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Abstract

Matching interface problems are a class of interface problems wherein two
different differential equations are defined on adjacent intervals with matching in-
terface conditions at the common point of interface. In literature, we see that a lot
of work has been done for this kind of problems when the interface is regular and
also when the end points are singular. To our knowledge little work has been done
where the point of interface is singular. We use the theory developed for dynamic
equations on time scales to study these types of problems. In this paper we consider
an initial value problem which consists of two different dynamic equations defined
on adjacent intervals with a singularity at the interface along with matching inter-
face conditions. We discuss the existence of matching solutions, the fundamental
systems, dimensions of null space and solutions of the nonhomogeneous equations
for this new class of singular interface problems. The results of this paper also
generalize corresponding results on differential equations for regular and singular
cases found so far in the literature.

AMS Subject Classifications:39A10.
Keywords: Singular interface problems, dynamic equations.

1 Introduction

Solving boundary value problems with different types of singularities has remained a
challenge for mathematicians over the ages. Wiatgular problems, those over fi-

nite intervals with well-behaved coefficients pose no difficulties, there are applications
wherein either the domain of the problem is not well defined, or the continuity and/or
smoothness of the functions, coefficients involved are not guaranteed in some parts of
the domain, sometimes in the boundary or parts of the boundary. In all such cases the
problem is considered to besangular problem. The definition of the problem and
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therefore the description of the solution becomes a highly difficult task. There are quite
a number of different approaches that we come across in the literature to tackle these
singular problems [1, 8-15, 22]. In the literature we find a new class of interface prob-
lems, termed as mixed pair of equations, discussed in the papers [2-5,16-21], where two
different differential equations are defined on adjacent intervals with a common point
of interface and the solutions satisfy a matching condition at the point of interface. We
observe that the above problem for the regular case has been discussed in [5, 17-21].
In [2] the authors discuss an application of the classical Weyl limit criterion to define
the coefficients with well-known Wronskian boundary conditions to tackle the singu-
larity at the boundary for this class of problems. Though this work is specifically for
Sturm-—Liouville problems, it paves a way to study the problem of singularity at the end
boundary points. But the problem of having a singularity at the point of interface re-
mained unexplored. The singularity at the point of interface in the domain of definition
of the mixed pair of equations could be of the following four types satisfying certain
matching conditions at the singular interface.

1. [a,d] U [o(c), ]

2. [a,p(c)] U [c, b]

3. [a,p(c)] U [o(c), ]

4. [a, p(c)] U{c} Uo(c), b]

c a(c)

Interface Il

ple) ¢

p(c) a(c) Interface Il

o Interface IV
ple) ¢ gl

In this context we feel that the new framework of dynamic equations on time scales
[6] with facilities of the two jump operators with various definitions of continuity and

derivatives makes one’s job simple to study the interface problems with mixed operators
with the above mentioned types of singularities at the interface. Here, we consider
a pair of dynamic equations of different orders defined on adjacent intervals satisfying
certain interface conditions at the point of singular interface. In this paper we initiate the
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corresponding theory to study these types of problems. The subject matter of this paper
is to discuss the IVPs associated with these singular interface problems. We observe that
the first three types of problems may be dealt with in similar fashion but the fourth type
of singular interface problem is of different nature and needs to be investigated in a much
more rigorous and specific manner. The results in this paper will discuss only the first
type of problem and the rest of problems will be dealt with in our subsequent papers. We
must also mention that by the very nature of dynamic equations the results embodied
here generalize the corresponding results for a pair of ordinary differential equations
with the above mentioned types of singularities at the interface found in [20, 21]. In
short, this paper is the first of its kind where we not only generalize the theory of a
specific class of interface problems but also extend the said theory to the unexplored
kind of singular problems in its general form.

In Section 2, we give the definition of the initial value problem (IVP) and the match-
ing solution. We also introduce the concepts of Wronski determinant, linear indepen-
dence forn pairs of functions and the fundamental system for a pair of dynamic equa-
tions. In Section 3, we prove a theorem regarding the existence of matching solutions
and fundamental systems for the IVP. In Section 4, we prove a theorem on the dimen-
sions of the null space for the IVP, and in Section 5, the solution of nonhomogeneous
equations for the IVP is dealt with. Finally we have a note on how the work done on
a pair of differential equations satisfying certain interface conditions becomes a special
case of the above IVP on a time scale.

2 Definition of the Initial Value Problem and Funda-
mental Systems

Let us consider a pair afynamic equationg/hich are linear of orders andm respec-
tively, and of the form

n n—k
yr+ qul (2" ) =0 forall tel
k=1

") a7 =0 forall tel,
k=1

whereg, : T — R are rd-continuous functions for= 1, 2. For the sake of definiteness,

we also assume > m. Letz; € I, andcy, ¢y, ..., c,_1 ben arbitrary real numbers.
Letx, € [, anddy, dy, . . ., d,,_1 bem arbitrary real numbers.
IVP: Let [} = [a,c], Iy = [0(c),b], —00 < a < ¢ < 0(c) < o0. If a = —o0, then we

takel; = (—oo, ¢]. if b = oo, then we takd, = [o(c), 00). Let] = I, U I,. We define
the IVP by

Y an O = A (2.1)
k=1
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m— k
QA + Z qkz A f27 (22)
wheref;, fo € Cq, SUbject to

v (@) =¢;, j=0,1,...,n—1 (2.3)

along with

n— k
yl +qu1 A fl

mk
vs +qu2 vs = fo,

wherefi, f2 € Cyq, SUbject to
yZAj(xg):dj, j=0,1,....,m—1. (2.4)
Definition 2.1. We call a functiony : T — R a solution of (2.1), (2.2) if
() yisn times delta differentiable ofi™"

(i) the functiony|;, = y; andy, satisfies the equation

1 +Z% = fiforallt € I.

(iii) the functiony|;, = y» andy, satisfies the equation
3 +qu2 YA M = fyforallt € I,

Definition 2.2. We call a functiony : T — R a matching solution of (2.1), (2.2) if
(i) yis asolution of (2.1), (2.2) in the sense of Definition 2.1

(i) the functionsy|;, = vy, andy|;, = y. satisfy certain matching interface condi-
tions, namely

Ayji(c) = Ba(o(c)), (2.5)
where 1
gi(c) = column(y; (), 41 2(0), ... ;™" (o))

t(o(c)) = column(ys(a(c)), 12> (o(c)), - ., 122" (0(e))),

A and B are(m x n) and(m x m) matrices with real entries respectively, and
R(A) = R(B).
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Remark2.3. We notice thalR (A) = R(B) implies thatp(A) = p(B) = d(< m), where
p(A), p(B) denote the rank off and B respectively. Also we see that dif((A)) =
n —d,and dim{N(B)) =m —d.

Definition 2.4. Lety,, : T — R wherey, = (yx1, Yr2) (Whereyy|r, = vk1, Ykl = Uk2)
be solutions of (2.1), (2.2) and let them be £ 1) times differentiable functions for all
1 <k < m. We then define th&/ronski determinant’ = W (y1, ya, . . ., ym) Of the set
{y1,92, .-, Ym} @S deV(y1,vo, . .., ym), Where the matriX’ (v, vz, . . ., ym) is defined

by

Y11 + Y12 Y21 + Yoo ce Ym1 + Ym2
yuA + 3/12A 3/21A + ?J22A e ym1A + ymzA
m—1 m— —1 . m—1 o m—1 m—1
Y + Y12 yn S + Yoo s Y™ + Y™

e, (V(yi, vz, Um))ij = yin_l foralll1 <i,j <m.

Definition 2.5. We say that the nontrivial functiongs, y», . . . , y, defined on the interval
I arelinearly independeni for any set of scalara;, as, ..., a,

p
> agy(t) =0forallt € I, t # c,o(c),
=1

Z iyi(c) = Z a;yi(o(c)) =0

impliesa; = as = ... =, = 0.
Definition 2.6. A set of solutions{yy, v, ..., y,} Of the regressive equationsee [6,

Definition 2.25]) (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4) is callddrrdamental system
for (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4), respectively, if theretiga [ such that

W (y1, 2, - - - yn)(to) # 0.

Remark2.7. If the set of solutiongyy, v, . . . , ¥, } is linearly independent and spans the
solution space (2.1), (2.2), (2.3) and (2.1), (2.2), (2.4), then

Wy, y2,...,yn)(t) #0forallt € I.

Hence{y:, s, - .., yn} is a fundamental system.
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3 Existence of Matching Solutions for the IVP

Theorem 3.1. (i) If either fi, fo # 0 or ¢o,cq,...,c,_1 are not zeros, then the IVP
(2.1), (2.2), (2.3) has a matching fundamental system consistinguof d + 1
linearly independent matching solutions(@.1), (2.2), (2.3).

If both f,, f, =0andcg, ¢4, ..., c,_1 are all zeros, then the IVR2.1), (2.2), (2.3)
has a matching fundamental system consisting of @ntyd linearly independent
matching solutions of2.1), (2.2), (2.3).

(ii) If either fi, fo # 0 or dy,ds,...,d,_1 are not zeros, then the IVR.1), (2.2),
(2.4) has a matching fundamental system consisting efd + 1 linearly inde-
pendent matching solutions ¢2.1), (2.2), (2.4).

If both f;, fo =0andd,, d,, .. .,d,_ are all zeros, then the IVR.1), (2.2), (2.4)
has a matching fundamental system consisting of orly! linearly independent
matching solutions of2.1), (2.2), (2.4).

Proof. We first prove part (i). There exists a unique functign I; — R such that

n & n—k\,
i+ e (W) =
k=1

Y™ (1) =c¢,j=01...,n—-1

(see [6, Corollary 5.90 on page 239 and Theorem 5.119 on page 251} 1(ej = aj,
j=0,1,....,n—1. Leta = columnag, ay,...,a,_1). Consider the matrix equation
Bp=Aa. SinceR(A) = R(B), there exists a vectg¥, € R™ such thatBF,=Aa. If
Aa # 0, theng, is a nonzero vector. Ila = 0, then we takes, to be the zero vector.
Sincep(A) = d, the dimension of the null space Bfis m — d (see Remark 2.3). Hence
there exist exactlyn — d linearly independent vectors', 3%,..., 3™ ¢ € R™ which
are solutions o33 = 0. Clearly, 3y, 5y + 3*,..., 8y + 3™ @ arem — d + 1 solutions
of B=Aa which verifies the existence of solutions. Now, for theget3,°, . .. B0,
there exists a unique functiap, : I, — R such that

m @ m—=k\ 5
Yoo+ Z G (D) (Y02 )7 = fa,
k=1

yOQA](O-(c)) = ﬁj[]? .] = 07 17 cee, M = 1.

Also, for the set3,’, 5:", ..., Bm_1", there exists a unique functiap, : I, — R such
that

m - m—k\ s .
yiQA +ZQk2(t)(yz2A ) :f27 Z:1727"'7m_d7
k=1
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Y™ (0(c)) = B’ j=0,1,...,m—1.
Note thaty;», i = 1,2,...,m — d exist as there ares — d + 1 matching solutions. We

define o
yi(t), telh - 0, tel

() { yo(t), teh, U0 { yia(t), tel
andy;(t) = yo(t) + 4s(t), t € I,i = 1,2,....,m — d. Clearly,yo,y1,...,Ym_q are
m—d+1 matching solutions of (2.1), (2.2), (2.3) (see Definition 2.2). If eithey, # 0
or ¢y, 1, ..., Cn1, thenyy(t) # 0 (sincet € I, impliesy,(t) # 0, t € I, implies
Yoz(t) # 0).
Claim: {yo,v1,--.,ym—aq} form a matching fundamental system for (2.1), (2.2), (2.3).

From Remark 2.7 it is sufficient for us to show tHak, v1, . .., ym_a} IS linearly
independent and spans the solution space for (2.1), (2.2), (2.3). First, we show that
Yo, Y1, - - -, Ym—_q are linearly independent. For, le§, a4, . . ., a,,,_4 be scalars such that

m—d
3 awilt) = 0.t € Lt # ¢,0(c), (3.1)
=0
m—d m—d
> aiyi(e) =) awi(o(c) =0, (3.2)
=0 =0
Delta differentiating (3.1) times ( = 0,1, ..., m — 1) and takingt = o(c), we get that
m—d ) m—d
D i (o(e) =D o™ (o(c) + Z i = 0. (3.3)
=0 =0

Since

equation (3.3) implies that

m—d m—d
B+ B =0,=01,.. m-
7=0 =1
That is, atj = 0, we have
m—d m—d
>+ Yt =0
=0 =1
and thus
apB’ +ar(B2+ ) + .o+ ama(B°+ ") =0

and hence
=0y =...=ay_q=0anday3’ =0 (3.4)
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(sincep’ + 3 £ 0for1 < i < m—d). If 3° # 0, then (3.4) implies thaty, =

0. Even otherwise, sincg, # 0, (3.1) and (3.2) imply thatyy, = 0. Hence, by
Definition 2.5,{yo,v1,--.,ym_aq} are linearly independent. We are left to show that
{Y0,y1,--.,Ym—a} Span the solution space for (2.1), (2.2), (2.3). Ldie any other

matching solution of (2.1), (2.2), (2.3). Theﬁj( ) =uaj,j=0,1,...,n—1. |If
v(o(c)) = column(v(a(c)), v™(a(c)), ..., v8"" 1(o( ))), we haveBi (o (c)) = Aa (see
Definition 2.2). Therefore,

v(o(c)) = %+ B + ... 4 Ym_af™ ? for some scalars;, vo, ..., ym_a  (3.5)

since3’, 3° + g, ..., 8% + 3™ ¢ arem — d + 1 solutions of B3 = Aa. Consider the
function K defined by

t) + Z Vigi(t), t € I. (3.6)
=1
Now KAj(xl) = ylAj(acl) =c; = vAj(azl) since
m—d m—d
> vwit) = > vt Z v:9:(t) andgi(t) = 0 forall t € .
i=1 i=1
HenceK (t) =y, (t) for all t € I; (due to (3.6)). We know that
e +qu1 yA" e = fiforallt € 1.
Also, by the definition ob,
U1M+Z% VA" My = fiforallt € 1.

Now

due to (3.5) and the above equatiorjat 0. Also, K (t) = yo2(t) + ys2(t) forall t € I,
implies thatK satisfies

m m—k
K3 +qu2 (K" ) = fo.
k=1

Based on the above facts, we can conclude that= K|, ¢ = 1,2. Therefore,
v = K. Hence,{yo,v1,...,yn} Span the solution space for (2.1), (2.2), (2.3). So
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{vo0,y1,---,Ym—a} is @ fundamental system for (2.1), (2.2), (2.3). If bgihf, = 0

andc, ¢1,...,c,_1 are all zeros, thep, = 0, and as shown above, it can be verified

that{y:, s, . .., ym_q} form a matching fundamental system for (2.1), (2.2), (2.3).
Now we prove part (ii). There exists a unique functign I, — R such that

m— k
y2 +Z(1k2 A f27

yzA](ajg):dj,j:(),l,...,m—l.

Let y2'(o(c)) = bj, j = 0,1,...,m — 1 andb = column(by, by, ..., b,_1). Letus
consider the matrix equatloﬂn — Bb. SinceR(A) = R(B), there exists a vector
no € R™ such thatdn, = Bb. If Bb # 0, thenr, is a nonzero vector. [Bb = 0, then
we taken, to be the zero vector. Singg A) = d, there exist exactly. — d linearly
independent vectorsy', 7%, ..., n"~¢ € R™ which are solutions ofAi = 0. Clearly,
No,m0 + n',....no + 0"~ aren — d + 1 solutions of Ay = Bb which verifies the
existence of solutions. Now, for the s¢t7,°, ..., n,_.°, there exists a unique function
yo1 - I1 — R such that

n - n—k\,
Yoo+ Z%(t)(ymA )’ = f,
k=1

ymN(c) = j=0,1,...,n—1.
Also, for the set),’, n", ..., n._1", there exists a unique functien, : I, — R such that

n " n—k
yilA +ZQk1(t)<yzlA ) f17 = 7 7"'7n_d7

yz‘lA](C) :nji, 17=0,1,....,n—1.

Sy, telh . foya, tel
yO(t)_{yz(t), ren, U= V00 ven

andy;(t) = yo(t) + 4i(t), t € I, i = 1,2,...,n — d. Clearly,yo,y1,...,yn_q are
n—d+ 1 matching solutions of (2.1), (2.2), (2.4) (see Definition 2.2). If eithelf, # 0

or dy,dy,...,d,_, are not all zeros, thep, # 0 and as shown in part (i) it can be
verified that{yo, y1, ..., y.—q} form a matching fundamental system for (2.1), (2.2),
(2.4). If bothf;, fo = 0anddy, ds, . . ., d,,_1 are all zeros, then, = 0 and consequently
{y1,v2, - - .,yn_q} form a matching fundamental system for (2.1), (2.2), (2.4). O

We define

In a similar manner, Theorem 3.1 can be proved for IVPs for the Interface Il and
Interface Ill with necessary changes. In the next section, we prove a theorem on the
dimensions of the null space of the IVP.
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4 Dimensions of the Null Space for the IVP

Theorem4.1.Let]; = [a,c|, I» = [0(c),b], —00 < a < ¢ < o(c) < oo. Let] = [UIs.
Let the functiony : T — R, defined on the interval, satisfy certain matching interface
conditions, namelyly; (¢) = Bys(o(c)), where

71(e) = columr(ys (¢), ;i 2 (), ..., 12" ()

ga(0(c)) = columr(ys((c)), 92> (o(€)), -, 922" ((c)),
A andB are (m x n) and(m x m) matrices with real entries, respectively. Then there
exist exactly» + m — d linearly independent matching solutions of

n— k
y +qu1 yA" TN =0, (4.1)

m— k
ys' + Z ar, (1) (v =0. (4.2)

Proof. Sincep(A) = p(B) = d, we can find bases
ai,Qo,...,a, forR® and i, 5, ..., 5, for R™

such thaty, as, . . ., a,,_4 belong to the null space of andj;, 4s, . . ., 5,,_q belong to
the null space oB (since any linearly independent set can be extended to a basis for the
space). Also, sinc&(A) = R(B),

spaf{ Aa;}",_, 41 =sSpa{B3}" .- (4.3)

Corresponding to eacly, there exists a unique functiag, : /; — R such that
Y™+ Z e, (D) (ya™" )7 =0,

galc) =i, i=1,2,...,n
Corresponding to eact}, there exists a unique functiog, : s — R such that

z'2 "t Z Ok, (t yz2 )g =0,

gin(a(c)) =06;,1=1,2,...,m

Moreover, by (4.3), we have

m
> 0/Bpji=n—d+1,...,n, whered;' are suitable scalars.
j=m—d+1
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We define 0
o Jual), tel
%(t)—{ 0, tel,i=12...,n—d,
yn(t), tE [1
yi(t) = ST biyelt), tebi=n—d+ln—d+2,...n
j=m—d+1
and

|0, tel
Ul(t>—{y22(t), t€[2,i21,2,...,m—d.
Clearly, y1,vy2,...,yn, U1, Us, ..., U,_q aren + m — d matching solutions for (4.1),
(4.2) since
gil(c):ah i:172a"'7n7
Jin(o(e) =B, i=1,2,...,m
Claim: The functionsy,, 4o, ..., Yn, U1, Us, ..., U, _4 form a matching fundamental
system for (4.1), (4.2).
We show thaty,, s, ..., y., U1, Us, ..., U,,_q are linearly independent and span the

solution space for (4.1), (4.2). First, we show thatys, ..., y,, U1, Us, ..., U,_4 are
linearly independent. For, let, as, ..., a, andby, bs, ..., b,,_4 be scalars such that

n m—d
> awi(t) + Y biUi(t) =0, t €1, t #c,a(c), (4.4)
n m—d
Z a;yi(c) + Z biUi(c) = 0, (4.5)
and ! y
> aiyi(o(e) + Y bilUi(o(c)) = 0. (4.6)
=1 i=1

Delta differentiating (4.4) times(j = 0,1,...,n — 1) and takingt = ¢, we get that (in
column representation)

m—d

Zazy@ + > bili(e) = 0. (4.7)

=1

Sincey;(c) = ay, U;(c) = 0 andoy are linearly independent basis vectors, (4.7) implies
thata; = ay = ... = a, = 0. Delta differentiating (4.4) times(j = 0,1,...,m — 1)
and takingt = o(c), we get that

> aii(o() + biUi(0(c)) = 0. (4.8)
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Sincey,;(0(c)) =0,i=1,2,...,n —d,

i(o(c) = Z 0,8, i=n—d+1,....n

j=m—d+1
andU;(o(c)) = By i = 1,2,...,m — d, (4.8) implies thab, = by = ... = by_g = 0
asp; are linearly independent basis vectors. Hemces, . .., ¥, U1, Us, ..., U,,_4 are

linearly independent. We are left to show thatys, ..., ym, U1, Us, ..., U,,_q Span the
solution space for (4.1), (4.2). Now letbe any other matching solution of (4.1), (4.2).

Let o(c Z a;o; ando(o Z b; 3. By the relationAd(c) = Bi(o(c)),

=1

AZaiai = Bszﬁ@, i.e Zaz Z 0, ZBBJ szzﬁz
=1 =1

= j=m—d+1

Therefore,

b_Ze a, =m—d+1,m—d+2,...,m), (4.9)
sincefly, Ba, ..., Bm—d belong to the null space d#. Consider the functiork defined
by

K(t) = awyilt +ZbU Jtel
=1

Then

and

— Z a;i(o(c)) + biﬁi(U(C»

i=n—d+1 i=1

= Z a; Z 0, zﬁz + Z bzﬂz

i=n—d+1 i=m—d+1

= Z bzﬁz + Z bzﬁz

i=m—d+1
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where we used (4.9). We know th&t(t) = Z a;yi (t) forall ¢t € I,. Hence,

Also,

n m m—d
Z a; Z ejiyiQ(t) + Z biyi2(t)
i=1

i=n—d+1 j=m—d+1

forallt € I,. Hence,

m— k:
U2 +qu2 A :0,

which implies that'|;, = v|;,i = 1,2, i.e., K = v, and the proof is complete. [

Theorem 4.1 can be proved for IVPs for the Interface Il and Interface Il with nec-
essary changes. In the next section, we discuss solutions of the nonhomogeneous equa-
tions for the IVP.

5 Solutions of the Nonhomogeneous Equation for the
VP

Theorem 5.1. Lety, v, . . ., Ynim_q D€ the matching fundamental system for
n— k
YR+ qul y2 =0 (5.1)
m— k
yo" + Z Gy (1) (Y2 — 0. (5.2)

Then, all the matching solutionsof

yr + Z% yi" k = h (5.3)
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m— k
vs +qu2 vs = fa. (5.4)
are of the form
n+m—d
y(t) = D ), tel,
=1

where

lVylmp~wH®HN$A

a; +
ylay27 s 7yn)(s)

(s), telh,i=12,....n

0, t E Iy, i=1,2,....,.n—d

¢i(t) = o ‘Wilyr, 2, - - »yn)(s)fl(s)A(S)
' W (Y1, 42, Yn)(5)

Wi(Yn—di1, Yn— d+27---ayn+m—d)(8)f2(S)A<S)

o(c) W(yn—d+17 Yn—d+2 - - - 7yn+m—d)(3)
tel,i=n—d+1,n—d+2,...,n

t

+

\

and
0, tel,i=d+1,d+2,...,m
Cn—d—l—i(t) — b+ t Wi<yn7d+17 Yn—d+2, - - - ;ynerfd)(S)fZ(S) A(S) tel,
o(c) W(ynfd+17 Yn—d+2; - - - 7yn+mfd)(3) ’ ’
a; (1=1,2,...,n),b; (1 =1,2,...,m) are scalars, where fot € I,

Wi(vya1, Y21, - -+ Yn1)(1)

denotes the determinant obtained fré¥{y,1, yo1, - - ., yn1)(t) by replacing theth col-
umn by(0,0,...,1) e R",i=1,2,...,n,andt € I,

VVj(ynfd+12a ey YUn2y, Yng 1y - 7yn+m7d)(t)

denotes the determinant obtained froW(v,—at1, - - -, Yn, Ynt1s - - - » Ynim—a)(t) DY re-
placing thejth column by(0,0,...,1) e R™, i =1,2,...,m

Y

Proof. By Theorem 3.1, there exists nontrivial matching solutions of (5.3), (5.4).

us assume that a matching solutipof (5.3), (5.4) is of the form

n+m—d

y(t) = Y atylt), tel, (5.5)

i=1

where the; are to be determined anglare solutions of (4.1) and (4.2).

Let
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First, fort ¢ I,

y(t) = Z cyi(t) = D ci(t)yn(t),

sincey;1(t) = 0fori = 1,2,...,m — d. The variation of constants method for an

nth order nonhomogeneous dynamic equation on a time scale has been discussed in [6,
Theorem 5.119 on page 251]. Here we use a modified version of the above formula
(which is similar to the variation of constants method for differential equations) to obtain

y(t) = Z ayi (t) + Z yin (1) / m{(/{?jl(iz,w " ’. yn;ii)(‘zl)(s)A(s)

1=

Hence, .
Wi(yb Ya, .- - ayn)(s)fl(s)
cit:ai—l—/ A(s), (5.6)
( ) a W<y17y27"'7yn)(s) ( )

1 =1,2,...,n, where thes; are scalars antle [, (see [7, Theorem 6.4 on page 87]).
We see that .

Zcz<t)ylAJ(t) = 07 j = 07 17 s, N (57)

=1

as the sum in (5.7) can be written as
a®y ) +n@) + .+ O+ () F v )+ p S (1)

Finally, fort € I,

n+m—d n+m—d
y(t) = D albu) = D alb)u(t)
=1 i=n—d+1
n m m—d
= D alt) > 0lyel)+ Y usl)
i=n—d+1 j=m—d+1 i=1
(sincey;2(t) = 0fori=1,2,...,n — d). As discussed in the first case, we have

A(s) (5.8)

Cn—d+i (t) = bz + /

o'(c) W(yn—d+17 yn—d+2 ,,,,, yn+m7d>(s)

fori =1,2...,m, where the, are scalars. We noticethat i =n —d+1,n —d +
2,...,n+m — d, satisfy the relation

n+m—d

S a1 =0 (5.9)

i=n—d+1
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fort € I,,j =0,1,...,m. Sincey is a matching solution of (5.3), (5.4), we have that

Ag(e) = By(o(c)).

Therefore, from (5.5), we get that

n

Agle) = ZCi(C)A?Ji(C)

= Zci(c)Ay}(c)qL Z ¢i(c)Agi(c)
=1 i=n—d+1
= Bilo@)= Y. alo(e)Bilolc)
= Y B + Y alo()Bi(o(e)

and thus

n

Y alan@+ Y alan

= > Ci(U(C))By:i(G(C))Jrici(U(C))Bﬁi(U(C)) (5.10)

We choose the; based on (5.7), (5.9) such that

n—d m—d

Z ci(e)Agi(c) = Z ci(o(c))By(o(c)).

=1 =1
We see from (5.10) that

n n

Y. al@Ane)= > clo(e)Bii(o(0).
i=n—d+1 i=n—d+1
SinceAj(c) = By(a(c)), we have

n

- A(i_;ﬂ@((s) -~ alo()ido))

= A( Y @O - alo)a)

i=n—d+1
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(sincegi(c) = o fori = 1,2,...,n), i.e., Z (¢;(¢) — ¢;(0(c)))a; belongs to the
i=n—d+1

null space of4, and this is true only it;(c) = ¢;(c(c)), i =n—d+1,n—d+2,...,n

(sincea; # 0fori=1,2,...,n). Nowc;(c) = ¢;(o(c)) implies

[ Walyn ey () fals)
al—i-/a W(y17y27...,yn)(8) A< )

_ b /G(C) Wi(yn—d+17 Yn—d+2,..., yn-Hn—d)(S)fz(s)
o(c) W(ynfd%»h Yn—d+2,..., yn+7n*d)(s)

A(s)

and hence

b, = ai+/ Wilys, ya, - ’yn)(s>f1(8)A(s) fori =n—d+1,n—d+2,...,n. (5.11)
a W<y17y27"'7yn)(8)

We extend:, co, . . ., ¢,_q4 to the intervall, by defining
¢(t)y=0, tel, i=12,....n—d
andc,,1,Chio, - - -, Cham—q toO the intervall; by defining
c(t)y=0, telh, i=n+1n+2....n+m—d.

Fori=n—d+1,n—d+2,...,n, we substitute the values of (5.11) in (5.8). Hence,
from the equations (5.6), (5.8), (5.11) and the above extension we see that the proof is
complete. O

In a similar manner, Theorem 5.1 can be proved for IVPs for the Interface Il and
Interface Il with necessary changes.

6 A General Theory for Interface Problems

The work done in [20, 21] on a pair of differential equations satisfying certain interface
conditions becomes a special case of the above results on time scales because the delta
derivative on time scales is nothing but the ordinary derivative on the real numbers when

T =R, i.e.,, whent = o(¢).
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