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Abstract

In this article, discrete versions of diffusion equations are presented on basic adap-
tive grids. These equations stem from originally considering discrete versions of
exponential functions which have zeros on the negative axis. As a main result,
similarity solutions to these difference equations are developed which reduce in the
transition to the real axis to the well-known similarity solutions of the conventional
difference equation.
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1. Introduction

The celebrated time scale approach constitutes an enormously effective and efficient
approach to a unification of differential equations and difference equations. The great
variety of the time scale theory can for instance be looked at in the book by M. Bohner
and A. Peterson, [1].

During the last years, several achievements have been done on the area of partial
difference equations, using so-called basic difference operators, which are closely related
to the time scales setting, see for instance [2,6]. In particular, studying discrete versions of
the diffusion equation, compare [5], is of great interest. See for example the contributions
[3, 4].

In this article, we consider the construction of so-called selfsimilar solutions to dis-
crete versions of basic diffusion equations. The main results are given in the theorem of
Section 3 where a suitable discrete generalization of the conventional diffusion equation
is given which admits the construction of similarity solutions.

To get started, let us consider the classical one-dimensional diffusion equation(
∂2u

∂x2

)
(x, t) =

(
∂u

∂t

)
(x, t). (1.1)

Equation (1.1) possesses beside others the so-called similarity solution

u(x, t) = 1√
t
e− 1

4
x2
t . (1.2)

For a fixed value t one obviously obtains for this particular solution∫ ∞

−∞
u(x, t) dx < ∞. (1.3)

It is desirable to keep this integrability condition also in a discrete setting, i.e., when
looking for a suitable discrete solution. Motivations to search for similarity type solutions
stem from both mathematics and physics, one of the main applications certainly being
the probability interpretation of diffusive processes in the context of quantum mechanics:
It is well known that there are close connections between diffusion theory and solutions
of the Schrödinger equation.

A useful choice of analytic discretization is given by the so-called basic difference
operators, in other words the derivative f ′(x) is replaced by

f (qx) − f (x)

qx − x
, (1.4)

compare for instance the contributions by A. Ruffing and S. Suslov on discrete quantum
oscillators [2].

It is in general not so easy to chose basic exponential functions satisfying the property∫ ∞

−∞
f (−x2)dx < ∞. (1.5)
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This problem is related to the complicated oscillation behaviour of those functions. In
the following we will explicitly construct a solution of the basic diffusion equation with
the property of spatial L1-behavior.

2. Preparation

We start now with the following result.

Lemma 2.1. Let q > 1. The basic difference equation

f (qx) = [(q − 1)x + 1]f (x) (2.1)

allows exactly one holomorphic solution eq : C → C with the property eq(0) = 1.
Further the set of zeros

� := {x ∈ C | eq(x) = 0} (2.2)

is precisely given by

� :=
{

qn

1 − q
| n ∈ N

}
. (2.3)

Proof. The power series ansatz

eq(x) =
∞∑

n=0

cnx
n (2.4)

satisfies the equation
eq(qx) = [(q − 1)x + 1]eq(x) (2.5)

if and only if

cn = α

[n]q ! , n ∈ N0

with [n]q ! :=
n∏

j=0

[j ]q and [j ]q := qj − 1

q − 1
, j ∈ N, where we choose [0]q := 1 and α

as a constant.
Since [n]q ≥ n, n ∈ N, we have

|eq(x)| ≤
∞∑

n=o

|α|
n! |xn| = |α|e|x|, (2.6)

and this implies the analyticity of eq in C. The requirement eq(0) = 1 can be satisfied
by taking α = 1.

We show now that the set of zeros � = {x ∈ C | eq(x) = 0} is given by

� =
{

qn

1 − q
| n ∈ N

}
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eq(x) = eq(qx) − eq(x)

qx − x
= 0 ⇔ eq(qx) − eq(x) = 0 ⇔ eq(qx) = 0.

Let eq(q
kx) = 0 for all k ∈ {1, . . . , n}. By substituting n → n + 1 we obtain:

eq(q
nx) = eq(q

n+1x) − eq(q
nx)

qn+1x − qnx
= 0 ⇔ eq(q

n+1x) = 0. (2.7)

Thus we have eq(x) = 0 if and only if eq(qx) = 0 for all n ∈ N. The basic difference
equation

eq(qx) = [(q − 1)x + 1]eq(x)

implies that a zero is at
q

q − 1
. Consequently the set of all zeros is given by the discrete

set

� =
{

qn

1 − q
| n ∈ N

}
.

Suppose there existed a u /∈
{

qn

1 − q
| n ∈ N

}
with eq(u) = 0. Considering eq(qx) =

[(q − 1)x + 1]eq(x), one has

eq(q
−nu) = 0, n ∈ N0. (2.8)

This results in
lim

n→∞ eq(q
−nu) = 0, (2.9)

in contradiction to the assumption eq(0) = 1 and the fact that eq is a holomorphic

function. The set of zeros is hence precisely given by � =
{

qn

1 − q
| n ∈ N

}
which

completes the proof. �

Lemma 2.2. For f : C\{0} → C and γ ∈ R\{0} define

(Dγ f )(x) := f (γ x) − f (x)

γ x − x
, x ∈ C\{0}. (2.10)

Further let eq : C → C, q > 1, be as in Lemma 2.1. Additionally let the functions
f : R → R and g : R

+ → R be given as follows:

f (x) := 1

eq(x2)
, x ∈ R (2.11)

g(x) := 1

eq(
1
x
)
, x ∈ R

+. (2.12)

The following identities hold true:

Step 1: (D√
qf )(x) = −(

√
q + 1)xf (x), x ∈ R\{0}.
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Step 2: (D 1√
q
f )(x) = −(

√
q + 1)

x√
q

f (x), x ∈ R\{0}.

Step 3: (Dqg)(x) = 1

q

1

x2
g(x), x ∈ R

+.

Proof. Step 1:

(D√
qeq)(x

2) = eq(qx2) − eq(x
2)√

qx − x
= eq(qx2) − eq(x

2)

(q − 1)x2
(
√

q + 1)x

= eq(x
2)(

√
q + 1)x. (2.13)

We see that

(D√
qf )(x) = f (

√
qx) − f (x)√
qx − x

=
1

eq(qx2)
− 1

eq(x2)√
qx − x

= −eq(qx2) − eq(x
2)√

qx − x

1

eq(x2)eq(qx2)
.

From (2.13) one has

(D√
qf )(x) = −eq(x

2)(
√

q + 1)x

eq(x2)eq(qx2)
= −(

√
q + 1)x

1

eq(qx2)
.

Step 2: Let us define

(Lγ f )(x) := f (γ −1x), x ∈ C, γ ∈ R\{0}. (2.14)

From (2.14) we get

(L√
qD

√
qf )(x) =

f (x) − f
(

x√
q

)
x − x√

q

= −(
√

q + 1)
x√
q

f (x).

This yields the result.
Step 3:

(Dqeq)

(
1

x

)
=

eq

(
1
qx

)
− eq

( 1
x

)
qx − x

= 1

x2

1

q

eq

(
1
qx

)
− eq

( 1
x

)
1
x

− 1
qx

.

Finally, with

eq

(
1

qx

)
=

eq

(
q
qx

)
− eq

(
1
qx

)
q
qx

− 1
qx

=
eq

( 1
x

) − eq

(
1
qx

)
1
x

− 1
qx

,
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one gets

(Dqeq)

(
1

x

)
= − 1

x2

1

q
eq

(
1

qx

)
. (2.15)

Thus, one has

(Dqg)(x) = g(qx) − g(x)

qx − x
=

1

eq

(
1
qx

) − 1

eq

(
1
x

)
qx − x

= −
eq

(
1
qx

)
− eq

( 1
x

)
qx − x

1

eq

( 1
x

)
eq

(
1
qx

) .

Applying (2.15) one finally obtains

(Dqg)(x) = 1

x2

1

q
eq

(
1

qx

)
1

eq

( 1
x

)
eq

(
1
qx

) = 1

x2

1

q
g(x).

This completes the proof. �

3. The Discrete Diffusion Equation

Theorem 3.1. Let eq : C → C be the holomorphic solution of

eq(qx) = [(q − 1)x + 1]eq(x), (3.1)

where q > 1 and eq(0) = 1. For a fixed α > 0 and β > 0 let the functions fα : R → R

and gβ : R
+ → R be given by

x 	→ fα(x) := 1

eq(αx2)
, x ∈ R (3.2)

t 	→ gβ(t) := 1

eq

(
1
βt

) , t ∈ R
+. (3.3)

Then we have in particular

(1) (
D 1√

q
fα

)
(x) = −(

√
q + 1)α

x√
q

fα(x), x ∈ R\{0}. (3.4)

(Dqgβ)(t) = 1

βq

1

t2
gβ(t), t ∈ R

+. (3.5)

(2) The function uq : R × R
+ → R, defined by

(x, t) 	→ uq(x, t) := 1√
t
f 1

t (
√

q+1)2
(x) = 1√

t

1

eq

(
x2

t (
√

q+1)2

) (3.6)
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satisfies the basic diffusion equation((
Dx

1√
q

)2

uq

)
(x, t) =

(
Dt

quq

)
(x, t), (3.7)

where Dx∗ and Dt∗ are the partial basic difference derivatives by x respectively t .

(3) As limit q → 1 the function uq converges pointwise to u, given by

u(x, t) = 1√
t
e− 1

4
x2
t , (3.8)

and satisfies for that reason the classical diffusion equation

(
∂2u

∂x2

)
(x, t) =

(
∂u

∂t

)
(x, t). (3.9)

(4) The solution uq satisfies the continuous L1-property:∫ ∞

−∞
uq(x, t)dx < ∞, (3.10)

where t is a fixed point on the time axis.

Proof. (1) Let
(Lγ f )(x) := f (γ −1x), γ ∈ R\{0} (3.11)

and
(Rµf )(x) := f (µx), µ ∈ R. (3.12)

(L√
qD

√
qf )(x) = L√

q

f (
√

qx) − f (x)√
qx − x

=
f (x) − f ( x√

q
)

x − x√
q

= (D 1√
q
f )(x)

(
R√

αL√
qD

√
qf

)
(x) =

(
R√

αD 1√
q
f

)
(x) = 1√

α

(
D 1√

q
R√

αf

)
(x). (3.13)

With Lemma 2.2 one shows further(
R√

αD 1√
q
f

)
(x) = R√

α

(
−(

√
q + 1)

x√
q

f (x)

)
= −(

√
q + 1)

√
α

x√
q

f (
√

αx).

Now (3.13) yields(
D 1√

q
R√

αf

)
(x) = −(

√
q + 1)α

x√
q

(R√
αf )(x).
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Applying f (x) = 1

eq(x2)
and remembering the definition fα(x) := 1

eq(αx2)
from (3.2)

it follows (
D 1√

q
fα

)
(x) = −(

√
q + 1)α

x√
q

fα(x), α > 0.

One immediately sees that

(RβDqg)(t) = 1

β
(DqRβg)(t), (3.14)

and therefore one gets

(RβDqg)(t) = Rβ

(
1

t2

1

q
g(t)

)
= 1

q

(
Rβ

(
1

t2
g(t)

))
= 1

q

1

β2t2
g(βt).

Considering g(βt) = 1

eq

(
1
βt

) = gβ(t), and with the result in (3.14) one achieves

(Dqgβ)(t) = 1

βq

1

t2
gβ(t). (3.15)

(2) We consider

(
D2

1√
q

fα

)
(x). Applying twice the basic difference operator to fα, one

should take into account the product rule for the difference operator, given by

(Dγ FG)(x) = F(γ x)G(γ x) − F(x)G(x)

γ x − x
(3.16)

= F(γ x)G(γ x) + G(γ x)F (x) − G(γ x)F (x) − F(x)G(x)

γ x − x
(3.17)

= G(γ x)
F (γ x) − F(x)

γ x − x
+ F(x)

G(γ x) − G(x)

γ x − x
. (3.18)

Consequently

D 1√
q
(fα(x)x) = 1√

q
x(D 1√

q
fα)(x) + fα(x)(D 1√

q
x). (3.19)

As for any γ ∈ R holds (Dγ x) = 1, we conclude

D 1√
q
(fα(x)x) = −(

√
q + 1)

αx2

q
fα(x) + fα(x). (3.20)

Accordingly, one obtains(
D2

1√
q

fα

)
(x) = D 1√

q

(
−(

√
q + 1)α

x√
q

fα(x)

)

=
(

−(
√

q + 1)
α√
q

+ (
√

q + 1)2 α2x2

q
√

q

)
fα(x). (3.21)
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Replacing α by the term
α

t
yields

(
D2

1√
q

fα
t

)
(x) =

(
−(

√
q + 1)

α

t
√

q
+ (

√
q + 1)2

(α

t

)2 x2

q
√

q

)
fα

t

)
(x). (3.22)

We define now
uq : R × R

+ → R,

(x, t) 	→ uq(x, t) := h(t)fα
t
(x) (3.23)

with a real function h : R
+ → R depending of t ∈ R\{0}. With this, one finds((

Dx
1√
q

)2

uq

)
(x, t) = h(t)

(
−(

√
q + 1)

α

t
√

q
+ (

√
q + 1)2

(α

t

)2 x2

q
√

q

)
fα

t
(x),

(3.24)

whereby Dx∗ is the partial basic difference derivative by x. Setting
1

β
= αx2, so

gβ(t) = 1

eq(
αx2

t
)

= fα
t
(x) (3.25)

is satisfied. Consequently consider

uq(x, t) := gβ(t)h(t) (3.26)

with the choice
1

β
= αx2.

(Dt
quq)(x, t) = h(qt)(Dqgβ)(t) + gβ(t)(Dqh(t))

= h(qt)
αx2

q

1

t2
gβ(t) + (Dqh(t))gβ(t). (3.27)

Considering (3.25), we find

(Dt
quq)(x, t) = h(qt)

αx2

q

1

t2
fα

t
(x) + (Dqh(t))fα

t
(x). (3.28)

Set h(t) = 1√
t

and α = 1

(
√

q + 1)2
which implies

((
Dx

1√
q

)2

uq

)
(x, t) = (Dt

quq)(x, t), (3.29)
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for the map defined by

uq(x, t) := 1√
t
f 1

t (
√

q+1)2
(x). (3.30)

This is defined on suitable space time scales.

(3) One immediately sees

lim
q→1

uq(x, t) = lim
q→1

1√
t

1

eq(
x2

t (
√

q+1)2 )
= 1√

t

1

exp(x2

4t
)

= u(x, t). (3.31)

(4) Considering (2.6) in the proof to Lemma 2.1 one obtains

eq(x
2) ≤ ex2

for all x ∈ R. There exists a λ > 0 for which one obtains

eλx2 ≤ eq(x
2)

for all x ∈ R. Thus, it holds for all x ∈ R

e−x2 ≤ 1

eq(x2)
≤ e−λx2

. (3.32)

We found an upper limit for f (x) = 1

eq(x2)
, x ∈ R, so that as well

uq(x, t) = 1√
t
f 1

t (
√

q+1)2
(x)

satisfies the required continuous L1-property:∫ ∞

−∞
uq(x, t) dx < ∞,

t ∈ R\{0} fixed. This concludes the proof. �
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