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Abstract

We extend from the discrete case some nonlinear inequalities in two independent
variables to a more general dynamic setting involving pairs of time scales. These
inequalities provide explicit bounds on unknown functions, which can be useful in
the study of qualitative properties of solutions of certain classes of dynamic equa-
tions on time scales. Several examples are provided.
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1. Introduction

Since Hilger first accomplished the unification and extension of differential equations,
difference equations, g-difference equations, and so on to the encompassing theory of
dynamic equations on time scales in his Ph.D. thesis [7], his time-scale calculus has
made steady inroads in explaining the interconnections that exist among the various
differential and difference theories, and in extending our understanding to a new, more
general, robust, and overarching theory. The purpose of this note is to illustrate this new
understanding by extending some discrete inequalities by Meng and Ji [10] and Meng and
Li [11] to arbitrary time scales; see also some related time-scale inequalities in Agarwal,
Bohner, and Peterson [1], and Akin-Bohner, Bohner, and Akin [2]. In particular, we
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establish some general nonlinear dynamic inequalities on general time scales involving
functions of two independent variables; these inequalities may be applied to the analysis
of certain classes of partial dynamic equations on time scales, introduced by Jackson [8].

Throughout this work a knowledge and understanding of time scales and time-scale
notation is assumed; for an excellent introduction to the calculus on time scales, see
Bohner and Peterson [5,6] for a general overview, the paper introducing nabla derivatives
by Atici and Guseinov [3], and the introduction of multiple integrals on time scales by
Bohner and Guseinov [4]. For more on discrete inequalities, see the work done by
Pachpatte [12,13, 15, 16].

2. Preliminary Lemmas and Examples

Let T and T be arbitrary, unbounded time scales, and let zy € T. Before we arrive at the
main results in this section, we need the following lemmas. Note that if T = R, then
Lemma 2.1 below is an inequality from Pachpatte [14, Lemma 2.1], and if T = Z, it is
the discrete inequality [14, Lemma 2.5].

Lemma 2.1. Let T be an unbounded time scale with ¢, ty € T.

(I) Suppose u,a,b € Cyq and u, a, b > 0, where a is nondecreasing and not identi-

cally zero. If
t

u(t) <al(t) —I—/ b(t)u(r)At 2.1

1o
forall t € [tg, o0)T, then
u(t) < a(t)ep(t, to) (2.2)

for all ¢ € [tg, o0)T.

(IT) Supposeu,a,b € Cigandu, a, b > 0, where a is nonincreasing and not identically
zero. If

u(t) <a()+ /Oob(t)u(t)Vr 2.3)
for all ¢ € [tg, o0)T, then
u(t) <a(t)e_p(t, o0) (2.4)

forall ¢t € [ty, oo)T, where ¢ is the nabla exponential function [6, Definition 3.10].

Proof. The statement and proof of (I) are from [2, Corollary 3.11], so we focus on (II).
Define

(0,9]
w(t) = —/ b(t)u(t)Vr.
t
Then wv(t) = b(t)u(t) implies from assumption (2.3) that

w' (1) < b(t)a(t) —bHw(t).
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Since by assumption b > 0, we have that —b € Rj and e_p(¢,19) > Oforallr € T
by [6, Thm 3.22 (1)]. Employing the nabla quotient rule, we have

[w/e_p(.10)]" @) = [w¥ @) + bOw®)] /e—p(p(0), 10);
integrating both sides from ¢ to co and using tl_l)rgo w(t) = 0, we obtain
—w(1)/é_p(t, 10) = f [w¥ (@) + b(Ow(D)] /e_p(p(1), 19)VT
t
< / b(2)a(2)/6_p(p(2), 10) V.
t
Thus, using [6, Thm 3.15 (iv) & (v)], we have

foo b()u(t)Vr < /oob(f)a(f)é—b(t, p(T)VT,
t t

so that ~

u(t) < af(t) +a(t)/ b(t)e_p(t, p(7))Vr.

t
Let ~
f@) = 1+/ b(t)e—p(t, p(1)) V.
1t

Then

Jim f()=1, and f¥()=-bOLf O],
which means that f(z) = é_;(¢, 00). The result follows. |

t o0
Example 2.2. If T = R, then é_, (¢, 00) = exp (—f b(s)ds) = exp (/ b(s)ds),
t

and Lemma 2.1 (II) reads as follows: Suppose u, a, Ci)o eCand u,a,b > 0, where a is

nonincreasing and not identically zero. If

u(t) <a()+ /OO b(s)u(s)ds
t

u(t) <a(t)exp (/-oo b(s)ds)

Example 2.3. Consider the quantum equations case. Let r > 1, and take

for all ¢ € [ty, o0)T, then

forall t € [fg, o0)T.

T=r%:= {0} U {r" ez
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Replace t by 7', 1o by ¥, and 7 by r*. Then

(o.@]

ép(t.oo)= ] [1+ =D 'be™)].

m=t+1

and Lemma 2.1 (IT) reads as follows: Suppose u, a, b are functions and u, a, b > 0,
where a is nonincreasing and not identically zero. If

u(r') <aG + =1 > rheHu)

s=t+1

for all integers t € {tg, 1o + 1,10 + 2, ...}, then

u(r’) <a@) TT [146 - Drm o™

m=t+1
for all integers t € {tp,t0 + 1,10+ 2, ...}.

Lemma 2.4. [10, Lemma 2] Assume that p > g > 0 and a > 0. Then

al’? < L5 g P9 arp
p p

for any k > 0.

3. Nonlinear Inequalities on Time Scales

Proceeding from the foundational lemmas above, all of the resulting theorems and cor-
responding proofs in this section are modelled after those given in the special case of
T = T = Z recently presented by Meng and Ji [10] and Meng and Li [11]; see also
Ma and Cheung [9]. We now state and prove our main nonlinear integral inequalities
in two independent variables on time scale pairs. Note that not only do these theorems
extend [10, 11] from the difference equations case to arbitrary time scales, they also allow
for different time scales for each independent variable.

Theorem 3.1. Let u(t, s), a(t,s), b(t,s), c(t,s), d(t,s) and e(z, s) be nonnegative
functions defined for (¢, s) € T x T that are right-dense continuous for # € T and left-
dense continuous for s € ']~I‘, with a(z, s) not identically zero; let p, g, r be constants
withp>¢g >0andp >r > 0. If

t poo
uf(t,s) <a(,s)+b(t,s) / f [c(r, nul(t,n) +d(t,nu’ (t,n)
to Js

+ e(t, n)]%m 3.1)
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for (¢, 5) € [y, o0)T X ']T’ then

u(t,s) < [alt,s) +b(t, ) f(t, $)ey.o(t, 1], (t,5) € [0, 00y x T,

where

L[ — q-p
f(t,s)= / / |:c(r, n) (p qkq/p + a(r, n)gkﬁ>
o Js p P

pP—r ror-p ~
+d(t, n) Tk P+ a(x, n);k r ) +e(r,n) | VnAz

and
©(q a» ror-p ~
y(t,S) = ;k p C(t’ 77)+;k P d(ta T}) b(t’ U)Vn
s

for (¢, 5) € [y, o0)T X T and any k > 0.

Proof. Define the function z(¢, s) via

z(t, 5) :=/f [c(x. muld(z,n) +d(zr.nu’ (t.n) + e(r. n)] VnAT.

Then (3.1) can be rewritten as
u(t,s) <la(t,s)+ b, )z, )7,
and we have
t 0
2(t, ) < / f [c(z, n) [a(z, n) + b(z, n)z(z, N]¥/P
o Js
+d(z, ) [a(z, n) + bz, Pz(r, NI"'? + e(r, n)] VnAT.

Using Lemma 2.4, for any k > 0 we have

! o0 q=pr —
z(t,5) < / / [c(r, m) (%kp la(t, n) + b(t, n)z(t, n)] + p_quq/p)
o Js

+d(t, ) (%k [a(t, n) + b(z. )z(t, )]

+uk’/p) + e(t, n)] VAt

p
ropoo q=p r=p
— Fls) + / / (1kpc<r, Db, M) + LT d(z, b, n))
th Js p p

x z(z, n)VnAr,

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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where f (¢, s) is given above in (3.3). Note that f (¢, s) > 0is continuous, nondecreasing

in ¢t and nonincreasing in s, for (¢,s) € [tp,00)T x T. Let € > 0 be given. Then
f(t,s)+€>0,and

f(j(ts;)ﬂ - f / ( EF et Mt

=p 2T ¢

For convenience, if we set

w(ts)-l—f—// ( k"C(Tﬁ)b(Tﬂ)

+ Lk d(r, b, n)) MWAT, (3.7)
p flz.n) +e
then
f
EEIULIENAES (3.8)
f(t,s)+e
From (3.7), a delta derivative with respect to ¢ yields
o0 a=pr r—p t, ~
W (e ) :f (qu”pc(t’ Wbt ) + =k 7 d (s, mb(t, n)) e
s \P p fe.m)+e

*® (g a» ror-p -
< / L e bt + KT a b Jwie

®(q ar rorp ~
S _k p C(t, n)b(t’ 77)+_k p d(tv U)b(t, 7]) v’? w(t,S),
s p p
whence for y(¢, s) given in (3.4),

w(t,s) < eyt 1).

From (3.8) we obtain z(z,s) < [f(z,s) + €l ey 5)(t, fp), so that by (3.6), the limit as
€ — 0 yields inequality (3.2). |

Theorem 3.2. Letu(t, s),a(t,s), b(t,s), c(t,s), d(th) and e(¢, s) be nonnegative left-
dense continuous functions defined for (¢, s) € T x T with a(¢, s) not identically zero,
and let p, g, r be constants with p > g > 0and p >r > 0. If

ul(t,s) §a(t,s)+b(t,s)/oo /Oo [c(x, Mul(z,n)
t K

+ d(t,mu (T, n) + e(r,n)|VnVr (3.9)
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for (¢,5) € T x ']T, then
I/l(t, S) S [a(t’ S) +b(t7 S)fT(tv S)é—y(-,s)(l, oo)]l/p ’ (t,S) € T X P]T’

where
00 00 _ _
fWuﬂ=/‘/m[an(B—EW”+Mnmgyf>
t s p p
-Huun)(filﬁﬁﬂﬂ+a@,mfkﬁf)4—drﬁn}ﬁnVr
p p

for any k > 0, and y(¢, s) is given in (3.4) for (¢,s) € T x T.

Proof. Similar to the proof of Theorem 3.1, define the function z(¢, s) via

z(t,s) = / / [c(t, mul(z,n) +d(z, nu' (t,n) + e(x, n)] VnVr.
t N

Then (3.9) can be rewritten as
u(t,s) < la(t,s) + b(t,9)z(t, )17,

and we have

dhﬁi[ / [e(r. n) [a(z. 1) + bz, mz(r, /P
t Ky

+d(z, ) la(z,n) + b(z, z(T, PI"'? + e(z, )] Vy V1.

Using Lemma 2.4, for any £k > 0 we see that

(3.10)

(3.11)

(3.12)

(3.13)

z(t,s) S/ / [C(r, n) (%kqpp la(T, n) + b(T, Mz(z, n)]+%k‘1/1’>

+aum(;#7munn+Mum4um]

+ ukr/p) + e(t, n):| VnVt

p
=anﬂ+/ /’<%#/dannm+%%/ﬂumMum)
t S

x z(r, n)%nVr,

where f T(zf, s) is given above in (3.11). Note that f T(t, s) > 0 is continuous and

nonincreasing for (¢,s) € T x T. Then

z(t, s) © [*(q a»
S s [T (S e b

Z(T’ T]) =
vnVr.
Fiaom T

+ %kr;pd(t, nb(z, n))
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For convenience, if we set

w(t, s) —1+/ f ( k p C(T mb(z, n)

+ L k 7 d(T, mb(t, n)) fT((T D &y, (3.14)
then
z(t, 8)
< w(t,s). 3.15
Fy S W) (3.15)
From (3.15), a nabla derivative with respect to ¢ yields
v o r z(t, 77) ~
—w'(t,5) = k P e(t, mb(t,m) + pk P d(t, b, ) 130

) ror-p -
< / L e bt + KT a b Jwie

< [/oo (%kqppc(t, Db + Sk b n)> @n] w5,

whence for y(¢, s) given in (3.4),
w(t,s) < e_y(.5(t, 00).

From (3.15) we obtain z(z, s) < fT(t, §)é_y(.5(t, 00), so that by (3.13), the inequality
(3.10) holds. |

Theorem 3.3. Let u(t,s), a(t,s), b(t,s), c(t,s), d(t,s) and e(z, s) be nonnegative
functions defined for (7, s) € T x T that are right-dense continuous for # € T and left-
dense continuous for s € 'TI‘, with a(¢, s) not identically zero and nondecreasing in .
Further, let p, g, r be constants with p > ¢ > 0and p >r > 0. If

t

ul(t,s) <al(t,s)+ / b(t, HuP(t, s)At

0]
t o0
+ / f [c(r, mud(z,n) +d(r,Du’(r,n) + e(z,n)] VAT  (3.16)
to Js
for (¢, 5) € [ty, o0)T X ']~I‘, then

u(t,s) < [a(t, §) + [, 8)ey (. 5 (t, to)]1 eb( s)(t t0), (t,s) € [ty, 0o)1 x T,
(3.17)
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where

t poo . 4—p
fr(t.s) = f f [e(r, nell’ (x. 1) (p Tra/r 4 ae, Lk )
o Js ’ p p

r —r ’ r r—-p ~
+d(T’ n)ebé{)n) (T, tO) <ka /P + a(T’ n);k p ) + e(Ta T]):| VUAT
(3.18)

and
‘)= [ (LK a/p LT d e, el Vn (3.19
yi(t,s) = ; roc(t, ﬂ)eb(.,n)(t, f) + ; rd(t, U)eb(.,n)(t, 1) n (3.19)

for (¢, 5) € [y, o0)T X T and any k > 0.
Proof. Define the function z(¢, s) via
z(t,s) == al(t,s)

t o0
+f/ [c(z, mu?(z,n) +d(r,Du’(r,n) + e(r,n)] VnAT  (3.20)

for (¢, s) € [ty, cO)T X T. Then (3.16) can be rewritten as

1t
uf(t,s) < z(t,s) —l—/ b(t, uP(t, s)Ar.

]

Fix s € ’ﬂ‘ and note that z(¢, s) is right-dense continuous, nonnegative, nondecreasing
int € [tg, oo)T, and not identically zero; applying Lemma 2.1 (I) to u” (¢, s), we obtain

ul(t,s) < z(t, s)ep(.s)(t, 10).
We rewrite this using (3.20) to get
uf(t,s) <la(t,s)+w(t, s)lepst, t0),

where w (¢, s) is defined as

w(t, s) ::// [c(z, mu?(z,n) +d(zr, pu’ (r,n) + e(z,n)] VnAT.  (3.21)
o Js

Then

u(t,s) < la(t,s) + w(t, )P ey’ (t.10), (t.5) €to.00)r x T, (3.22)
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and

(3.22)

t o0
w(t,s) = // [C(r, ) [a(r. n) +w(z, PP ell? (T, 10)
to Js

+d(z. ) [a(r. n) +w(T. 1P eyl (1. 10) +e(t, n)] VAt
Lemma24 [! [ q . a=r
S / / C(T’ T]) _k P [a(f, 77) + w(T’ 77)]
o Js 14
+ ukq/p) eg(/.pn)(n 0)
> ,
r _r—-p —r
+d(z,n) (-k 7 a(z, )+ w(z, ]+ p—kr/p>
p p
x eyl (T.10) + (. n)] VnAt

t o0
(3.18) q . a4
=.ﬁmw+//iﬁvw§kﬂ%%um)
o JYs

P 5t e :
+d(z, n);k 7 ey (T fo)} w(t, M)VnAr,

for any k > 0 and (¢, s) € [f9, o0)T X T. Note that f*(t,s) > 0 is continuous, nonde-
creasing in ¢t and nonincreasing in s, for (¢, s) € [f9, o0)T X T. Continuing in the same
way as in the proof of Theorem 3.1, we obtain w(z, s) < [f*(t, s) + e] eyx(.5)(t, to), for
y*(t, s) given in (3.19). Consequently, by (3.22), the limit as ¢ — 0 yields inequality
(3.17). [ |

Theorem 3.4. Letu(z, s), a(t, s), b(t, s), c(t, s), d(t,~s) and e(t, s) be nonnegative left-
dense continuous functions defined for (¢, s) € T x T with a(¢, s) not identically zero

and nonincreasing in ¢. Further, let p, g, r be constants with p > g > O0and p > r > 0.
If

uP(t,s) <al(t,s)+ /00 b(t, su?(r,s)Vt
t
+ / f [C(T, mul(t, n) +d(z,nu’(t,n) + e(z, 77)] VnVr  (3.23)
for (¢,5) € T x ’ﬁ‘, then

- ~ 1 ~ ~
u(t,s) < [a(t,s) + F(t.9)e_50.0 . 10)]"T &0 1), (1,9) €T x T, (3.24)
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where

oo oo
; 5 P—4q q, e
[, s) =/ f [C(r, n)e‘i/b’z,,n)(r, to)( p k9P +a(, n);k P )
t N

+d(z, n)ér_/lf’(, (t, to) (ukr/p +al(r, n)zkr;p> + e(t, n)] VnVt
1) p p
(3.25)

and
_ oo q q—p Aq/p r r=p Ar/p -
y(t,s) = / ;k roc(t, n)e_b(.,n)(t, 1) + ;k rd(t, H)e_b(.,,,)(l, ) | Vn
N
(3.26)
for (¢,s) € T x ’ﬁ‘andanyk > 0.

Proof. The proof is similar to that provided for Theorem 3.3, using Lemma 2.1 (II) and
proceeding as in the proof of Theorem 3.2. |

4. Applications

The examples in this section are extensions from Z of examples found in [10] to arbitrary
time scale pairs (']I‘, ']~I‘>, including the continuum and quantum cases.

Example 4.1. Let p > 0 be a constant real number, and consider the dynamic equation
on arbitrary time scales T and T (both unbounded above) given via

uf(t,s) =a(,s) + / f h(t,n, u(t, n))@nVr, (t,s) e T x T, 4.1)
t Ky

where a(t, s) is a function defined for (z,s) € T x T that is left-dense continuous on
TxT,andh : T x T x R — R is left-dense continuous on T x T and continuous on
R. Suppose

|h(t,s, x)| < c(t,s)lx|?, (4.2)

where c(¢, s) is a nonnegative left-dense continuous function for (¢, 5) € T x ']~I‘, and ¢
is a real constant with p > ¢ > 0. Then for (¢, s) € T x T we have

(. )| < [latt, )| + £1(t, )6yt 00)] "

q, ee [ -
for y(t,s):=—k» c(t,n)Vn,
P s

where

it s) = /Oo /OO [c(r, m (” L4407 +lar, n)%k”")} v,

(t,s) e Tx T
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for any k > 0.

Proof. Tt u(t, s) is a solution of (4.1), then

|u<r,s>|f’s|a<r,s>|+f f (T, n)lu(z, n)|1VnVr
t Ky

using (4.1) and (4.2). Since the hypotheses of Theorem 3.2 are met, the result follows
from there. u

Example 4.2. Consider the partial dynamic equation on an arbitrary time scale pair
(T, T) (both unbounded above) given via

uvﬁf (t,s) =a(t,s) +h(, s, u,s), (@s)eTx ’]T, 4.3)
with boundary conditions
u(t,00) =y(t), u(oo,s)=p(s), u(co,o00)=a, (4.4)

where a(z, s) is a left-dense continuous function defined for (7, s) € T x T,h:TxTx
R — Ris 1eft-dense~continuous on T x T and continuous on R, « is a real constant, and
y:T — Rand B : T — R are left-dense continuous. Suppose

|h(t,s,v) —h(t,s, x)| <c(t,s)|v—x|9, 4.5)

where c(¢, s) is a nonnegative left-dense continuous function for (¢, s) € T x T, and q
is a real constant with 1 > g > 0. If v and x are two solutions of (4.3), (4.4), then for
(t,s) € T x T we have

(o.¢] o0
0t 5) = x(t,9)] < (1 — @)kTé_y(..5)(1, 00) f f c(z, )V Ve,
1 N
for any k > 0, where y(¢, s) is given by
w ~
y(t, ) = qk?™! f c(t, mVn
N
for (t,5) € T x T.
Proof. If u(t, s) is a solution of (4.3), (4.4), then u(¢, s) can be written as
0 o0
u(t,s) =y()+ B(s) —a +f / [a(t,n) +h(t, 0, u(t,n)] VnVr
t N

using (4.1) and (4.2). If v and x are two solutions of (4.3), (4.4), then for (¢, s) € T x T
we have

|v<r,s)—x<r,s)|sf / c(z, ) vz, n) — x(r, ]! VyVr

using (4.5). Since the hypotheses of Theorem 3.2 are met, the result again follows from
there. [
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