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Abstract

We find the solution of the partial difference equation

P(n, t) = s(n, t − 1)P (n, t − 1) + m(n − 1, t − 1)P (n − 1, t − 1)

for t ≥ 1, n ∈ IN and nonnegative functions s and m with s(n, t) + m(n, t) = 1
corresponding to the probabilities of staying and moving respectively with initial
condition P(n, 0) = p(n), no source and absorbing destination. The partial differ-
ence equation corresponds to discrete one-dimensional transportation.
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1. Preliminaries

Diffusion is a physical process that can be modeled by partial difference equations. Partial
difference equations that model diffusion arise naturally from the study of mathematical
physics problems [3] and mathematical biology problems [4]. Many of these problems
can be viewed as random walks [2, 7]. The derivation of the closed form solution
requires a clever observation concerning solutions on diagonals and basic knowledge of
elementary difference equation techniques. In particular, the ability to write a second
order difference equation as a first order vector difference equation. See Kelley and
Peterson [6], Elaydi [5] or Agarwal [1] for a complete treatment on the subject.

1Dedicated to my advisor, Dr. Allan Peterson, celebrating his 65th birthday and Euler Prize in Time
Scale Research.
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2. Introduction to a Discrete Transportation

In this paper we will find the solution of the one-dimensional discrete transportation
problem given by

P(n, t) = s(n, t − 1)P (n, t − 1) + m(n − 1, t − 1)P (n − 1, t − 1) (2.1)

for t ≥ 1, n ∈ IN = {0, 1, 2, · · · , N}, and nonnegative functions s and m with s(n, t) +
m(n, t) = 1. We extend the definition of m to include n = −1 so the formula in (2.1) is
well defined whenn = 0 and t ≥ 1 by lettingm(−1, t) = 0 for all t ≥ 0 which guarantees
that there is no source. To obtain the absorbing destination we let s(N, t) = 1 for all
t ≥ 0. The probability function s corresponds to the probability of staying at a particular
position and time while the probability function m is its complement and corresponds to
the probability of moving to the right (one directional diffusion, thus we simply call this
a transportation problem). The initial condition is given by

P(n, 0) = p(n) (2.2)

for n ∈ IN . Applying the equation given in (2.1) and the initial conditions (2.2) one can
iterate and determine P(n, t) for all t such that t + n ≤ N + 1. Extend the definition of
P to include all integer values of t by letting P(n, t) = 0 if t < 0. Define the N + 1
column vector

Q(t) =




P(0, t)

P (1, t − 1)

P (2, t − 2)

P (3, t − 3)
...

P (N, t − N)




,

for all t ≥ N . One can interpret Q as being the diagonal of values of P along the discrete
“diagonal” line segment that goes through (0, t) with slope negative one. Note that none
of the terms in the vector Q(t) correspond to initial conditions when t > N and when
t = N the (N + 1)st component of Q(t) is the initial condition P(N, 0).

3. Main Result

We begin by writing the N + 1 equations along the discrete diagonal line segment from
(2.1) as a vector equation. The equations along the t (t ≥ N + 2) diagonal correspond
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to:
P(0, t) = s(0, t − 1)P (0, t − 1)

P (1, t − 1) = s(1, t − 2)P (1, t − 2) + m(0, t − 2)P (0, t − 2)

P (2, t − 2) = s(2, t − 3)P (2, t − 3) + m(1, t − 3)P (1, t − 3)

P (3, t − 3) = s(3, t − 4)P (3, t − 4) + m(2, t − 4)P (2, t − 4)
...

P (N − 1, t − N + 1) = s(N − 1, t − N)P (N − 1, t − N)

+m(N − 2, t − N)P (N − 2, t − N)

P (N, t − N) = s(N, t − N − 1)P (N, t − N − 1)

+m(N − 1, t − N − 1)P (N − 1, t − N − 1),

where the first equation states that the only way to be at position 0 at a given time t is
to have been at position 0 at time t − 1 and stayed while the remaining equations state
that to be at position n (n > 0) at time t − n (to be on the diagonal containing (0, t) at
position n the time is t −n) the object was either at position n at time t −n−1 and stayed
or the object was at position n − 1 at time t − n − 1 and moved. We then write these
N + 1 equations in matrix form to yield the second order vector difference equation

Q(t) = S(t − 1)Q(t − 1) + M(t − 2)Q(t − 2), (3.1)

where the (N + 1) × (N + 1) matrices S = [si,j ] and M = [mi,j ] are the “coefficient”
matrices defined by

si,j = δi,j s(i − 1, t − (i − 1)) and mi,j = δi,j+1m(i − 2, t − (i − 2))

with initial conditions Q(N + 1) and Q(N) obtained by iterating (2.1) with initial
conditions (2.2) up to the (N +1)st diagonal (for all values of t and n with t+n ≤ N +1).
Applying standard difference equation techniques, we convert (3.1) into the first order
vector difference equation

R(t) = A(t)R(t − 1) (3.2)

for t > N + 1 with initial condition

R(N + 1) (3.3)

by defining the 2N + 2 vector R by

R(t) =
[

Q(t − 1)

Q(t)

]

and the (2N + 2) × (2N + 2) coefficient matrix as a block matrix by

A(t) =
[

0N+1 IN+1

M(t − 2) S(t − 1)

]
.
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The solution of (3.2), (3.3) is easily obtained by iteration and is given by

R(t) =
(

t∏
k=N+2

A(k)

)
R(N + 1)

for all t ≥ N + 1 applying the convention that if t < N + 2, then
t∏

k=N+2

A(k) is the

identity.
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