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Abstract

Matching interface problems are a class of interface problems wherein two
different differential equations are defined on adjacent intervals with matching in-
terface conditions at the common point of interface. In literature, we see that a lot
of work has been done for this kind of problems when the interface is regular and
also when the end points are singular. To our knowledge little work has been done
where the point of interface is singular. We use the theory developed for dynamic
equations on time scales to study these types of problems. In this paper we consider
an initial value problem which consists of two different dynamic equations defined
on adjacent intervals with a singularity at the interface along with matching inter-
face conditions. We discuss the existence of matching solutions, the fundamental
systems, dimensions of null space and solutions of the nonhomogeneous equations
for this new class of singular interface problems. The results of this paper also
generalize corresponding results on differential equations for regular and singular
cases found so far in the literature.

AMS Subject Classifications:39A10.
Keywords: Singular interface problems, dynamic equations.

1 Introduction

Solving boundary value problems with different types of singularities has remained a
challenge for mathematicians over the ages. Whileregular problems, those over fi-
nite intervals with well-behaved coefficients pose no difficulties, there are applications
wherein either the domain of the problem is not well defined, or the continuity and/or
smoothness of the functions, coefficients involved are not guaranteed in some parts of
the domain, sometimes in the boundary or parts of the boundary. In all such cases the
problem is considered to be asingular problem. The definition of the problem and
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therefore the description of the solution becomes a highly difficult task. There are quite
a number of different approaches that we come across in the literature to tackle these
singular problems [1, 8–15, 22]. In the literature we find a new class of interface prob-
lems, termed as mixed pair of equations, discussed in the papers [2–5,16–21], where two
different differential equations are defined on adjacent intervals with a common point
of interface and the solutions satisfy a matching condition at the point of interface. We
observe that the above problem for the regular case has been discussed in [5, 17–21].
In [2] the authors discuss an application of the classical Weyl limit criterion to define
the coefficients with well-known Wronskian boundary conditions to tackle the singu-
larity at the boundary for this class of problems. Though this work is specifically for
Sturm–Liouville problems, it paves a way to study the problem of singularity at the end
boundary points. But the problem of having a singularity at the point of interface re-
mained unexplored. The singularity at the point of interface in the domain of definition
of the mixed pair of equations could be of the following four types satisfying certain
matching conditions at the singular interface.

1. [a, c] ∪ [σ(c), b]

2. [a, ρ(c)] ∪ [c, b]

3. [a, ρ(c)] ∪ [σ(c), b]

4. [a, ρ(c)] ∪ {c} ∪ [σ(c), b]

In this context we feel that the new framework of dynamic equations on time scales
[6] with facilities of the two jump operators with various definitions of continuity and
derivatives makes one’s job simple to study the interface problems with mixed operators
with the above mentioned types of singularities at the interface. Here, we consider
a pair of dynamic equations of different orders defined on adjacent intervals satisfying
certain interface conditions at the point of singular interface. In this paper we initiate the
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corresponding theory to study these types of problems. The subject matter of this paper
is to discuss the IVPs associated with these singular interface problems. We observe that
the first three types of problems may be dealt with in similar fashion but the fourth type
of singular interface problem is of different nature and needs to be investigated in a much
more rigorous and specific manner. The results in this paper will discuss only the first
type of problem and the rest of problems will be dealt with in our subsequent papers. We
must also mention that by the very nature of dynamic equations the results embodied
here generalize the corresponding results for a pair of ordinary differential equations
with the above mentioned types of singularities at the interface found in [20, 21]. In
short, this paper is the first of its kind where we not only generalize the theory of a
specific class of interface problems but also extend the said theory to the unexplored
kind of singular problems in its general form.

In Section 2, we give the definition of the initial value problem (IVP) and the match-
ing solution. We also introduce the concepts of Wronski determinant, linear indepen-
dence forn pairs of functions and the fundamental system for a pair of dynamic equa-
tions. In Section 3, we prove a theorem regarding the existence of matching solutions
and fundamental systems for the IVP. In Section 4, we prove a theorem on the dimen-
sions of the null space for the IVP, and in Section 5, the solution of nonhomogeneous
equations for the IVP is dealt with. Finally we have a note on how the work done on
a pair of differential equations satisfying certain interface conditions becomes a special
case of the above IVP on a time scale.

2 Definition of the Initial Value Problem and Funda-
mental Systems

Let us consider a pair ofdynamic equationswhich are linear of ordersn andm respec-
tively, and of the form

y∆n

1 +
n∑

k=1

qk1(t)(y
∆n−k

1 )σ = 0 for all t ∈ I1

y∆m

2 +
m∑

k=1

qk2(t)(y
∆m−k

2 )σ = 0 for all t ∈ I2,

whereqki
: T → R are rd-continuous functions fori = 1, 2. For the sake of definiteness,

we also assumen ≥ m. Let x1 ∈ I1 andc0, c1, . . . , cn−1 ben arbitrary real numbers.
Let x2 ∈ I2 andd0, d1, . . . , dm−1 bem arbitrary real numbers.
IVP: Let I1 = [a, c], I2 = [σ(c), b], −∞ < a < c < σ(c) < ∞. If a = −∞, then we
takeI1 = (−∞, c]. if b = ∞, then we takeI2 = [σ(c),∞). Let I = I1 ∪ I2. We define
the IVP by

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1 (2.1)
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y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = f2, (2.2)

wheref1, f2 ∈ Crd, subject to

y∆
1

j
(x1) = cj, j = 0, 1, . . . , n− 1 (2.3)

along with

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1

y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = f2,

wheref1, f2 ∈ Crd, subject to

y∆
2

j
(x2) = dj, j = 0, 1, . . . ,m− 1. (2.4)

Definition 2.1. We call a functiony : T → R a solution of (2.1), (2.2) if

(i) y is n times delta differentiable onTκn

(ii) the functiony|I1 = y1 andy1 satisfies the equation

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1 for all t ∈ I1.

(iii) the functiony|I2 = y2 andy2 satisfies the equation

y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = f2 for all t ∈ I2.

Definition 2.2. We call a functiony : T → R a matching solution of (2.1), (2.2) if

(i) y is a solution of (2.1), (2.2) in the sense of Definition 2.1

(ii) the functionsy|I1 = y1 andy|I2 = y2 satisfy certain matching interface condi-
tions, namely

Aỹ1(c) = B ˜̃y2(σ(c)), (2.5)

where
ỹ1(c) = column(y1(c), y1

∆(c), . . . , y1
∆n−1

(c))

˜̃y2(σ(c)) = column(y2(σ(c)), y2
∆(σ(c)), . . . , y2

∆m−1
(σ(c))),

A andB are(m × n) and(m × m) matrices with real entries respectively, and
R(A) = R(B).
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Remark2.3. We notice thatR(A) = R(B) implies thatρ(A) = ρ(B) = d(≤ m), where
ρ(A), ρ(B) denote the rank ofA andB respectively. Also we see that dim(N (A)) =
n− d, and dim(N (B)) = m− d.

Definition 2.4. Let yk : T → R whereyk = (yk1, yk2) (whereyk|I1 = yk1, yk|I2 = yk2)
be solutions of (2.1), (2.2) and let them be (m− 1) times differentiable functions for all
1 ≤ k ≤ m. We then define theWronski determinantW = W (y1, y2, . . . , ym) of the set
{y1, y2, . . . , ym} as detV (y1, y2, . . . , ym), where the matrixV (y1, y2, . . . , ym) is defined
by 

y11 + y12 y21 + y22 . . . ym1 + ym2

y11
∆ + y12

∆ y21
∆ + y22

∆ . . . ym1
∆ + ym2

∆

...
... . . .

...

y11
∆m−1

+ y12
∆m−1

y21
∆m−1

+ y22
∆m−1

. . . ym1
∆m−1

+ ym2
∆m−1

 ,

i.e.,(V (y1, y2, . . . , ym))ij = yj
∆i−1

for all 1 ≤ i, j ≤ m.

Definition 2.5. We say that the nontrivial functionsy1, y2, . . . , yp defined on the interval
I arelinearly independentif for any set of scalarsα1, α2, . . . , αp

p∑
i=1

αiyi(t) = 0 for all t ∈ I, t 6= c, σ(c),

p∑
i=1

αiyi(c) =

p∑
i=1

αiyi(σ(c)) = 0

impliesα1 = α2 = . . . = αp = 0.

Definition 2.6. A set of solutions{y1, y2, . . . , yn} of the regressive equations(see [6,
Definition 2.25]) (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4) is called afundamental system
for (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4), respectively, if there is at0 ∈ I such that

W (y1, y2, . . . , yn)(t0) 6= 0.

Remark2.7. If the set of solutions{y1, y2, . . . , yn} is linearly independent and spans the
solution space (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4), then

W (y1, y2, . . . , yn)(t) 6= 0 for all t ∈ I.

Hence{y1, y2, . . . , yn} is a fundamental system.
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3 Existence of Matching Solutions for the IVP

Theorem 3.1. (i) If either f1, f2 6= 0 or c0, c1, . . . , cn−1 are not zeros, then the IVP
(2.1), (2.2), (2.3) has a matching fundamental system consisting ofm − d + 1
linearly independent matching solutions of(2.1), (2.2), (2.3).

If bothf1, f2 = 0 andc0, c1, . . . , cn−1 are all zeros, then the IVP(2.1), (2.2), (2.3)
has a matching fundamental system consisting of onlym−d linearly independent
matching solutions of(2.1), (2.2), (2.3).

(ii) If either f1, f2 6= 0 or d0, d1, . . . , dm−1 are not zeros, then the IVP(2.1), (2.2),
(2.4) has a matching fundamental system consisting ofn − d + 1 linearly inde-
pendent matching solutions of(2.1), (2.2), (2.4).

If bothf1, f2 = 0 andd0, d1, . . . , dm−1 are all zeros, then the IVP(2.1), (2.2), (2.4)
has a matching fundamental system consisting of onlyn− d linearly independent
matching solutions of(2.1), (2.2), (2.4).

Proof. We first prove part (i). There exists a unique functiony1 : I1 → R such that

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1,

y∆
1

j
(x1) = cj , j = 0, 1, . . . , n− 1

(see [6, Corollary 5.90 on page 239 and Theorem 5.119 on page 251]). Lety∆
1

j
(c) = aj,

j = 0, 1, . . . , n − 1. Let ã = column(a0, a1, . . . , an−1). Consider the matrix equation
Bβ=Aã. SinceR(A) = R(B), there exists a vectorβ0 ∈ Rm such thatBβ0=Aã. If
Aã 6= 0, thenβ0 is a nonzero vector. IfAã = 0, then we takeβ0 to be the zero vector.
Sinceρ(A) = d, the dimension of the null space ofB is m− d (see Remark 2.3). Hence
there exist exactlym − d linearly independent vectorsβ1, β2, . . . , βm−d ∈ Rm which
are solutions ofBβ = 0. Clearly,β0, β0 + β1, . . . , β0 + βm−d arem − d + 1 solutions
of Bβ=Aã which verifies the existence of solutions. Now, for the setβ0, β1

0, . . . , β0
m−1,

there exists a unique functiony02 : I2 → R such that

y02
∆m

+
m∑

k=1

qk2(t)(y02
∆m−k

)σ = f2,

y02
∆j

(σ(c)) = βj
0, j = 0, 1, . . . ,m− 1.

Also, for the setβ0
i, β1

i, . . . , βm−1
i, there exists a unique functionyi2 : I2 → R such

that

yi2
∆m

+
m∑

k=1

qk2(t)(yi2
∆m−k

)σ = f2, i = 1, 2, . . . ,m− d,
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yi2
∆j

(σ(c)) = βj
i, j = 0, 1, . . . ,m− 1.

Note thatyi2, i = 1, 2, . . . ,m− d exist as there arem− d + 1 matching solutions. We
define

y0(t) =

{
y1(t), t ∈ I1

y02(t), t ∈ I2,
ỹi(t) =

{
0, t ∈ I1

yi2(t), t ∈ I2

andyi(t) = y0(t) + ỹi(t), t ∈ I, i = 1, 2, . . . ,m − d. Clearly,y0, y1, . . . , ym−d are
m−d+1 matching solutions of (2.1), (2.2), (2.3) (see Definition 2.2). If eitherf1, f2 6= 0
or c0, c1, . . . , cn−1, theny0(t) 6= 0 (sincet ∈ I1 implies y1(t) 6= 0, t ∈ I2 implies
y02(t) 6= 0).
Claim: {y0, y1, . . . , ym−d} form a matching fundamental system for (2.1), (2.2), (2.3).

From Remark 2.7 it is sufficient for us to show that{y0, y1, . . . , ym−d} is linearly
independent and spans the solution space for (2.1), (2.2), (2.3). First, we show that
y0, y1, . . . , ym−d are linearly independent. For, letα0, α1, . . . , αm−d be scalars such that

m−d∑
i=0

αiyi(t) = 0, t ∈ I, t 6= c, σ(c), (3.1)

m−d∑
i=0

αiyi(c) =
m−d∑
i=0

αiyi(σ(c)) = 0, (3.2)

Delta differentiating (3.1)j times (j = 0, 1, . . . ,m− 1) and takingt = σ(c), we get that

m−d∑
i=0

αiyi
∆j

(σ(c)) =
m−d∑
i=0

αiy0
∆j

(σ(c)) +
m−d∑
i=1

αiỹ
∆j

i (σ(c)) = 0. (3.3)

Since
y0

∆j
(σ(c)) = y02

∆j
(σ(c)) = βj

0,

ỹ∆j

i (σ(c)) = yi2
∆j

(σ(c)) = βj
i,

equation (3.3) implies that

m−d∑
i=0

αiβj
0 +

m−d∑
i=1

αiβj
i = 0, j = 0, 1, . . . ,m− 1.

That is, atj = 0, we have
m−d∑
i=0

αiβ
0 +

m−d∑
i=1

αiβ
i = 0

and thus
α0β

0 + α1(β
0 + β1) + . . . + αm−d(β

0 + βm−d) = 0

and hence
α1 = α2 = . . . = αm−d = 0 andα0β

0 = 0 (3.4)
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(sinceβ0 + βi 6= 0 for 1 ≤ i ≤ m − d). If β0 6= 0, then (3.4) implies thatα0 =
0. Even otherwise, sincey0 6= 0, (3.1) and (3.2) imply thatα0 = 0. Hence, by
Definition 2.5,{y0, y1, . . . , ym−d} are linearly independent. We are left to show that
{y0, y1, . . . , ym−d} span the solution space for (2.1), (2.2), (2.3). Letv be any other
matching solution of (2.1), (2.2), (2.3). Thenv∆j

(c) = aj, j = 0, 1, . . . , n − 1. If
˜̃v(σ(c)) = column(v(σ(c)), v∆(σ(c)), . . . , v∆m−1

(σ(c))), we haveB ˜̃v(σ(c)) = Aã (see
Definition 2.2). Therefore,

˜̃v(σ(c)) = β0 + γ1β
1 + . . . + γm−dβ

m−d for some scalarsγ1, γ2, . . . , γm−d (3.5)

sinceβ0, β0 + β1, . . . , β0 + βm−d arem − d + 1 solutions ofBβ = Aã. Consider the
functionK defined by

K(t) = y0(t) +
m−d∑
i=1

γiỹi(t), t ∈ I. (3.6)

Now K∆j
(x1) = y1

∆j
(x1) = cj = v∆j

(x1) since

m−d∑
i=1

γiyi(t)−
m−d∑
i=1

γiy0(t) =
m−d∑
i=1

γiỹi(t) andỹi(t) = 0 for all t ∈ I1.

HenceK(t) = y1(t) for all t ∈ I1 (due to (3.6)). We know that

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1 for all t ∈ I1.

Also, by the definition ofv,

v∆
1

n
+

n∑
k=1

qk1(t)(v
∆
1

n−k
)σ = f1 for all t ∈ I1.

Now

˜̃K(σ(c)) = β0 +
m−d∑
i=1

γiβj
i = ˜̃v(σ(c))

due to (3.5) and the above equation atj = 0. Also,K(t) = y02(t) + yi2(t) for all t ∈ I2

implies thatK satisfies

K∆
2

m
+

m∑
k=1

qk2(t)(K
∆
2

m−k
)σ = f2.

Based on the above facts, we can conclude thatv|Ii
= K|Ii

, i = 1, 2. Therefore,
v = K. Hence,{y0, y1, . . . , yn} span the solution space for (2.1), (2.2), (2.3). So
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{y0, y1, . . . , ym−d} is a fundamental system for (2.1), (2.2), (2.3). If bothf1, f2 ≡ 0
andc0, c1, . . . , cn−1 are all zeros, theny0 ≡ 0, and as shown above, it can be verified
that{y1, y2, . . . , ym−d} form a matching fundamental system for (2.1), (2.2), (2.3).

Now we prove part (ii). There exists a unique functiony2 : I2 → R such that

y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = f2,

y∆
2

j
(x2) = dj , j = 0, 1, . . . ,m− 1.

Let y∆
2

j
(σ(c)) = bj, j = 0, 1, . . . ,m − 1 and b̃ = column(b0, b1, . . . , bm−1). Let us

consider the matrix equationAη = Bb̃. SinceR(A) = R(B), there exists a vector
η0 ∈ Rn such thatAη0 = Bb̃. If Bb̃ 6= 0, thenη0 is a nonzero vector. IfBb̃ = 0, then
we takeη0 to be the zero vector. Sinceρ(A) = d, there exist exactlyn − d linearly
independent vectors,η1, η2, . . . , ηn−d ∈ Rn which are solutions ofAη = 0. Clearly,
η0, η0 + η1, . . . , η0 + ηn−d are n − d + 1 solutions ofAη = Bb̃ which verifies the
existence of solutions. Now, for the setη0, η1

0, . . . , ηn−1
0, there exists a unique function

y01 : I1 → R such that

y01
∆n

+
n∑

k=1

qk1(t)(y01
∆n−k

)σ = f1,

y01
∆j

(c) = ηj
0, j = 0, 1, . . . , n− 1.

Also, for the setη0
i, η1

i, . . . , ηn−1
i, there exists a unique functionyi1 : I1 → R such that

yi1
∆n

+
n∑

k=1

qk1(t)(yi1
∆n−k

)σ = f1, i = 1, 2, . . . , n− d,

yi1
∆j

(c) = ηj
i, j = 0, 1, . . . , n− 1.

We define

y0(t) =

{
y01(t), t ∈ I1

y2(t), t ∈ I2,
ỹi(t) =

{
yi1, t ∈ I1

0, t ∈ I2

andyi(t) = y0(t) + ỹi(t), t ∈ I, i = 1, 2, . . . , n − d. Clearly, y0, y1, . . . , yn−d are
n−d+1 matching solutions of (2.1), (2.2), (2.4) (see Definition 2.2). If eitherf1, f2 6= 0
or d0, d1, . . . , dm−1 are not all zeros, theny0 6= 0 and as shown in part (i) it can be
verified that{y0, y1, . . . , yn−d} form a matching fundamental system for (2.1), (2.2),
(2.4). If bothf1, f2 ≡ 0 andd0, d1, . . . , dm−1 are all zeros, theny0 ≡ 0 and consequently
{y1, y2, . . . , yn−d} form a matching fundamental system for (2.1), (2.2), (2.4).

In a similar manner, Theorem 3.1 can be proved for IVPs for the Interface II and
Interface III with necessary changes. In the next section, we prove a theorem on the
dimensions of the null space of the IVP.
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4 Dimensions of the Null Space for the IVP

Theorem 4.1.LetI1 = [a, c], I2 = [σ(c), b],−∞ < a < c < σ(c) < ∞. LetI = I1∪I2.
Let the functiony : T → R, defined on the intervalI, satisfy certain matching interface
conditions, namelyAỹ1(c) = B ˜̃y2(σ(c)), where

ỹ1(c) = column(y1(c), y1
∆(c), . . . , y1

∆n−1
(c))

˜̃y2(σ(c)) = column(y2(σ(c)), y2
∆(σ(c)), . . . , y2

∆m−1
(σ(c))),

A andB are (m× n) and(m×m) matrices with real entries, respectively. Then there
exist exactlyn + m− d linearly independent matching solutions of

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = 0, (4.1)

y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = 0. (4.2)

Proof. Sinceρ(A) = ρ(B) = d, we can find bases

α1, α2, . . . , αn for Rn and β1, β2, . . . , βm for Rm

such thatα1, α2, . . . , αn−d belong to the null space ofA andβ1, β2, . . . , βm−d belong to
the null space ofB (since any linearly independent set can be extended to a basis for the
space). Also, sinceR(A) = R(B),

span{Aαi}n
i=n−d+1 = span{Bβi}m

i=m−d+1. (4.3)

Corresponding to eachαi, there exists a unique functionyi1 : I1 → R such that

yi1
∆n

+
n∑

k=1

qk1(t)(yi1
∆n−k

)σ = 0,

ỹi1(c) = αi, i = 1, 2, . . . , n.

Corresponding to eachβi, there exists a unique functionyi2 : I2 → R such that

yi2
∆m

+
m∑

k=1

qk2(t)(yi2
∆m−k

)σ = 0,

˜̃yi2(σ(c)) = βi, i = 1, 2, . . . ,m.

Moreover, by (4.3), we have

Aαi =
m∑

j=m−d+1

θj
iBβj, i = n− d + 1, . . . , n, whereθj

i are suitable scalars.
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We define

yi(t) =

{
yi1(t), t ∈ I1

0, t ∈ I2, i = 1, 2, . . . , n− d,

yi(t) =


yi1(t), t ∈ I1

m∑
j=m−d+1

θj
iyi2(t), t ∈ I2, i = n− d + 1, n− d + 2, . . . , n

and

Ui(t) =

{
0, t ∈ I1

yi2(t), t ∈ I2, i = 1, 2, . . . ,m− d.

Clearly, y1, y2, . . . , yn, U1, U2, . . . , Um−d aren + m − d matching solutions for (4.1),
(4.2) since

ỹi1(c) = αi, i = 1, 2, . . . , n,

˜̃yi2(σ(c)) = βi, i = 1, 2, . . . ,m.

Claim: The functionsy1, y2, . . . , yn, U1, U2, . . . , Um−d form a matching fundamental
system for (4.1), (4.2).

We show thaty1, y2, . . . , yn, U1, U2, . . . , Um−d are linearly independent and span the
solution space for (4.1), (4.2). First, we show thaty1, y2, . . . , yn, U1, U2, . . . , Um−d are
linearly independent. For, leta1, a2, . . . , an andb1, b2, . . . , bm−d be scalars such that

n∑
i=1

aiyi(t) +
m−d∑
i=1

biUi(t) = 0, t ∈ I, t 6= c, σ(c), (4.4)

n∑
i=1

aiyi(c) +
m−d∑
i=1

biUi(c) = 0, (4.5)

and
n∑

i=1

aiyi(σ(c)) +
m−d∑
i=1

biUi(σ(c)) = 0. (4.6)

Delta differentiating (4.4)j times(j = 0, 1, . . . , n− 1) and takingt = c, we get that (in
column representation)

n∑
i=1

aiỹi(c) +
m−d∑
i=1

biŨi(c) = 0. (4.7)

Sinceỹi(c) = αi, Ũi(c) = 0 andαi are linearly independent basis vectors, (4.7) implies
thata1 = a2 = . . . = an = 0. Delta differentiating (4.4)j times(j = 0, 1, . . . ,m − 1)
and takingt = σ(c), we get that

n∑
i=1

ai
˜̃yi(σ(c)) +

m−d∑
i=1

bi
˜̃U i(σ(c)) = 0. (4.8)
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Since˜̃yi(σ(c)) = 0, i = 1, 2, . . . , n− d,

˜̃yi(σ(c)) =
m∑

j=m−d+1

θj
iβi, i = n− d + 1, . . . , n

and ˜̃U i(σ(c)) = βi, i = 1, 2, . . . ,m − d, (4.8) implies thatb1 = b2 = . . . = bm−d = 0
asβi are linearly independent basis vectors. Hencey1, y2, . . . , ym, U1, U2, . . . , Um−d are
linearly independent. We are left to show thaty1, y2, . . . , ym, U1, U2, . . . , Um−d span the
solution space for (4.1), (4.2). Now letv be any other matching solution of (4.1), (4.2).

Let ṽ(c) =
n∑

i=1

aiαi and˜̃v(σ(c)) =
m∑

i=1

biβi. By the relationAṽ(c) = B ˜̃v(σ(c)),

A
n∑

i=1

aiαi = B
m∑

i=1

biβi, i.e.,
n∑

i=1

ai

m∑
j=m−d+1

θj
iBβj = B

m∑
i=1

biβi.

Therefore,

bi =
n∑

i=1

θj
iai, (j = m− d + 1, m− d + 2, . . . ,m), (4.9)

sinceβ1, β2, . . . , βm−d belong to the null space ofB. Consider the functionK defined
by

K(t) =
n∑

i=1

aiyi(t) +
m−d∑
i=1

biUi(t), t ∈ I.

Then

K̃(c) =
n∑

i=1

aiỹi(c) +
m−d∑
i=1

biŨi(c) =
n∑

i=1

aiỹi1(c) =
n∑

i=1

aiαi = ṽ(c)

and

˜̃K(σ(c)) =
n∑

i=1

ai
˜̃yi(σ(c)) +

m−d∑
i=1

bi
˜̃Ui(σ(c))

=
n∑

i=n−d+1

ai
˜̃yi(σ(c)) +

m−d∑
i=1

bi
˜̃Ui(σ(c))

=
n∑

i=n−d+1

ai

m∑
i=m−d+1

θj
iβi +

m−d∑
i=1

biβi

=
m−d∑
i=1

biβi +
m∑

i=m−d+1

biβi

=
m∑

i=1

biβi = ˜̃v(σ(c)),
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where we used (4.9). We know thatK(t) =
n∑

i=1

aiyi1(t) for all t ∈ I1. Hence,

K∆
1

n
+

n∑
k=1

qk1(t)(K
∆
1

n−k
)σ = 0.

Also,

v∆
1

n
+

n∑
k=1

qk1(t)(v
∆
1

n−k
)σ = 0,

K(t) =
n∑

i=n−d+1

ai

m∑
j=m−d+1

θj
iyi2(t) +

m−d∑
i=1

biyi2(t)

for all t ∈ I2. Hence,

K∆
2

m
+

m∑
k=1

qk2(t)(K
∆
2

m−k
)σ = 0

v∆
2

m
+

m∑
k=1

qk2(t)(v
∆
2

m−k
)σ = 0,

which implies thatK|Ii
= v|Ii

, i = 1, 2, i.e.,K = v, and the proof is complete.

Theorem 4.1 can be proved for IVPs for the Interface II and Interface III with nec-
essary changes. In the next section, we discuss solutions of the nonhomogeneous equa-
tions for the IVP.

5 Solutions of the Nonhomogeneous Equation for the
IVP

Theorem 5.1.Lety1, y2, . . . , yn+m−d be the matching fundamental system for

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = 0 (5.1)

y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = 0. (5.2)

Then, all the matching solutionsy of

y∆
1

n
+

n∑
k=1

qk1(t)(y
∆
1

n−k
)σ = f1 (5.3)
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y∆
2

m
+

m∑
k=1

qk2(t)(y
∆
2

m−k
)σ = f2, (5.4)

are of the form

y(t) =
n+m−d∑

i=1

ci(t)yi(t), t ∈ I,

where

ci(t) =



ai +

∫ t

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s), t ∈ I1, i = 1, 2, . . . , n

0, t ∈ I2, i = 1, 2, . . . , n− d

ai +

∫ c

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s)

+

∫ t

σ(c)

Wi(yn−d+1, yn−d+2, . . . , yn+m−d)(s)f2(s)

W (yn−d+1, yn−d+2, . . . , yn+m−d)(s)
∆(s),

t ∈ I2, i = n− d + 1, n− d + 2, . . . , n

and

cn−d+i(t) =


0, t ∈ I1, i = d + 1, d + 2, . . . ,m

bi +

∫ t

σ(c)

Wi(yn−d+1, yn−d+2, . . . , yn+m−d)(s)f2(s)

W (yn−d+1, yn−d+2, . . . , yn+m−d)(s)
∆(s), t ∈ I2,

ai (i = 1, 2, . . . , n), bi (i = 1, 2, . . . ,m) are scalars, where fort ∈ I1,

Wi(y11, y21, . . . , yn1)(t)

denotes the determinant obtained fromW (y11, y21, . . . , yn1)(t) by replacing theith col-
umn by(0, 0, . . . , 1) ∈ Rn, i = 1, 2, . . . , n, andt ∈ I2,

Wj(yn−d+12, . . . , yn2, yn+1, . . . , yn+m−d)(t)

denotes the determinant obtained fromW (yn−d+1, . . . , yn, yn+1, . . . , yn+m−d)(t) by re-
placing thejth column by(0, 0, . . . , 1) ∈ Rm, i = 1, 2, . . . ,m.

Proof. By Theorem 3.1, there exists nontrivial matching solutions of (5.3), (5.4). Let
us assume that a matching solutiony of (5.3), (5.4) is of the form

y(t) =
n+m−d∑

i=1

ci(t)yi(t), t ∈ I, (5.5)

where theci are to be determined andyi are solutions of (4.1) and (4.2).
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First, for t ∈ I1,

y(t) =
n+m−d∑

i=1

ci(t)yi(t) =
n∑

i=1

ci(t)yi1(t),

sinceyi1(t) = 0 for i = 1, 2, . . . ,m − d. The variation of constants method for an
nth order nonhomogeneous dynamic equation on a time scale has been discussed in [6,
Theorem 5.119 on page 251]. Here we use a modified version of the above formula
(which is similar to the variation of constants method for differential equations) to obtain

y(t) =
n∑

i=1

aiyi1(t) +
n∑

i=1

yi1(t)

∫ t

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s).

Hence,

ci(t) = ai +

∫ t

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s), (5.6)

i = 1, 2, . . . , n, where theai are scalars andt ∈ I1 (see [7, Theorem 6.4 on page 87]).
We see that

n∑
i=1

ci(t)yi
∆j

(t) = 0, j = 0, 1, . . . , n (5.7)

as the sum in (5.7) can be written as

c1(t)[y1(t) + y1
∆(t) + . . . + y1

∆n
(t)] + . . . + cn(t)[yn(t) + yn

∆(t) + . . . + yn
∆n

(t)].

Finally, for t ∈ I2,

y(t) =
n+m−d∑

i=1

ci(t)yi(t) =
n+m−d∑

i=n−d+1

ci(t)yi(t)

=
n∑

i=n−d+1

ci(t)
m∑

j=m−d+1

θj
iyi2(t) +

m−d∑
i=1

yi2(t)

(sinceyi2(t) = 0 for i = 1, 2, . . . , n− d). As discussed in the first case, we have

cn−d+i(t) = bi +

∫ t

σ(c)

Wi(yn−d+1, yn−d+2,...,yn+m−d
)(s)f2(s)

W (yn−d+1, yn−d+2,...,yn+m−d
)(s)

∆(s) (5.8)

for i = 1, 2 . . . , m, where thebi are scalars. We notice thatci, i = n − d + 1, n − d +
2, . . . , n + m− d, satisfy the relation

n+m−d∑
i=n−d+1

ci(t)yi
∆j

(t) = 0 (5.9)
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for t ∈ I2, j = 0, 1, . . . ,m. Sincey is a matching solution of (5.3), (5.4), we have that

Aỹ(c) = B ˜̃y(σ(c)).

Therefore, from (5.5), we get that

Aỹ(c) =
n∑

i=1

ci(c)Aỹi(c)

=
n−d∑
i=1

ci(c)Aỹi(c) +
n∑

i=n−d+1

ci(c)Aỹi(c)

= B ˜̃y(σ(c)) =
n+m−d∑

i=n−d+1

ci(σ(c))B ˜̃yi(σ(c))

=
n∑

i=n−d+1

ci(σ(c))B ˜̃yi(σ(c)) +
m−d∑
i=1

ci(σ(c))B ˜̃yi(σ(c))

and thus

n−d∑
i=1

ci(c)Aỹi(c) +
n∑

i=n−d+1

ci(c)Aỹi(c)

=
n∑

i=n−d+1

ci(σ(c))B ˜̃yi(σ(c)) +
m−d∑
i=1

ci(σ(c))B ˜̃yi(σ(c)). (5.10)

We choose theci based on (5.7), (5.9) such that

n−d∑
i=1

ci(c)Aỹi(c) =
m−d∑
i=1

ci(σ(c))B ˜̃yi(σ(c)).

We see from (5.10) that

n∑
i=n−d+1

ci(c)Aỹi(c) =
n∑

i=n−d+1

ci(σ(c))B ˜̃yi(σ(c)).

SinceAỹ(c) = B ˜̃y(σ(c)), we have

0 = A

( n∑
i=n−d+1

(ci(c)− ci(σ(c)))ỹi(c)

)

= A

( n∑
i=n−d+1

(ci(c)− ci(σ(c)))αi

)
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(sinceỹi1(c) = αi for i = 1, 2, . . . , n), i.e.,
n∑

i=n−d+1

(ci(c) − ci(σ(c)))αi belongs to the

null space ofA, and this is true only ifci(c) = ci(σ(c)), i = n− d + 1, n− d + 2, . . . , n
(sinceαi 6= 0 for i = 1, 2, . . . , n). Now ci(c) = ci(σ(c)) implies

ai +

∫ c

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s)

= bi +

∫ σ(c)

σ(c)

Wi(yn−d+1, yn−d+2,...,yn+m−d
)(s)f2(s)

W (yn−d+1, yn−d+2,...,yn+m−d
)(s)

∆(s)

and hence

bi = ai+

∫ c

a

Wi(y1, y2, . . . , yn)(s)f1(s)

W (y1, y2, . . . , yn)(s)
∆(s) for i = n−d+1, n−d+2, . . . , n. (5.11)

We extendc1, c2, . . . , cn−d to the intervalI2 by defining

ci(t) = 0, t ∈ I2, i = 1, 2, . . . , n− d

andcn+1, cn+2, . . . , cn+m−d to the intervalI1 by defining

ci(t) = 0, t ∈ I1, i = n + 1, n + 2, . . . , n + m− d.

For i = n− d + 1, n− d + 2, . . . , n, we substitute the values of (5.11) in (5.8). Hence,
from the equations (5.6), (5.8), (5.11) and the above extension we see that the proof is
complete.

In a similar manner, Theorem 5.1 can be proved for IVPs for the Interface II and
Interface III with necessary changes.

6 A General Theory for Interface Problems

The work done in [20,21] on a pair of differential equations satisfying certain interface
conditions becomes a special case of the above results on time scales because the delta
derivative on time scales is nothing but the ordinary derivative on the real numbers when
T = R, i.e., whent = σ(t).
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[14] Ȧke Pleijel. Generalized Weyl circles. InOrdinary and partial differential equa-
tions (Proc. Conf., Univ. Dundee, Dundee, 1974), pages 211–226. Lecture Notes
in Math., Vol. 415. Springer, Berlin, 1974.

[15] E. C. Titchmarsh.Eigenfunction expansions associated with second-order differ-
ential equations. Part I. Second Edition. Clarendon Press, Oxford, 1962.

[16] M. Venkatesulu and Pallav Kumar Baruah. A classical approach to eigenvalue
problems associated with a pair of mixed regular Sturm-Liouville equations. I.J.
Appl. Math. Stochastic Anal., 13(3):303–312, 2000.

[17] M. Venkatesulu and Pallav Kumar Baruah. A classical approach to eigenvalue
problems associated with a pair of mixed regular Sturm-Liouville equations. I.J.
Appl. Math. Stochastic Anal., 14(2):205–214, 2001.

[18] M. Venkatesulu and Pallav Kumar Baruah. A classical approach to eigenvalue
problems associated with a pair of mixed regular Sturm-Liouville equations. II.J.
Appl. Math. Stochastic Anal., 15(2):197–203, 2002.

[19] M. Venkatesulu and T. Gnana Bhaskar. Selfadjoint boundary value problems as-
sociated with a pair of mixed linear ordinary differential equations.J. Math. Anal.
Appl., 144(2):322–341, 1989.

[20] M. Venkatesulu and T. Gnana Bhaskar. Solutions of inital value problems asso-
ciated with a pair of mixed linear ordinary differential equations.J. Math. Anal.
Appl., 148(1):63–78, 1990.

[21] M. Venkatesulu and T. Gnana Bhaskar. Fundamental systems and solutions of non-
homogeneous equations for a pair of mixed linear ordinary differential equations.
J. Austral. Math. Soc. Ser. A, 49(1):161–173, 1990.
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