Preliminaries

In this section, we present results for second order \Volterra type integro-differential
equations, which will help to prove our main results.
First, let us consider the boundary value problem

(©y(u') = f(t,u, Tu,u), (2.1)
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w(0) = D, h(u(1),4'(1)) =0, (2.2)

whereTu(t) = ¢(t) +/ K(t,s)u(s)ds, function K (t,s) € C([0,1] x [0,1]), ¢(t) €

0
C10,1], K(t,s) > 00on][0,1] x [0, 1], andD is a constant.
Before introducing the main result of existence of solutions of problem (2.1)—(2.2),
we will give the following definition.

Definition 2.1. We say that a function € C[0, 1] is a lower solution of equation (2.1)
if ®,(c’) € C'(0,1) and satisfies

(@,(a)) > f(t,a, T, '), fort € I =10,1].

Analogously, we say that € C[0, 1] is an upper solution of equation (2.1)d,(3') €
C'(0,1) and satisfies

(®,(3)) < f(t,B8,T8,3), fort € I.

Definition 2.2. Let D be a subset o0, 1] x R®. We say thatf(t, u, v, w) satisfies a
Nagumo condition inD, if f(¢,u,v,w) € C([0,1] x R*, R) and given any: > 0, there
exists a positive functio® (z) € C0, o) : [0,00) — [a, +00) such that

|t u, v, w)] < W(jw])

for arbitrary (¢, u, v, w) € D and such that

/000 @Ijl(u)/\ll(cbgl(u))du = 00.

By a modification of the method given in [21, 24], we obtain the following lemma.

Lemma 2.3. Leta and 5 be a lower and an upper solution, respectively, for equation
(2.1)and such thatr < g in I. Assume that

(i) f(t,u,v,w) is nonincreasing in;
(i) f satisfies a Nagumo condition in

{(t,u,v,w) €[0,1] x R*: a(t) <u < B(t)}

Then the boundary value problem
(®,(u) = f(t,u, Tu,u"), u(0)=A4, u(l)=

B
has at least one solution(t) < u(t) < §(¢) for all a(0) < A < 5(0),a(1) < B <
pL).
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Proof. Letuy(t) = B(t). Then
f(t,a(t), Tuo(t), o/ (1)) < f(t, a, Ta(t), o (t)) < (Pp(a))’

f@&,B(), Tuo(t), B'(t)) = (2p(3)), t€1=][0,1].
From [21, Theorem 1] or [18, Theorem 2.2] or [19, Theorem 2.2], we have the problem

(®,(u)) = f(t,u, Tug,u’), u(0)=A, u(l)=nB

has at least one solutian (¢) such that(t) < uy(t) < B(t) = up(t).
We consider again the problem

(@,(u) = f(t,u, Tus,u’), u(0)=A, u(l)=B. (2.3)

Clearly,
f(tv «, Tuh a/) S ((I)p(a,))/7

and
f(ta ulaTula ull) 2 f(tv Uy, Tan ull) - (q)P(U’/l)),

From Lemma 2.3, the above problem has at least one soluti@h such thatx(t) <
By mathematical induction, we can construct a nonincreasing seqyen¢e }
such that

a(t) < un

First let A > 0 such that«a
Next we shall provéu,, (t)

) S tnoa(t) <o < uo(t) = B(1).

(t
()y |ﬁ()| < M,t €[0,1] = I. Then|u,(t)| < M.
< N. From condition( H,), we obtain

/Npl Mdu > 2M, (2.4)
(2M)p—1 h((I) H(u)) '

whereN > max{2M, max{|5’( ), [&/(t)]}}. If not, then there ig, € [0, 1] such that

|u(t2)| > N. We can suppose’( ») > N. The mean value theorem implies that there
is¢ € [0,1] such thatu(1) — u(0) = u/(§). Thus|u'(£)] < 2M < N. Then there is an
interval(c, d| C [0,1] suchthat/(c) = 2M,4/(d) = N, andift € [¢,d],2M < u' < N.

<

From (2.3), we havéd,(u'))’ < h(u'). Then

TGN O g,
/c h(®,H(Py(u'))) dSS/C h(u) d S/C ds < 2M.

Therefore, we have
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This is a contradiction in light of (2.4). Thus we hau€(t)| < N. On the other
hand,u,(t) satisfies the equation, $6®,(u;,))'} is uniformly bounded od. Therefore,
{un(t)},{®,(u;,)} are uniformly bounded and equicontinuous. By Arzela—Ascoli’s the-
orem, there exists a subsequefag, } satisfyingkli_{ngo ®,(uy, ) = v. Thus, we obtain

i v, = ()

and hence
t t
Up, = A +/ uy,, (s)ds — A—i—/ ¢ H(v)ds =1 (k— o0).
0 0
Then there exist € C' (1) such thafim u,, (t) = u. From the dominated convergence

theorem, we conclude thatis a solution of problem (2.3). O

Lemma 2.4. Let« and § be a lower and an upper solution, respectively, for equation
(2.1) and such thatx < §in I. Assume that conditions (i)—(ii) of Lemma 2.3 are
satisfied, andi(u, v) is nondecreasing im and continuous ofR?, and

ha(1),0/(1)) < B < h(3(1), 8'(1)).
Then the boundary value problem

(Pp(u))" = f(t,u, Tu, o), u(0) = D, h(u(1),u'(1)) = (2.5)

), u

has at least one solutiom(t) < u(t) < 3(t) for all a(0) < D < (0).
(t
), o

Proof. First, we assume/(1) = ((1). Thus, bya(t)
On the other hand, it is clear that(1) < §'(1) from h(«a(1
which means/'(1) = 3'(1). Then the problem

< B(t), we geta/(1) > 5
1 1

)) < h(B(1), 5

(@, (u) = f(t,u, Tu,u’), u(0)=D, u(l)=al)

has at least one solutien(t) < u(t) < ((t), which is a solution of problem (2.5).
Next, we consider that(1) < 5(1). Applying Lemma 2.3, we know that the prob-
lem
(@, (u) = f(t,u, Tu,u’), u(0)=D, u(l)=al)

)
has at least one solutieny(t), anda(t) < ap(t) < B(t). It follows thatag(1) < o/(1).
From the assumptions dn we see that

hao(1), ah(1) < ha(1),a'(1)) < B. (2.6)

If equality in (2.6) holds, them(¢) is a solution of problem (2.5). Thus the proof is
complete. Otherwise, we consider the boundary value problem

(®,(u)) = f(t,u, Tu,u"), u(0)=D, u(l)=p(1).
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Clearly, the same reasoning gets to a solutigft) and such that

h(Bo(1), Bp(1)) = h(B(1), F'(1)) = B. (2.7)

Consequently, if equality in (2.7) holds, then the proof is completed. Otherwise, we
chooseld; = (5y(1) + ap(1))/2, and we consider the problem

(®,(u)) = f(t,u, Tu,u), uw(0)=D, u(l)=d.

Applying Lemma 2.3, we obtain a solutian (¢) from the above problem, and, <
uy(t) < Bo. If h(u(1),v'(1)) = B, then the proof is completed. H(u(1),u/'(1)) >
B, then leta;(t) = ag(t), 51(t) = ui(t); if h(u(l),4'(1)) < B, then leta;(t) =

uﬁ%&@==%@-Hmw&ﬂ%—mﬂ)=%%ﬂ%wmwkAﬁmwﬁwme
induction method, that we have obtainedt), 5,(¢) (n = 1,2,--- ,m), which satisfy

an71<t) S an@) S 5n<t> S 5n71(t)7 0 S t S 17 (28)

5a(1) = an(1) = 5502 (1) — a1 (1) @9)

Then, choos€,,, 1 = =[6(1) + a,,(1)], and we consider the problem

1
2
(©,(u) = f(t,u, Tu,u’), u(0)=D, u(l)=dpyi.

Consequently, by the same method used to olatait) andg; (¢), we havey,,.(¢) and
Bm+1(t), which satisfy

am(t) S O4m—|—1(t) S ﬁm-i—l(t) S 6m(t)a 0 S t S 17

Brt1(1) = g (1) = %[ﬁm(l) — an(1)].

Hence, we have the relations (2.8) and (2.9) for every
In view of how we pickedv, (¢) andj,(t), it is easy to see that

h(an(1), (1) < B, h(B(1),3,(1)) > B. (2.10)

From (2.10), we obtain that
5u1) — (1) = 5 50(1) — ao(1)]. (2.11)
Also, the Nagumo condition showsv, ()}, {3.(t)}, {c,(t)}, {5, (t)} are equicontin-

uous and uniformly bounded i < ¢ < 1. Therefore, applying the Arzela—Ascoli
theorem to the sequencés, ()} and{(,(t)}, there exist two subsequencg$, ()}
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and{a,,(t)} such thatag — oo, 3, (t) — uo(t), By, (t) — uy(t), uniformly on[0, 1],
anda,, (t) — u(t), o, (t) — ug,(t), uniformly on|0, 1] asi — oo. Thereforeuy(t) and

) ng

uy(t) satisfy (2.1), and we have

h(uo(1),up(1)) > B, hluo(1), (1)) < B. (2.12)
From (2.10) and (2.7), it is obvious that

On the other hand, by (2.11), we will show thaf(1) = u,(1). Thus, we have from
(2.13)
(1) = up(1). (2.14)

From (2.12) and (2.14), we get

B < h(ug(1),up(1)) < h(To(1),15(1)) < B. (2.15)
By (2.15), it is easy to show the relations

B = h(ug(1),up(1)) = h(to(1), up(1)).
Hence, we complete the proof. O
As in the proof of Lemma 2.4, we can show the following.

Lemma 2.5. Let« and 5 be a lower and an upper solution, respectively, for equation
(2.1) and such thatx < §in I. Assume that conditions (i)—(ii) of Lemma 2.3 are
satisfied g(u, v) is nonincreasing in and continuous ofR?, and

9(8(0), 5(0)) < A < g((0),/(0)).
Then the boundary value problem
(@) = f(t,u, Tu,'), u(l) =F, g(u(0),u'(0)) = A
has at least one solution(t) < u(t) < g(t) forall (1) < F < (1).
As in the proofs of Lemma 2.4 and Lemma 2.5, we can show the following.

Lemma 2.6. Let« and 5 be a lower and an upper solution, respectively, for equation
(2.1) and such thatx < §in I. Assume that conditions (i)—(ii) of Lemma 2.3 are
satisfiedg(u,v), h(u,v)are nonincreasing in and nondecreasing imand continuous

onR?, and
{ 9(8(0),5(0)) <
h(a(1),0/(1)) <
Then the boundary value problem
(Pp(u)) = f(t,u, Tu,u'),
9(w(0),u'(0)) = A, h(u(1),'(1)) =B
has at least one solution(t) < u(t) < S(t).

< 9(a(0),’(0)),
<

A
B < h(B(1),5(1)).
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Secondly, we consider the boundary value problem consisting of (2.1) and
L(u(0),u(1)) =0, R(u(0),u(1),4(0),4 (1)) =0, (2.16)
which contains the boundary conditions
w(0) = u(l), «'(0) =1/(1).
Lemma 2.7. Assume that
(i) Conditions(i)—(ii ) of Lemma 2.3 are satisfied,

(i) L(¢,m) € C(R?) and there exist nondecreasing functioy(s) and 6(s), which
are continuous ofiR, such that.(y(s),f(s)) = 0 for s € R;

(i) R(&,n,u,v) € C(R*) is nondecreasing with respect tg and is nonincreasing
with respect ta;

(iv) leta and be a lower and an upper solution, respectively, for equatibt)and
satisfy the following hypotheses

R(5(0), 6(1), 3'(0), (1)) < 0 < R((0), (1), 0'(0), a'(1)),

and there exist; ands; (s; < s3) such that
v(s1) = a(0), 0(s1) = a(1); v(s2) = B(0), O(s2) = B(1).

Then the boundary value proble®.1), (2.16) has a solutionu(¢) such thata(t) <
u(t) < B(t)in 1.

Proof. By the monotonicity ofy(s) andd(s), for arbitrarys (s; < s < s;) we have
a(0) < v(s) < B(0),a(1) < 6(s) < B(1). Hence, by Lemma 2.3, the problem

(@p(u) = f(t,u, Tu,u'), u(0,s)=~(s), u(l,s)=10(s)

has at least one solutient) < u
If s = s, thenu(0,s,) =
u'(1,81) < (1),

u(l,s1) = «a(1). Sinceu'(0,s;) > o'(0) and

) a(
), (1), 0/(0),a'(1)) > 0. (2.17)

Similarly if s = s,, then we have

U(O, SQ) = 6(0)’ u(lv 32) = /8(1); ul(oa 82) < /8/(0)7 u/(lv SQ) > ﬁ,(l)'
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Hence

1), 3(0),5'(1)) < 0. (2.18)
Define the set§);, (2, by
Q1 = {s: R(u(0,s),u(l,s),u'(0,s),u(1,s)) > 0,51 < s < s},

Qy = {s: R(u(0,s),u(l,s),u'(0,s),u'(1,s)) <0,s1 <5< 8}

From (2.17) and (2.18), we know th&;, N 2, = (. We claim that(2, is closed.
To see this, let, € Q; with lim ¢, = ¢,. Then withu, = u,,, it follows that

n—00
S

R(un(0,8),u,(1,),u,(0,s),u,(1,s)) > 0, and there exists a subsequence,pivhich
converges uniformly o0, 1], to a solutionu, of (1.1) satisfyingu,(0, s) = ~(s) and
up(1,8) = 0(s) and R(ug(0, s), un(1, s),ug(0, s),uy(1,s)) > 0. By assumption, equal-
ity cannot occur, so thak(ug(0, s), ug(1,s),u,(0, s), ug(1, s)) > 0, and thusy € Q.
Thereforef), is closed. Likewise, we may show thai is closed. Thus there exists an
So € [81, 82] such that

R(u(0, s0),u(1,s0),u'(0,80),u'(1,s0)) = 0.

The proof is complete. O

3 Main Results

In this section, we discuss the existence of solutions for the third order nonlinear bound-
ary value problem (1.1)—(1.2) or (1.1), (1.3).

Definition 3.1. We say that a function € C?[0, 1] is a lower solution of equation (1.1)
if ®,(a”) € C'(0,1) and satisfies

(@,(a") > f(t,a,a/,a"), for t € 1.

Analogously, we say that € C?[0, 1] is an upper solution of equation (1.1)if,(5") €
C'[0,1] and satisfies

(@,(8") < f(t.B,8,6"), fort € 1.

By a modification of the method given in [15, 16], we have the following main
theorem for (1.1)—(1.2).

Theorem 3.2. Assume that
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(i) There exists an upper solutighand a lower solutiony of the equatior{1.1) on
I = [0, 1], respectively, such that

a(t) < B(t), o/ (t) < B(t), a0)=7p3(0)=0,0<t<I1;

(i) f(t,u,u’,u”) is nonincreasing inc and continuous of), 1] x R?;
(iii) f(t,u,u',u") satisfies a Nagumo condition in

{(t,u,v,w) €[0,1] x R* : a(t) <u < at),d(t) <u'(t) < B 1)}

(iv) g(u,v), h(u,v) are continuous orR?, g(u,v) is decreasing iy and h(u,v) is
increasing inv, and

Then the boundary value proble(h.1)(1.2) has a solutionu(t) such thata(t) <
u(t) < p(t) fort € I.

t
Proof. Setu’ = 2. Then we havei(t) = [ 2z(s)ds. Thus, the boundary value problem

(1.1)-(2.2) can be written as a boundatl)ry value problem for the second order integro-
differential equation of Volterra type as

(@,(z") = f <t,/0 z(s)ds,z,z’) , (3.1)
9(2(0),2'(0)) = A, h(z(1),2'(1)) = B. (3.2)

In order to employ Lemma 2.5, we construct the lower and upper solutions for the
boundary value problem (3.1)—(3.2) by usin@), 3(¢) and hypotheses (i)—(iv). We set

a(t) =d'(t), B(t)=pG).

Then, it is easy to show that _
a(t) < B(t)

because of (i).
t

t
Note thata(t) = / a(s)ds, B(t) = / B(s)ds. Now, using (iv) and the mono-
tonicity of f from (ii), V\(;e obtain ’

@@= 1 (1 [ asanan).
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@@y <t [ t Bs)as, B0 (1)

9(B(0),B'(0)) < A < g(@(0),@(0)),

h(@(1),@ (1)) < B < h(B(1),5(1)).

Thus, we see that the functionisand 3 are the lower and the upper solutions, respec-
tively for the boundary value problem (3.1)—(3.2). Hence, by Lemma 2.6, we have

at) < z(t) <B(t), 0<t<1,
wherez(t) is a solution of the boundary value problem (2.17)—(2.18). Finally, from the
relationz(t) = «/(t), we can recoveu(t) = /Ot z(s)ds. O
Next, we give the following main theorem for (1.1), (1.3).
Theorem 3.3. Assume that

(i) There exists an upper solutighand a lower solutiony of the equatior(1.1) on
I =10, 1], respectively, such that

alt) < B(t), o'(t) <), a(0)=p5(0)=0, 0<t<1;

(i) f(t,u,u',u") € C(]0,1] x R*) and nonincreasing with respect to
(i) conditions (ii)—(iii) of Lemma 2.7 hold;
(iv) f satisfies a Nagumo condition in

{(t,u,v,w) €[0,1] x R*: a(t) <u < aft),d(t) <o(t) < B 1)}

(v) R satisfies
R(B(0),8'(1), 8"(0), 3"(1)) < 0 < R(a'(0),/(1),0”(0),0”(1)).
In addition, if there exist, ands, (s < s,) with
r(s1) = a(0), 0(s1) = a/(1),

r(s2) = 5'(0), O(s2) = (1),
then the boundary value problgih 1), (1.3)has a solution:(¢) such that(t) < u(t) <
B(t).
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t
Proof. Setu’ = z. Then we havei(t) = [ 2z(s)ds. Thus, the boundary value problem

(2.1), (1.3) can be written as a boundgry value problem for the second order integro-
differential equation of Volterra type as

(®,(z") = f <t,/0 z(s)ds, z, z’) , (3.3)
L(z(0),2(0)) = A, R(z2(0),2(0),2(1),2'(1)) = B. (3.4)

In order to employ Lemma 2.7, we construct the lower and upper solutions for the
boundary value problem (3.1)—(3.2) by using), 3(¢) and hypotheses (i)—(v). We set

a(t) =a(t) + 6, B(t) = p(t) — s,

where
5 =C —«a(0), 0, =p5(0)—C.

Then, it is easy to show that0) = C' = 3(0). Moreover, if we write

!/

a'(t) = a.(t), B(t)=p.),
it is easy to show that. (t) < 5.(t), for0 <t < 1.
Note thata(t) = C +/ a.(s)ds, B(t) = C +/ B.(s)ds. We have
0 0

@) 2 1 (a0 + [ aosan).

<%@@W§f@m@ﬂ+ém@@ﬁm)
R(3.(0), Ba(1), 8(0), (1)) < 0 < R(aa(0), an(1), o, (0), o, (1),

and there exist;, s3 (s1 < s2), such that
r(s1) = a.(0), 0(s1) = ax(1),

r(s2) = 08.(0), 0(s2) = a.(1).

Consequently, by Lemma 2.7, we obtain a solutiaf of (3.3)—(3.4), such that, (t) <
z(t) < B.(t). From the relation/(t) = z(t), we can recover

u(t) =C + /tz(s)ds, alt) <u(t) <pR) (0<t<1).

So, the proof is completed. O
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Finally, we consider the third-order two-point boundary value problem

(lu"PP=2u") + f(t,u) =0, 0<t<1, (3.5)
uw(0) = u'(0) = /(1) = 0. (3.6)

Theorem 3.4. Assume that there exists an upper solutiband a lower solutiony of
the equatior(3.5)on I = [0, 1], respectively, such that

at) < B(1), /() < B(1), a0)=75(0)=0,0<t<1.

Then the boundary value proble(8.5)(3.6) has a solutionu(t) such thata(t) <
u(t) < B(t).

t
Proof. Setu’ = 2. Then we havei(t) = [ 2z(s)ds. Thus, the boundary value problem

(3.5)—(3.6) can be written as a boundaory value problem for the second order integro-
differential equation of Volterra type as

(®,(z") = f (t,/o Z(s)ds) , 0<t <1, (3.7)
z(0) = z(1) = 0. (3.8)

In order to employ Lemma 2.3, we construct the lower and upper solutions for the
boundary value problem (3.7)—(3.8) by usin@), 5(t). We set

at) =a'(t), Bt)=p5').

Then, itis easy to show that

(t) < B(t)-

t t
Note thato(t) = / a(s)ds, B(t) = [ B(s)ds. By using the assumptions, we obtain
0 0

@@= £ (1 [ atoas).

@@y <s (e tB(S)ds) |

Consequently, by Lemma 2.3, we obtain a solutiot) of (3.7)—(3.8), such that(t) <
z(t) < B(t). From the relation/(t) = z(t), we can recover

=]

u(t) =C + /tz(s)ds, alt) <u(t) <p) (0<t<1).

So, the proof is completed. O

Remark3.5. Whenp = 2, related results for problem (3.5)—(3.6) have been obtained
in [25]. Thus, Theorem 3.4 extends some results in the literature [25].
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4  Application

The following example illustrates an application of the main results for this paper.
Example 4.1. Consider the boundary value problem
(|u"[P~2u") — (t — u)?* — t(4 + )/ — (u)Psin(u”) =0, t €T =1]0,1] (4.1)
satisfying the conditions
u(0) =0, 5(u/(0))* — zu"(0) =5, (u'(1))*+ (u"(1))* =1, (4.2)
Let

ft,u,v,w) = (t—u)?* + (4 + t*)v + vP sinw,

1
g(v,w) = 5v* — W, h(v,w) = v* + w?.

f is continuous or0, 1] x R?* and nonincreasing in whena(t) < u(t) < B(t),t €
[0,1]. g, h are continuous oRR?, g(v, w) is decreasing im, h(v, w) is increasing inv.
Furthermoref satisfies a Nagumo condition in

{(t,u,v,w) €[0,1] xR*: t <u<t, —1<v<1}.
In fact
1ful = | =20t —w)| < 4t < 4, |fo] = [t(4 +12) + 2usinw| < 5+ 2| < 7,
| fuw| = [P cosw| < JuP < 1.
Then
f (w0, w)| < fullul + [ follo] + [ fullw] + 1f(2,0,0,0)
<445+ 20+ v +1 <10+ 20 + [vfP <13 = M.

It is easy to prove that(t) = —t,3(t) = t are lower and upper solutions of BVP
(4.1)—(4.2), respectively. In fact

(| P72a") — (t — a)* — t(4 + t*)a’ — (/)P sin(a”)
=22 +tA+ ) =+ 4t — AP = t(t? — At +4) = t(t — 2)*
(18"P26") = (t = B)* = t(4 +¢*)3' — (3P sin(8") = —t(4 +t?)

Moreover,

>0,
<0.
a(t) < B(t), a(0) = 5(0) = 0
and
9(3'(0), 87(0)) <5 < g(a’(0),a"(0)),
h(a'(1),a"(1)) <1 < h(B'(1), 3"(1)).

From Theorem 3.2, the boundary value problem (4.1)—(4.2) has a solution.
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