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Abstract

In this study, we establish a Parseval equality and an expansion formula for a Sturm–
Liouville operator on semi-unbounded time scales.
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1. Introduction

In [6] the author investigated the eigenvalues and eigenfunctions of a Sturm–Liouville
problem on bounded time scale intervals and established some expansion results. In the
present paper we exploit the results of [6] to obtain an expansion theorem for a Sturm–
Liouville problem on semi-unbounded time scale intervals by considering it as a limit
of the Sturm–Liouville problems on bounded time scale intervals. Such a method in the
case of classical differential equations was applied in 1950 by Levitan, Levinson, and
Yosida independently from each other (see [4, 8, 9]).

Let T be a time scale which is bounded from below and unbounded from above so
that

inf T = a > −∞ and sup T = ∞.

By the closedness of T in R we have a ∈ T. We will denote T also as [a, ∞)T. All the
time scale intervals will be equiped with the subindex T while the real axis intervals will
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be equiped with the subindex R. For standard notions and notations connected to time
scales we refer to [2, 3].

We are dealing with the boundary value problem

−y�∇(t) = λy(t), t ∈ (a, ∞)T, (1.1)

y(a) = 0, (1.2)

where λ is a spectral (complex) parameter. Often we will deal with the real values of λ.

A function y : T → C is called a solution of equation (1.1) if y is continuously
�-differentiable on [a, ∞)T, y� is ∇-differentiable on (a, ∞)T, and equation (1.1) is
satisfied.

Denote by ϕ(t, λ) the solution of equation (1.1) subject to the initial conditions

ϕ(a, λ) = 0, ϕ�(a, λ) = 1, (1.3)

so that ϕ(t, λ) satisfies boundary condition (1.2). Note that ϕ(t, λ) is real for real values
of λ.

Next, denote by L2∇(a, ∞) the Hilbert space of all ∇-measurable functions f :
(a, ∞)T → R such that ∫ ∞

a

f 2(t)∇t < ∞,

with the inner product

〈f1, f2〉∇ =
∫ ∞

a

f1(t)f2(t)∇t.

If η is any nondecreasing function on 0 ≤ λ < ∞, let L2
η(0, ∞) denote the Hilbert

space of all functions h : [0, ∞)R → R which are measurable with respect to the
Lebesgue–Stieltjes measure defined by η and such that∫ ∞

0
h2(λ)dη(λ) < ∞,

with the inner product

〈h1, h2〉η =
∫ ∞

0
h1(λ)h2(λ)dη(λ).

The main result of this paper is the following statement.

Theorem 1.1. For problem (1.1), (1.2) there exists a nondecreasing function ω on 0 ≤
λ < ∞ with ω(0) = 0 and the following properties:

(i) If f ∈ L2∇(a, ∞), then there exists a function F ∈ L2
ω(0, ∞) such that

lim
τ∈T,τ→∞

∫ ∞

0

{
F(λ) −

∫ τ

0
f (t)ϕ(t, λ)∇t

}2

dω(λ) = 0 (1.4)
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and the Parseval equality∫ ∞

a

f 2(t)∇t =
∫ ∞

0
F 2(λ)dω(λ) (1.5)

holds.

(ii) The integral ∫ ∞

0
F(λ)ϕ(t, λ)dω(λ)

converges in L2∇(a, ∞) to f, that is,

lim
�→∞

∫ ∞

a

{
f (t) −

∫ �

0
F(λ)ϕ(t, λ)dω(λ)

}2

∇t = 0. (1.6)

The function ω is called a spectral function for problem (1.1), (1.2). By∫ ∞

a

f (t)ϕ(t, λ)∇t

will be meant the value at λ of the function F defined by (1.4). Thus

F(λ) =
∫ ∞

a

f (t)ϕ(t, λ)∇t (1.7)

and F may be regarded as a generalized Fourier transform of f by means of the function
ϕ. It follows that

f (t) =
∫ ∞

0
F(λ)ϕ(t, λ)dω(λ), (1.8)

where the equality is meant in the sense of (1.6), and (1.8) (it can be regarded as the
inverse Fourier transform of F ) is called the expansion theorem. If f, for example, is
continuous and vanishes for all large t ∈ T, then the integral in (1.7) exists in the ordinary
sense.

If T = [0, ∞)R, then problem (1.1), (1.2) becomes

−y′′(t) = λy(t), t ∈ (0, ∞)R, (1.9)

y(0) = 0. (1.10)

In this case, obviously,

ϕ(t, λ) = sin t
√

λ√
λ

and the formulas (1.7) and (1.8) take the forms

F(λ) =
∫ ∞

0
f (t)

sin t
√

λ√
λ

dt
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and

f (t) =
∫ ∞

0
F(λ)

sin t
√

λ√
λ

dω(λ),

respectively. These formulas can be written as

F1(µ) = µF(µ2) =
∫ ∞

0
f (t) sin tµdt (the Fourier sine-tramsform),

f (t) = 2

π

∫ ∞

0
F1(µ) sin tµdµ (the inverse Fourier sine-transform),

if we take

ω(λ) = 1

π
λ2, λ ≥ 0,

which is the spectral function of problem (1.9), (1.10).
If T = {−1, 0, 1, 2, . . .}, then problem (1.1), (1.2) becomes

y(t − 1) + y(t + 1) = (2 − λ)y(t), t ∈ {0, 1, 2, . . .}, (1.11)

y(−1) = 0. (1.12)

For each t ∈ {0, 1, 2, . . .}, ϕ(t, λ) that is the solution of equation (1.11) subject to the
initial conditions ϕ(−1, λ) = 0, ϕ(0, λ) = 1, is a polynomial in λ of degree t (the
Chebyshev polynomial). The formulas (1.7) and (1.8) take the forms

F(λ) =
∞∑
t=0

f (t)ϕ(t, λ)

and

f (t) =
∫ ∞

0
F(λ)ϕ(t, λ)dω(λ),

respectively. These formulas yield the orthogonality relation∫ ∞

0
ϕ(t, λ)ϕ(s, λ)dω(λ) = δts, t, s ∈ {0, 1, 2, . . .},

where δts is the Kronecker symbol. It follows (see [1, Chap. VII]) that

dω(λ) =
{ 1

2π

√
λ(4 − λ)dλ, 0 ≤ λ ≤ 4,

0, λ > 4.
(1.13)

Note that in [1, Chap. VII] the problem

1

2
y(t − 1) + 1

2
y(t + 1) = λy(t), t ∈ {0, 1, 2, . . .},
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y(−1) = 0

is considered and its spectral function is found in the form

dω(λ) =
{ 2

π

√
1 − λ2dλ, − 1 ≤ λ ≤ 1,

0, |λ| > 1.

This yields (1.13) for problem (1.11), (1.12).

2. Auxiliary Facts

In this section, for convenience of the reader, we present some facts which will be used
in the next section for the proof of Theorem 1.1.

Theorem 2.1. Let T be a time scale and a, b ∈ T with a ≤ b. Further, let f : [a, b]T →
R be a function and assume that f̃ : [a, b]R → R is a function such that f (t) = f̃ (t)

for t ∈ [a, b]T. Then the following statements hold:

(i) If f̃ is nondecreasing, then∫ b

a

f (t)�t ≤
∫ b

a

f̃ (t)dt ≤
∫ b

a

f (t)∇t. (2.1)

(ii) If f̃ is nonincreasing, then∫ b

a

f (t)∇t ≤
∫ b

a

f̃ (t)dt ≤
∫ b

a

f (t)�t.

Proof. We only prove (i) as (ii) can be proved similarly. Note that all integrals in (2.1)
exist as monotone functions are integrable (see [5] or [3, Chap. 5]). If a = b, then all
integrals in (2.1) are zero. Let now a < b. Take an arbitrary partition P = {t0, t1, . . . , tn}
of the time scale interval [a, b]T = {t ∈ T : a ≤ t ≤ b}, where

ti ∈ T for 1 ≤ i ≤ n and a = t0 < t1 < · · · < tn = b.

Notice that P forms a partition at the same time for the real line interval [a, b]R = {t ∈
R : a ≤ t ≤ b}. Let us set for 1 ≤ i ≤ n

M ′
i = sup{f (t) : t ∈ (ti−1, ti]T}, M̃ ′

i = sup{f̃ (t) : t ∈ (ti−1, ti]R},
mi = inf{f (t) : t ∈ [ti−1, ti)T}, m̃i = inf{f̃ (t) : t ∈ [ti−1, ti)R},

and form the upper Darboux ∇-sum U ′(f, P ), the upper Darboux usual sum Ũ ′(f̃ , P ),

the lower Darboux �-sum L(f, P ), and the lower Darboux usual sum L̃(f̃ , P ) by setting

U ′(f, P ) =
n∑

i=1

M ′
i (ti − ti−1), Ũ ′(f̃ , P ) =

n∑
i=1

M̃ ′
i (ti − ti−1),



152 Gusein Sh. Guseinov

L(f, P ) =
n∑

i=1

mi(ti − ti−1), L̃(f̃ , P ) =
n∑

i=1

m̃i(ti − ti−1),

respectively. Since f̃ is nondecreasing on [a, b]R and f (t) = f̃ (t) for t ∈ [a, b]T, we
have, for 1 ≤ i ≤ n,

M ′
i = f (ti) = f̃ (ti) = M̃ ′

i , mi = f (ti−1) = f̃ (ti−1) = m̃i

and hence
U ′(f, P ) = Ũ ′(f̃ , P ), L(f, P ) = L̃(f̃ , P ).

Next, noting that in R the value of the integral does not depend on whether the subintervals
of the partition are taken closed, half-closed, or open, we have

Ũ ′(f̃ , P ) ≥
∫ b

a

f̃ (t)dt, L̃(f̃ , P ) ≤
∫ b

a

f̃ (t)dt.

Therefore

L(f, P ) ≤
∫ b

a

f̃ (t)dt ≤ U ′(f, P )

for all partitions P of [a, b]T. Hence

sup
P

L(f, P ) ≤
∫ b

a

f̃ (t)dt ≤ inf
P

U ′(f, P ).

On the other hand,

sup
P

L(f, P ) =
∫ b

a

f (t)�t, inf
P

U ′(f, P ) =
∫ b

a

f (t)∇t.

The proof is completed. �

Theorem 2.2. (see [6, Theorem 2.4]) Let f and g be continuous (in the time scale
topology) functions on [a, b]T. Suppose that f is �-differentiable on [a, b)T with
continuous and bounded f � and g is ∇-differentiable on (a, b]T with continuous and
bounded g∇ . Then the following integration by parts formulas hold:∫ b

a

f �(t)g(t)�t = f (t)g(t) |ba −
∫ b

a

f (t)g∇(t)∇t,

∫ b

a

g∇(t)f (t)∇t = g(t)f (t) |ba −
∫ b

a

g(t)f �(t)�t.

A sequence (hn)n∈N of functions hn defined on a set S is called uniformly bounded on S

if there is a finite constant C > 0 such that

|hn(λ)| ≤ C for all n ∈ N and λ ∈ S.
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Theorem 2.3. (Helly’s Selection Theorem) Let (hn)n∈N be a uniformly bounded se-
quence of real nondecreasing functions on a finite interval α ≤ λ ≤ β. Then there exists
a subsequence (hnk

)k∈N and a nondecreasing function h such that

lim
k→∞ hnk

(λ) = h(λ), α ≤ λ ≤ β.

The following theorem gives conditions under which we can take the limit of a sequence
(hn)n∈N of functions inside a Stieltjes integral.

Theorem 2.4. (Helly’s Convergence Theorem for Integrals) Suppose (hn)n∈N is
a real, uniformly bounded, sequence of nondecreasing functions on a finite interval
α ≤ λ ≤ β, and assume

lim
n→∞ hn(λ) = h(λ), α ≤ λ ≤ β.

If f is any continuous function on α ≤ λ ≤ β, then

lim
n→∞

∫ β

α

f (λ)dhn(λ) =
∫ β

α

f (λ)dh(λ).

Proofs of the Helly theorems can be found in [7, Sec. 36.5].

3. Proof of Theorem 1.1

Let b be any point in T with b > a and such that (a, b)T is not empty (in the sequel b

will infinitely grow) and let us associate with (1.1), (1.2) the boundary value problem

−y�∇(t) = λy(t), t ∈ (a, b)T, (3.1)

y(a) = y(b) = 0 (3.2)

on the bounded interval (a, b)T. Denote by λk,b (k = 1, 2, . . . , Nb; Nb ≤ ∞) the
eigenvalues of (3.1), (3.2). Each eigenvalue λk,b is positive and simple. We arrange the
eigenvalues λk,b in order of increase:

0 < λ1,b < λ2,b < λ3,b < . . . .

Let ϕ(t, λ) be the solution of equation (1.1) satisfying the initial conditions (1.3). The
function ϕk,b(t) = ϕ(t, λk,b) will be an eigenfunction corresponding to the eigenvalue
λk,b. Finally, define the normalizing numbers αk,b > 0 by

α2
k,b =

∫ b

a

ϕ2
k,b(t)∇t.

Then for any ∇-measurable function f : (a, b]T → R such that∫ b

a

f 2(t)∇t < ∞



154 Gusein Sh. Guseinov

and that f (b) = 0 in case b is left-scattered, we have the Parseval equality (see [6])

∫ b

a

f 2(t)∇t =
Nb∑
k=1

1

α2
k,b

(∫ b

a

f (t)ϕk,b(t)∇t

)2

. (3.3)

Introduce the nondecreasing step function ωb on [0, ∞)R by

ωb(λ) =
∑

0≤λk,b≤λ

1

α2
k,b

,

where ωb(λ) = 0 if there is no λk,b in the interval [0, λ]R. Then equality (3.3) can be
written as ∫ b

a

f 2(t)∇t =
∫ ∞

0
F 2(λ)dωb(λ), (3.4)

where

F(λ) =
∫ b

a

f (t)ϕ(t, λ)∇t.

We will show that the Parseval equality for problem (1.1), (1.2) can be obtained from
(3.4) by letting b → ∞. To this end we prove a lemma.

Lemma 3.1. For any positive real number � there is a positive constant M = M(�)

not depending on b such that

0 ≤ ωb(λ) ≤ M for all λ ∈ [0, �]R and all b ∈ (a, ∞)T. (3.5)

Proof. Since ϕ�(t, λ) is continuous in the region{
(t, λ) : t ∈ [a, t ′]T, λ ∈ [0, �]R

}
,

where t ′ is any fixed point in T with t ′ > a, we conclude from the condition ϕ�(a, λ) = 1
that there is a point t0 ∈ T with t0 > a and “near” by a such that

ϕ�(t, λ) ≥ 1

2
for t ∈ [a, t0)T, λ ∈ [0, �]R.

Then for all t ∈ [a, t0]T, and λ ∈ [0, �]R we have

ϕ(t, λ) =
∫ t

a

ϕ�(s, λ)�s ≥ 1

2

∫ t

a

�s = 1

2
(t − a).

Hence, taking into account Theorem 2.1 (the right side of (2.1)),∫ t0

a

ϕ(t, λ)∇t ≥ 1

2

∫ t0

a

(t − a)∇t ≥ 1

2

∫ t0

a

(t − a)dt = 1

4
(t0 − a)2 (3.6)



Sturm–Liouville Operator on Semi-Unbounded Time Scales 155

for λ ∈ [0, �]R. Now we apply Parseval equality (3.4) to the function (assuming b > t0)

f (t) =
{

1 for t ∈ [a, t0]T,

0 for t ∈ (t0, ∞)T,

to get, using (3.6),∫ t0

a

f 2(t)∇t =
∫ ∞

0

{∫ t0

a

ϕ(t, λ)∇t

}2

dωb(λ)

≥
∫ �

0

{∫ t0

a

ϕ(t, λ)∇t

}2

dωb(λ)

≥ 1

16
(t0 − a)4

∫ �

0
dωb(λ)

= 1

16
(t0 − a)4ωb(�).

Hence

ωb(�) ≤ 16

(t0 − a)4

∫ t0

a

f 2(t)∇t = 16

(t0 − a)4
(t0 − a) = 16

(t0 − a)3
.

This proves the lemma. �

Now we show that making use of Lemma 3.1 and the Helly theorems it is possible
to get a spectral function and the Parseval equality for problem (1.1), (1.2).

Let �1 < �2 < . . . be positive numbers such that �n → ∞ as n → ∞. By
Lemma 3.1, the set of nondecreasing functions {ωb} is uniformly bounded on [0, �1]R.
Then, by Theorem 2.3 we can choose a sequence of functions (ω

b
(1)
k

)k∈N that converges

to a nondecreasing function ω(1) on 0 ≤ λ ≤ �1. Similarly, (ω
b

(1)
k

)k∈N contains a

subsequence (ω
b

(2)
k

)k∈N that converges to a nondecreasing function ω(2) on 0 ≤ λ ≤ �2

and obviously ω(1)(λ) = ω(2)(λ) for λ ∈ [0, �1]R. If we proceed with this process, then
the “diagonal sequence” (ω

b
(k)
k

)k∈N will converge to a nondecreasing function ω at every

point of [0, ∞)R.
To get the Parseval equality, first assume that the function f satisfies the conditions:

1. f vanishes outside the interval [a, τ )T, where τ ∈ T with τ < b;

2. f is �-differentiable with the continuously ∇-differentiable f �;

3. f satisfies the boundary condition f (a) = 0.
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Applying to this function the Parseval equality (3.4) we get∫ τ

a

f 2(t)∇t =
∫ ∞

0
F 2(λ)dωb(λ), (3.7)

where

F(λ) =
∫ τ

a

f (t)ϕ(t, λ)∇t.

Since both functions f and ϕ vanish at the points t = a and t = b, we obtain by using
Theorem 2.2 (integration by parts formulas) that

F(λ) = −1

λ

∫ b

a

f (t)ϕ�∇(t, λ)∇t = −1

λ
f (t)ϕ�(t, λ) |ba

+ 1

λ

∫ b

a

f �(t)ϕ�(t, λ)�t = 1

λ

∫ b

a

f �(t)ϕ�(t, λ)�t

= 1

λ
f �(t)ϕ(t, λ) |ba −1

λ

∫ b

a

f �∇(t)ϕ(t, λ)∇t

= −1

λ

∫ b

a

f �∇(t)ϕ(t, λ)∇t.

Therefore, for any � > 0,∫ ∞

�

F 2(λ)dωb(λ) =
∫ ∞

�

1

λ2

{∫ b

a

f �∇(t)ϕ(t, λ)∇t

}2

dωb(λ)

≤ 1

�2

∫ ∞

�

{∫ b

a

f �∇(t)ϕ(t, λ)∇t

}2

dωb(λ)

≤ 1

�2

∫ ∞

0

{∫ b

a

f �∇(t)ϕ(t, λ)∇t

}2

dωb(λ)

= 1

�2

∫ b

a

[
f �∇(t)

]2 ∇t.

Hence, taking into account equality (3.7),∣∣∣∣∫ τ

a

f 2(t)∇t −
∫ �

0
F 2(λ)dωb(λ)

∣∣∣∣ =
∫ ∞

�

F 2(λ)dωb(λ)

≤ 1

�2

∫ b

a

[
f �∇(t)

]2 ∇t. (3.8)

Passing to the limit in (3.8) through the sequence (ω
b

(k)
k

)k∈N and using Theorem 2.4, we
get ∣∣∣∣∫ τ

a

f 2(t)∇t −
∫ �

0
F 2(λ)dω(λ)

∣∣∣∣ ≤ 1

�2

∫ b

a

[
f �∇(t)

]2 ∇t.
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Letting here � → ∞ we obtain∫ τ

a

f 2(t)∇t =
∫ ∞

0
F 2(λ)dω(λ),

that is, the Parseval equality for any function f satisfying the above conditions 1.–3.
Now let f be an arbitrary function in L2∇(a, ∞). Choose functions {fτ } satisfying

the conditions 1.–3. and such that

lim
τ→∞

∫ ∞

a

{f (t) − fτ (t)}2∇t = 0.

Let

Fτ (λ) =
∫ ∞

a

fτ (t)ϕ(t, λ)∇t.

We have ∫ ∞

a

f 2
τ (t)∇t =

∫ ∞

0
F 2

τ (λ)dω(λ).

Since ∫ ∞

a

{fτ1(t) − fτ2(t)}2∇t → 0 as τ1, τ2 → ∞,

we get ∫ ∞

0
{Fτ1(λ) − Fτ2(λ)}2dω(λ) =

∫ ∞

a

{fτ1(t) − fτ2(t)}2∇t → 0

as τ1, τ2 → ∞. Therefore by the completeness of the space L2
ω(0, ∞), there is a limit

function F which satisfies∫ ∞

a

f 2(t)∇t =
∫ ∞

0
F 2(λ)dω(λ).

It remains to show that the function

Kτ(λ) =
∫ τ

a

f (t)ϕ(t, λ)∇t

converges as τ → ∞ to F in the metric of space L2
ω(0, ∞).

Let g be another function in L2∇(a, ∞) and G(λ) be defined by g in the same way as
F(λ) is defined by f. Obviously,∫ ∞

a

{f (t) − g(t)}2∇t =
∫ ∞

0
{F(λ) − G(λ)}2 dω(λ).

Setting now g(t) = f (t) for t ∈ [a, τ ]T and g(t) = 0 for t ∈ (τ, ∞)T we get∫ ∞

0
{F(λ) − Kτ(λ)}2dω(λ) =

∫ ∞

τ

f 2(t)∇t → 0 (τ → ∞),
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which proves that Kτ converges in L2
ω(0, ∞) to F as τ → ∞. Thus the part (i) of

Theorem 1.1 is proved.
Now we prove the expansion formula (1.7) in the sense of (1.6).
Let f1, f2 ∈ L2∇(a, ∞) and let F1, F2 be their transforms, respectively. Then F1±F2

are transforms of f1 ± f2. Therefore∫ ∞

a

{f1(t) + f2(t)}2∇t =
∫ ∞

0
{F1(λ) + F2(λ)}2dω(λ),

∫ ∞

a

{f1(t) − f2(t)}2∇t =
∫ ∞

0
{F1(λ) − F2(λ)}2dω(λ).

Subtracting these equalities one from the other, we obtain the generalized Parseval equal-
ity ∫ ∞

a

f1(t)f2(t)∇t =
∫ ∞

0
F1(λ)F2(λ)dω(λ). (3.9)

Take any function f ∈ L2∇(a, ∞) and any positive number � and set

f�(t) =
∫ �

0
F(λ)ϕ(t, λ)dω(λ), (3.10)

where F is the function defined in (1.4). Further, take any τ ∈ T with τ > a and let
g ∈ L2∇(a, ∞) and vanish for t ∈ (τ, ∞)T, and let the transform of g be G. Multiplying
(3.10) by g and integrating, we get∫ τ

a

f�(t)g(t)∇t =
∫ τ

a

{∫ �

0
F(λ)ϕ(t, λ)dω(λ)

}
g(t)∇t

=
∫ �

0
F(λ)

{∫ τ

a

g(t)ϕ(t, λ)∇t

}
dω(λ)

=
∫ �

0
F(λ)G(λ)dω(λ). (3.11)

Next, from (3.9) for f1 = f and f2 = g,∫ ∞

a

f (t)g(t)∇t =
∫ ∞

0
F(λ)G(λ)dω(λ). (3.12)

Subtracting (3.11) and (3.12), we have∫ ∞

a

[f (t) − f�(t)] g(t)∇t =
∫ ∞

�

F(λ)G(λ)dω(λ).
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Hence, by the Cauchy–Schwarz inequality,∣∣∣∣∫ ∞

a

[f (t) − f�(t)]g(t)∇t

∣∣∣∣2

≤
∫ ∞

�

F 2(λ)dω(λ)

∫ ∞

�

G2(λ)dω(λ)

≤
∫ ∞

�

F 2(λ)dω(λ)

∫ ∞

0
G2(λ)dω(λ)

=
∫ ∞

�

F 2(λ)dω(λ)

∫ ∞

a

g2(t)∇t.

Applying this inequality to the function

g(t) =
{

f (t) − f�(t) for t ∈ [a, τ ]T,

0 for t ∈ (τ, ∞)T,

we get ∫ τ

a

[f (t) − f�(t)]2∇t ≤
∫ ∞

�

F 2(λ)dω(λ).

Since the right side does not depend on τ, this inequality holds with τ → ∞. Letting
� → ∞ yields the expansion result (1.6). �
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