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Abstract

In this paper we study the existence of periodic weak solutions of semilinear
beam equations in the case of nonresonance.
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1 Introduction

In this paper we will consider the existence of periodic solutions of beam equations of
the form

utt + ∆2u = αu− βut + g(x, t, u) + h(x, t) in Q,
u(x, t+ 2π) = u(x, t) in Ω× R,

u(x, t) = ∆u(x, t) = 0 on∂Ω× R,
(1.1)

whereΩ is a bounded domain inRN(N ≥ 1) with boundary∂Ω, Q = Ω × (0, 2π),

utt =
∂2u

∂t2
, ∆2u = ∆(∆(u)) is the iterated Laplacian multiplied,(α, β) ∈ R2, h is

given function inL2(Q) andg : Ω × R × R → R is a Carath́eodory function (i.e.,
measurable in(x, t) ∈ Q for eachs ∈ R and continuous ins for almost all(x, t) ∈ Q)
and2π-periodic int. We are interested in the nonresonance for the problem (1.1) (i.e.,
in the condition for the functiong such that there exists a solutionu ∈ L2(Q) for any
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givenh ∈ L2(Q)). We will assume thatg satisfies the following conditions:
(C1) g(x, t, s) is nondecreasing ins;

(C2)
g(x, t, r)− g(x, t, s)

r − s
≥ −α, s 6= r, (x, t) ∈ Q;

(C3) For allR > 0, there existsφR ∈ L2(Q) such that a.e.(x, t) ∈ Q, we have

max
|s|≤R

|g(x, t, s)| ≤ φR(x, t);

(C4) a.e.(x, t) ∈ Q, we have

λk − α < l(x, t) := lim inf
|s|→+∞

g(x, t, s)

s
≤ lim sup

|s|→+∞

g(x, t, s)

s
:= k(x, t) < λk+1 − α,

whereλk andλk+1 ∈ σ(Lβ) are two consecutive eigenvalues of the operatorLβ :=
∂2

∂t2
+ ∆2 + β

∂

∂t
, andσ(Lβ) is the spectrum of the operatorLβ.

An example ofg is g(x, t, s) =
(c− α)s3 − αs

s2 + 1
+ φ(x, t), whereφ ∈ L2(Q) is

an arbitrary function,c ∈ (λk, λk+1) is a real constant,λk andλk+1 are two positive
consecutive eigenvalues ofLβ.

The caseN = 1,α = 0 andβ = 0 was considered by Mustonen and Berkovits in [3].
They showed the existence of weak solutions of the problem (1.1) with conditions of

nonresonance when
g(x, t, s)

s
is located strictly between two consecutive eigenvalues

of the operator
∂2

∂t2
+ ∆2, more precisely whenλk <

g(x, t, s)

s
< λk+1 for all t, s and

a.e.x.
This paper is organized as follows. In Section 2, we determine the spectrum of oper-

ator
∂2

∂t2
+ ∆2 with conditions of periodicity, of the same manner that Anane, Chakrone

and Ghanim made in [2] for the D’Alembertian. In Section 3, we determine the spec-
trum of the operatorLβ with conditions of periodicity. In Section 4, we show (see
Corollary 4.6) while using a homotopy argument given by Mustonen and Berkovits
in [4], and of analogous techniques developed by Anane and Chakrone in [1] for the
Laplacian(∆), that the problem (1.1) has at least one solution for allh ∈ L2(Q). Our
work generalizes the work of Berkovits and Mustonen in [3].

2 The Spectrum of Operator
∂2

∂t2
+ ∆2

Let Ω a bounded domain inRN(N ≥ 1) with boundary∂Ω, andQ = Ω× (0, 2π).

Definition 2.1. Let θ ∈ R. A function u : R 7→ R is said to be(θ, 2π)-periodic if
u(t + 2π) = θu(t) for all t ∈ R. We defineVθ by the closure of space{u ∈ L2(Q) ∩
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C(Q̄);ut,∇u,∆u ∈ L2(Q)∩CQ̄), u is (θ, 2π)-periodic andu(x, t) = ∆u(x, t) = 0 on
∂Ω× R} with respect to the norm

‖u‖2
θ = ‖u‖2

L2(Q) + ‖ut‖2
L2(Q) + ‖∇u‖2

L2(Q) + ‖∆u‖2

L2(Q)
.

For θ 6= 0, we consider the eigenvalue problem

(Pθ)

{
Find (u, λ) ∈ (Vθ \ {0})× R such that
utt + ∆2u = λu.

Let us defineσθ

(
∂2

∂t2
+ ∆2

)
= {λ ∈ R; there existsu with (u, λ) solution of(Pθ)}.

One notes byσ(∆2) = {λi, i ∈ N∗} the spectrum of∆2 in H1
0 (Ω) ∩ H2(Ω), and by

{ψi ∈ Vθ, i ∈ N∗} an orthonormal basis in the Hilbert spaceL2(Ω) formed by associated
eigenfunctions.

Proposition 2.2. We have

σθ

(
∂2

∂t2
+ ∆2

)
=


Ø if θ < −1,

{λi,θ; i ∈ N∗} if θ > 1,

{λi,k,θ, λi,θ; i ∈ N∗ andk ∈ Z} if 0 < θ < 1,

{λi,k,θ; i ∈ N∗ andk ∈ Z} if − 1 ≤ θ < 0 or θ = 1,

whereλi,k,θ = λi −
(

arccos θ

2π
+ k

)2

, λi,θ = λi +

(
ln |θ|
2π

)2

, and

Φi,k,θ =

[
a cos

{(
arccos θ

2π
+ k

)
t

}
+ b sin

{(
arccos θ

2π
+ k

)
t

}]
ψi

and

Φi,θ = a exp

(
ln |θ|
2π

t

)
ψi

are the associated eigenfunctions toλi,k,θ andλi,θ, respectively

Proof. The proof is easily adapted from that of [2, Proposition 1] for the D’Alembertian.
The problem(Pθ) can be solved by decomposition on the orthonormal basis(ψi)i of

L2(Ω). For u ∈ Vθ, we write u(x, t) =
∞∑
i=1

ui(t)ψi(x). If utt + ∆2u = λu, then

∞∑
i=1

[u′′i (t) + (λi − λ)ui(t)]ψi(x) = 0. Thusu′′i (t) + (λi − λ)ui(t) = 0 for all i ∈ N∗.

The initial conditions give {
θui(0) = ui(2π),
θu′i(0) = u′i(2π).

To solve the problem(Pθ), we return to solve a differential equation of the second
degree. We distinguish 3 cases:
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1. λ = λi. We haveui(t) = cit+ di, where{
θdi = 2πci + di,
θci = ci.

If θ 6= 1, thenui(t) = 0 and ifθ = 1, thenui(t) = di with anydi ∈ R.

2. λi − λ < 0. We haveui(t) = ci cosh(ωit) + di sinh(ωit), where
ω2

i = λ− λi,
(1− θ exp(2πωi))(ci − di) = 0,
(1− θ exp(−2πωi))(ci + di) = 0.

If θ < 0 or θ = 1, then1 − θ exp(2πωi) 6= 0 and1 − θ exp(−2πωi) 6= 0, thus

ci = di = 0, thereforeui(t) = 0. If 0 < θ with θ 6= 1, thenωi = ± ln |θ|
2π

, thus

ui(t) = ci exp

(
ln θ

2π
t

)
andλ = λi +

(
ln θ

2π

)2

.

3. λi − λ > 0. We haveui(t) = ci cos(ωit) + di sin(ωit), where{
ω2

i = λi − λ,
(θ − cos(2πωi))(c

2
i + d2

i ) = 0.

If 0 < |θ| ≤ 1, thenωi = ±arccos θ

2π
+ k, k ∈ Z, so that

ui = ci cos

((
arccos θ

2π
+ k

)
t

)
+ di sin

((
arccos θ

2π
+ k

)
t

)
,

and henceλ = λi −
(

arccos θ

2π
+ k

)2

. If |θ| > 1, thenui(t) = 0.

This concludes the proof.

Corollary 2.3. The spectrum of
∂2

∂t2
+ ∆2 with periodicity conditions is

σ

(
∂2

∂t2
+ ∆2

)
= σ1

(
∂2

∂t2
+ ∆2

)
=
{
λi − k2; λi ∈ σ(∆2), k ∈ Z

}
.

3 The Spectrum of Operator
∂2

∂t2
+ ∆2 + β

∂

∂t

We consider the eigenvalue problem{
Find (u, λ) ∈ (V1 \ {0})× R such that
utt + ∆2u+ βut = λu.

(3.1)
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Proposition 3.1. The spectrum of the operatorLβ is

σ(Lβ) =


σ(∆2) ∪ {λi,k,β; k ∈ Z, i ∈ N∗} ifβ < 0,
{λi,k,β; k ∈ Z, i ∈ N∗} ifβ = 0,
σ(∆2) ifβ > 0,

whereλi,k,β = λi −
β2

4
−
(

arccos(eπβ)

2π
+ k

)2

.

For the proof of Proposition 3.1, we start with showing the following lemma.

Lemma 3.2. (u, λ) is a solution of(3.1) if and only if

(
e

β
2
tu, λ+

β2

4

)
is a solution of

(Peπβ).

Proof. We suppose that (u, λ) is a solution of (3.1). Puttingv = e
β
2
tu, it is clear that

v ∈ Veπβ \ {0}, and hence

vt =
β

2
e

β
2
tu+ e

β
2
tut; vtt =

β2

4
e

β
2
tu+ βe

β
2
tut + e

β
2
tutt; ∆v = e

β
2
t∆u; ∆2v = e

β
2
t∆2u;

thus

vtt + ∆2v =
β2

4
e

β
2
tu+ βe

β
2
tut + e

β
2
tutt + e

β
2
t∆2u

=
β2

4
e

β
2
tu+ e

β
2
t(βut + utt + ∆2u)

=

(
λ+

β2

4

)
v.

Therefore

(
e

β
2
tu, λ+

β2

4

)
is a solution of(Peπβ). The reciprocal implication is demon-

strated by an analogous calculation.

Proposition 3.1 is now easily shown by using Lemma 3.2 and Proposition 2.2.

4 A Semilinear Beam Equation in the Case of Nonreso-
nance

Throughout this section we suppose that

σ

(
∂2

∂t2
+ ∆2

)
=
{
λi − k2;λi ∈ σ(∆2), k ∈ Z

}
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is closed inR and all points of this set are isolated (for example ifN = 1 andΩ =
(0, rπ) with r ∈ Q). In this section we will study the existence of periodic solutions
of problem (1.1). We give in the following proposition some properties of the operator

Lβ :=
∂2

∂t2
+ ∆2 + β

∂

∂t
.

Proposition 4.1. The operatorLβ possesses the following properties.

1) Lβ is a densely defined closed linear operator with closed range.

2) Lβ is normal (i.e., it commutes with its adjoint).

3) Im(Lβ) = (Ker(Lβ))⊥, whereIm(Lβ) and Ker(Lβ) are respectively the range
and the kernel ofLβ.

4) If L0
β is the restriction ofLβ on Im(Lβ)∩D(Lβ), withD(Lβ) is the domain of the

operatorLβ, then the inverse(L0
β)−1 : Im(Lβ) → Im(Lβ)∩D(Lβ) is continuous

and compact.

Lemma 4.2 ([5, Proposition ii.16, page 28]).LetE andF be two Banach spaces and
A : D(A) ⊂ E → F a linear densely defined operator. ThenA∗ is closed, whereA∗ is
the adjoint ofA.

Lemma 4.3 ( [5, Theorem ii.18, page 29]).LetE andF be two Banach spaces and
A : D(A) ⊂ E → F a linear densely defined and closed operator. Then(Ker(A∗)⊥) =
Im(A).

Proof of Proposition 4.1.1) Let us defineD(Lβ) andIm(Lβ): Foru ∈ D(Lβ), we write

u(x, t) =
∑

1≤i,k≤∞

ui,kfk(t)ψi(x), where(fk)k is the orthonormal basis ofL2((0, 2π))

satisfying−(fk)tt = k2fk in (0, 2π) andui,k = (u, ψifk), where(·, ·) denotes the usual
inner product inL2(Q). One easily verifies that

Lβu = e−
β
2
t(e

β
2
tu)tt + ∆2(e

β
2
tu)− β2

4
u

and

Lβ(u) = e−
β
2
t
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)
(e

β
2
tu, ψifk)ψifk.

Thus the domain and the range ofLβ are respectively defined by

D(Lβ) =

{
u ∈ L2(Q);

∑
1≤i,k≤∞

(
λi − k2 − β2

4

)2

(e
β
2
tu, ψifk)

2 <∞

}
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and

Im(Lβ) =

{
e−

β
2
t
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)
(e

β
2
tu, ψifk)ψifk, u ∈ D(Lβ)

}
.

HenceD(Lβ) is dense inL2(Q). It remains to prove thatIm(Lβ) is closed inL2(Q).
Forv ∈ Im(Lβ), there existun ∈ D(Lβ) and

vn = e−
β
2
t
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)
(e

β
2
tun, ψifk)ψifk

such thatvn → v strongly inL2(Q). As un ∈ D(Lβ), un is bounded inL2(Q), thus
there existsu ∈ L2(Q) such thatun → u weakly inL2(Q). We will now show that
u ∈ D(Lβ). We have

(vn, vn) =
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)2

(e
β
2
tun, ψifk)

2 →
∫

Q

v2,

so the limit of
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)2

(e
β
2
tun, ψifk)

2 exists. In addition

∑
1≤i,k≤∞

(
λi − k2 − β2

4

)2

(e
β
2
tu, ψifk)

2

≤ lim
n

∑
1≤i,k≤∞

(
λi − k2 − β2

4

)2

(e
β
2
tun, ψifk)

2 <∞,

and thusu ∈ D(Lβ). On the other handvn = Lβ(un) → Lβ(u) weakly inL2(Q) (since
Lβ is linear continuous). By uniqueness of the limit, we have

vn → Lβ(u) = e−
β
2
t
∑

1≤i,k≤∞

(
λi − k2 − β2

4

)
(e

β
2
tu, ψifk)ψifk

strongly inL2(Q). Finally,v = Lβ(u) ∈ Im(Lβ) andIm(Lβ) = Im(Lβ).
2) By integrating by parts and using the boundary conditions, we have for allu, v ∈

D(Lβ),

(Lβ(u), v) =

∫
Q

uttv +

∫
Q

(∆2u)v + β

∫
Q

utv

=

∫
Q

uvtt +

∫
Q

u(∆2v)− β

∫
Q

uvt

= (u, L−β(v)),
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henceL∗β = L−β. For allu ∈ D(Lβ), we have

Lβ(L−β(u)) = Lβ(utt + ∆2u− βut)

= Lβ(utt) + Lβ(∆2u)− βLβ(ut)

= (Lβ(u))tt + ∆2(Lβ(u))− β(Lβ(u))t

= L−β(Lβ(u)),

thusLβ is normal.
3) Lemma 4.3 givesIm(Lβ) = (Ker(L∗β))⊥, and sinceLβ is normal, we have

Ker(L∗β) = Ker(Lβ).
4) (L0

β)−1 : Im(Lβ) → Im(Lβ) ∩D(Lβ) is bijective becauseIm(Lβ) ∩Ker(Lβ) =
{0}. Let (un) ⊂ Im(Lβ) be a bounded sequence. Thus for a subsequence,un → u
weakly inL2(Q). Consequentlyvn = (L0

β)−1un is bounded inD(Lβ) and inH1(Q),
so for a subsequence,vn → v weakly inH1(Q). As i : H1(Q) → L2(Q) is compact,
vn → v strongly inL2(Q). Henceun = L0

β(vn) → u strongly inL2(Q). Thus(L0
β)−1

is compact.

Notations: Let δ, µ ∈ R be such thatδ < µ. We introduce the following general
hypothesis:
(Cδ,µ) a.e.(x, t) ∈ Q, we have

δ − α ≤6= l(x, t) := lim inf
|s|→+∞

g(x, t, s)

s
≤ lim sup

|s|→+∞

g(x, t, s)

s
:= k(x, t) ≤6= µ− α.

The notation≤6= means that one has a large inequality onQ and strict on a set of
measure different from zero. Let us putg̃(x, t, s) = αs + g(x, t, s) andN : L2(Q) →
L2(Q) : N(u) = g̃(x, t, u), the Nemytskii operator generated by the functiong̃. For
r ∈ [0, 1], consider the operatorTr : D(Lβ) ⊂ L2(Q) → L2(Q): Tr(u) = Lβ(u) −
r(N(u) + h)− (1− r)λu, whereδ < λ < µ. Consider now

There existsR > 0 such that

Tr(u) 6= 0 for all r ∈ [0, 1] andu ∈ D(Lβ), with ‖u‖ =

(∫
Q

|u|2
) 1

2

= R.
(4.1)

Remark4.4. 1. u is a solution of problem (1.1) if and only ifu ∈ D(Lβ) and
Lβ(u) = N(u) + h.

2. If (C1) and(C2) are satisfied, theñg(x, t, s) is nondecreasing ins, thus the oper-
atorN is monotone.

3. (C3) implies that for allR > 0, there existsφ̃R ∈ L2(Q) such that a.e.(x, t) ∈ Q,
we have

max
|s|≤R

|g̃(x, t, s)| ≤ φ̃R(x, t).



Nonresonance Conditions 203

4. If (C4) is satisfied, then a.e.(x, t) ∈ Q, we have

λk < l̃(x, t) := lim inf
|s|→+∞

g̃(x, t, s)

s
≤ lim sup

|s|→∞

g̃(x, t, s)

s
:= k̃(x, t) < λk+1

5. If (Cδ,µ) is satisfied, then a.e.(x, t) ∈ Q, we have

δ ≤6= l̃(x, t) := lim inf
|s|→+∞

g̃(x, t, s)

s
≤ lim sup

|s|→+∞

g̃(x, t, s)

s
:= k̃(x, t) ≤6= µ

i.e., for allε > 0, there existsaε ∈ L2(Q) such that a.e.(x, t) ∈ Q, for all s ∈ R,
we have(

l̃(x, t)− ε
)
s2 − aε(x, t)|s| ≤ sg̃(x, t, s) ≤

(
k̃(x, t) + ε

)
s2 + aε(x, t)|s|.

6. Under hypothesis(C3) and(Cδ,µ), there existθ > 0 andη ∈ L2(Q) such that a.e.
(x, t) ∈ Q, for all s ∈ R, we have

|g̃(x, t, s)| ≤ θ|s|+ η(x, t). (4.2)

Theorem 4.5. Assume(C1), (C2) and(Cδ,µ). If the estimate(4.1) is not satisfied, then
there existm(x, t) ∈ L∞(Q), v ∈ L2(Q) \ {0} and (un) ⊂ L2(Q) such that v is a
nontrivial solution of the problem

(Pm)


utt + ∆2u+ βut = m(x, t)u in Q,
u(x, t+ 2π) = u(x, t) in Ω× R,
u(x, t) = ∆u(x, t) = 0 on∂Ω× R

and {
‖un‖ → ∞,

un

‖un‖
→ v in L2(Q),

δ ≤6= m(x, t) ≤6= µ a.e. inQ.

Corollary 4.6. Assume(C1), (C2) and (Cδ,µ). If there exist two positive consecutive
eigenvaluesλk andλk+1 of the operatorLβ such thatλk < δ < µ < λk+1, then the
problem(1.1)has at least one solution for allh ∈ L2(Q).

As the proof of Theorem 4.5 is relatively long, we organize it in several lemmas.
Suppose that(Tr) does not satisfy the estimate (4.1). Then for alln ∈ N, there exist
rn ∈ [0, 1] andun ∈ D(Lβ) with ‖un‖ = n such that

Lβ(un)− rn(N(un) + h̃)− (1− rn)λun = 0. (4.3)

Let

vn =
un

‖un‖
and gn(x, t) =

g̃(x, t, un)

‖un‖
a.e. in Q.
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The sequence(vn) is bounded inL2(Q). Then for a subsequence,vn → v weakly in
L2(Q). Dividing (4.2) by‖un‖, we have

|gn(x, t)| ≤ θ|vn|+
η(x, t)

n

and thus

‖gn‖ ≤ θ‖vn‖+
‖η‖
n

≤ θ +
‖η‖
n
,

and hencegn is bounded inL2(Q). We deduce that for a subsequence,gn → f weakly
in L2(Q).

The following two lemmas define the functionm(x, t).

Lemma 4.7. Suppose(4.2)and (4.3). Then

f(x, t) = 0 a.e. inA = {(x, t) ∈ Q; v(x, t) = 0 a.e. inQ}.

Proof. Letψ be the function defined byψ(x, t) = sgn(f(x, t))χA(x, t) a.e. inQ, where
χA is the indicator function andsgn is the sign function. Sincegn → f weakly in

L2(Q), we have
∫

Q

gnψ →
∫

Q

fψ =

∫
A

|f(x, t)|. On the other hand, asvn → v, and

using (4.2), we have∣∣∣∣∫
Q

gnψ

∣∣∣∣ ≤ ∫
Q

|gnψ| ≤ θ

∫
Q

|vnχA|+
∫

Q

η(x, t)χA

n
→ θ

∫
Q

vχA = 0,

and thus
∫

A

|f(x, t)| = 0 andf = 0 a.e. inA.

We define the functiond by

d(x, t) =


f(x, t)

v(x, t)
a.e. inQ \ A,

λ a.e. inA.

Lemma 4.8. Suppose(4.2), (4.3)and(Cδ,µ). Thenδ ≤ d(x, t) ≤ µ a.e. inQ.

Proof. We proveδ ≤ d(x, t) a.e. inQ. We denoteB = {(x, t) ∈ Q; δ(v(x, t))2 >
v(x, t)f(x, t) a.e.}. It is sufficient to prove thatmeasB = 0. Under(Cδ,µ) (cf. part 5
of Remark 4.4), we have(δ − ε)u2

n − aε(x, t)|un| ≤ ung̃(x, t, un). Dividing by ‖un‖2,

we get(δ − ε)v2
n − aε(x, t)

|vn|
n

≤ vngn(x, t). Multiplying by χB and integrating, we

get (δ − ε)

∫
Q

v2
nχB −

∫
Q

aε(x, t)

n
|vn|χB ≤

∫
Q

vnχBgn(x, t). Passing to the limit, we

have(δ − ε)

∫
Q

|v(x, t)|2χB ≤
∫

Q

v(x, t)f(x, t)χB. As ε is arbitrary, we conclude that∫
Q

[
v(x, t)f(x, t)− δ|v(x, t)|2

]
χB ≥ 0. Therefore, by the definition ofB, measB =

0. By analogous method, we prove thatd(x, t) ≤ µ a.e. inQ.
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Lemma 4.9. If (4.2), (4.3)and(Cδ,µ) hold, thenvn → v strongly inL2(Q) and
vtt + ∆2v + βvt = m(x, t)v in Q,
v(x, t+ 2π) = v(x, t) in Ω× R,
v(x, t) = ∆v(x, t) = 0 on∂Ω× R,

wherem(x, t) = rd(x, t) + (1− r)λ andr = lim
n
rn.

Remark4.10. It is easy to see thatm(x, t) is 2π-periodic andδ ≤ m(x, t) ≤ µ a.e. in
Q.

Proof of Lemma 4.9.Dividing by ‖un‖ in (4.3), we have

Lβ(vn) = rngn + (1− rn)λvn + rn
h̃

n

which implies

vn = (L0
β)−1

(
rngn + (1− rn)λvn + rn

h̃

n

)
.

Sincegn → f weakly inL2(Q) andvn → v weakly inL2(Q), it follows that

rngn + (1− rn)λvn + rn
h̃

n
→ rf + (1− r)λv

weakly inL2(Q). The operator(L0
β)−1 is compact, and thus

vn = (L0
β)−1

(
rngn + (1− rn)λvn + rn

h̃

n

)
→ (L0

β)−1(rf + (1− r)λv)

strongly inL2(Q). Therefore,vn → (L0
β)−1(rf + (1 − r)λv) = v strongly inL2(Q).

By the definition of the functionm, we haveLβ(v) = mv.

Finally, it remains to prove the following lemma.

Lemma 4.11.Suppose(4.2), (4.3)and(Cδ,µ). Thenδ ≤6= m(x, t) ≤6= µ a.e. inQ.

Proof. We provem(x, t) ≤6= µ a.e. inQ. (By analogous method, we prove thatδ ≤6=
m(x, t) a.e. inQ.) Suppose by contradiction thatm(x, t) = µ a.e. inQ. Under(Cδ,µ),
we have

vngn ≤ (k̃(x, t) + ε)v2
n +

aε|vn|
n

, (4.4)

wherek̃(x, t) ∈ L∞(Q) such that̃k(x, t) ≤6= µ. By (4.4), we have∫
Q

rngnvn + (1− rn)λv2
n + rn

∫
Q

h

v n
n

≤
∫

Q

[rn(k̃(x, t) + ε) + (1− rn)λ]v2
n + rn

∫
Q

(
h
vn

n
+ aε

|vn|
n

)
. (4.5)
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Under (4.2) and (4.3),gn → f weakly inL2(Q) andvn → v strongly inL2(Q). Passing

to the limit in (4.5), we get
∫

Q

[r(fv) + (1− r)λv2] ≤
∫

Q

[r(k̃(x, t) + ε) + (1− r)λ]v2.

By the definition ofm, we have
∫

Q

[r(fv) + (1 − r)λv2] =

∫
Q

m(x, t)v2 =

∫
Q

µv2.

Thus
∫

Q

µv2 ≤
∫

Q

[r(k̃(x, t) + ε) + (1 − r)λ]v2. As ε is arbitrary, we have
∫

Q

µv2 ≤∫
Q

[rk̃(x, t)+(1−r)λ]v2. Hence
∫

Q

[µ−rk̃(x, t)−(1−r)λ]v2 ≤ 0. Sincẽk(x, t) ≤ µ a.e.

inQ andλ < µ, we haveµ−rk̃(x, t)−(1−r)λ ≥ 0. Then
∫

Q

[µ−rk̃(x, t)−(1−r)λ]v2 =

0. Therefore[µ − rk̃(x, t) − (1 − r)λ]v2 = 0 a.e. inQ. Asm(x, t) = µ a.e. inQ, by
the definition of the functiond (d(x, t) 6= λ), we havemeasA = 0 (i.e., v(x, t) 6= 0
a.e. inQ). Thus,µ = rk̃(x, t) + (1 − r)λ a.e. inQ. This contradiction concludes the
proof.

For the proof of Corollary 4.6 we will need the following two lemmas.

Lemma 4.12 ([4]). Assume(C1), (C2), (4.2), λ ∈ σ(Lβ) andλ ≥ 0. Leth ∈ L2(Q). If
there existsR > 0 such that

Lβu− r(N(u) + h)− (1− r)λu 6= 0, for all u ∈ D(Lβ), ‖u‖ = R, 0 ≤ r ≤ 1,

then the problem(1.1)admits at least one solutionu ∈ D(Lβ) with ‖u‖ < R.

Proof. By (4.2), (C1) and(C2), N is continuous and monotone. Therefore the result
follows from homotopy as studied in [4].

Lemma 4.13. If there exist two realsδ andµ such that

δ ≤ m(x, t) ≤ µ a.e. inQ with [δ, µ] ∩ σ(Lβ) = ∅, (4.6)

then the problem(Pm) has only the trivial solution.

Proof. Let c ∈ [δ, µ] be arbitrary with
max(|µ− c|, |δ − c|)

dist(c, σ(Lβ))
< 1 (for example,c =

(δ+µ)/2). Then the operatorLβ−cI is invertible and‖(Lβ−cI)−1‖ =
1

dist(c, σ(Lβ))
.

Hence for allu ∈ D(Lβ), ‖Lβu − cu‖ ≥ dist(c, σ(Lβ))‖u‖. Assume now thatu ∈
D(Lβ) is a solution of the problem(Pm). Then‖Lβu− cu‖ = ‖mu− cu‖. Therefore

‖u‖ ≤ ‖mu− cu‖
dist(c, σ(Lβ))

. On the other hand, by the condition (4.6),|mu − cu| = |m −

c||u| ≤ max(|µ − c|, |c − δ|)|u|. Hence‖mu − cu‖ ≤ max(|µ − c|, |c − δ|)‖u‖.

Thus‖u‖ ≤ max(|µ− c|, |c− δ|)
dist(c, σ(Lβ))

‖u‖. Since
max(|µ− c|, |δ − c|)

dist(c, σ(Lβ))
< 1, we conclude

u = 0.
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Proof of Corollary 4.6.Suppose by contradiction that the problem (1.1) does not ad-
mit a solution. Thus by Lemma 4.12, the homotopy(Tr) does not satisfy the estimate
(4.1). By Theorem 4.5, there existm(x, t) ∈ L∞(Q), v ∈ L2(Q) \ {0} such thatv is
a nontrivial solution of the problem(Pm) andδ ≤6= m(x, t) ≤6= µ a.e. inQ. Since
0 ≤ λk < δ < µ < λk+1, whereλk andλk+1 are two positive consecutive eigenvalues
of Lβ, this is in contradiction with Lemma 4.13. The proof is thus complete.

Remark4.14. 1. We have an analogous result if in Corollary 4.6,λk andλk+1 are
two consecutive eigenvalues of the operatorLβ such thatλk < δ < µ < λk+1 ≤
0, while replacing the operatorLβ by (−Lβ).

2. Note that ifα = 0 andβ = 0, we recover a result on the existence of the periodic
solutions with conditions of nonresonance of the problem

utt + ∆2u = g(x, t, u) + h(x, t) in Q,
u(x, t+ 2π) = u(x, t) in Ω× R,
u(x, t) = ∆u(x, t) = 0 on∂Ω× R.
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