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Abstract
The singular nonlinear three-point boundary value problems

—(Lu)(t) = h() f(u(r)), O0<t<l,
Bu(0) — yu'(0) =0, u(l) = au(n)

are discussed under some conditions concerning the first eigenvalue corresponding
to the relevant linear operator, where (Lu)(t) = (p(H)u'(t)) +q@)u(r),0 <n < 1,
h(t) is allowed to be singular at both t = 0 and r = 1, and f need not be non-
negative. The associated Green function for the problem is first given, and some
existence criteria of nontrivial solutions and positive solutions are established by
using topological degree theory.
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1. Introduction

The existence of positive solutions for nonlinear multi-point boundary value problems
has been studied by many authors, and the main tools are the method of upper and
lower solutions, coincidence degree theory and fixed point theorem in cones and so on,
see [1,5,6,9-11,13-15] and the references therein. In this paper we are concerned with
the singular nonlinear three-point boundary value problems

—(Lu)(t) = h() f(u(1)), 0<t<l,

, (1.1)
pu(0) — yu (0) =0, u(l) = au(n),

where Lu = (pu’) +qu and n € (0, 1), a € (0,00), B,y € [0, 00) with B +y # 0,
h(t) is allowed to be singular at both t = 0 and ¢+ = 1, and f is not necessarily
nonnegative. The existence of nontrivial solutions and positive solutions are obtained
under some conditions concerning the first eigenvalue with respect to the relevant linear
operator. Our results generalize and improve those of [9, 15]. The main idea comes
from [1,2, 12] and the main tool is topological degree theory. For the concepts and
properties of topological degree theory, we refer the reader to [3,4,7].

This paper is organized as follows. In Section 2, we present some necessary defini-
tions and preliminary results which will be used later. It is noticed that the associated
Green function for the problem is first given. In Section 3, we give two existence results
of nontrivial solutions and some corollaries. Section 4 is to develop the existence criteria
of multiple nontrivial solutions for the problem (1.1). Some examples are also given to
illustrate our main results.

For convenience, we list the following hypotheses:

(Hy) pe CI[O, 1], p(t) > 0,q € C[0, 1], g(t) < 0, and the homogeneous problem

—(Lu)(t) =0, 0<t<l,
Bu(0) — yu'(0) =0, u(l)=0
has only the trivial solution;
(Hy) ap(n) < ¢(1), where ¢ is the unique solution of the problem (2.1) in Section 2;
(H3) f:(—00,+00) = (—00, +00) is continuous;
1
(Hy) h : (0,1) — [0, +00) is continuous, A(t) % 0 and / k(t,H)h(t)dt < +o0,
0
where £ is defined in (2.2).

2. Preliminaries

First, by the maximum principle, we can easily get the following result.
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Lemma 2.1. Suppose that (H;) holds. Let ¢ and ¢ be the solutions of the linear problems

2.1)

—(Lu)(t) =0, 0<t<l,
u0) =y, u'(0) = B,

—(Lu)(t) =0, 0<t<l,
u(l) =0, u' (1) = —1,
respectively. Then
(1) ¢ € CZ[O, 1] is an increasing function, and ¢(¢) > 0 for ¢ € (0, 1];

(i) ¢ € CZ[O, 1] is a decreasing function, and ¥/ (¢) > O for ¢ € [0, 1);
(i) p(t)(@ ()Y (t) — @)Y (t)) = w (a positive constant).
For convenience, we set
1
—p@) Y (s), 0<t=<s<l,
w
k(t,s) = 1 (2.2)
—p($)Y (@), 0<s<t<l.
w
Lemma 2.2. Assume that (H) is satisfied. Then k possesses the following properties:
(1) k(t,s) is continuous and k(¢, s) > O over [0, 1] x [0, 1];
(i) k(t,s) = k(s,t), k(t,s) < k(s,s) fort,s € [0, 1];

QO (1)

(1) k(z,s) > o(1 v 0)

k(t,s) fort,s, t € [0, 1].

Proof. We only prove (iii) as (i) and (ii) are easy to get by the definition of ¢, ¥ and
k(t,s). By the property (ii) and (2.2), for ¢, s € [0, 1], we have

1
O Y (k(z,s) < acﬂ(f)l/f(f)sﬂ(s)lﬂ(s) < o)y (0)k(t,s) forz, s, T € [0, 1].
The proof is completed. u

Lemma 2.3. Assume that (H1) and (H>) hold. Then Green’s function of the problem

—(Lu)(t) =0, 0<t<l,
pu(0) — yu'(0) =0, u(l) = au(n)
is given by K s)
ak(n,s

G(t,s) = k(t, -
9 =K+ o aptn?

(), (2.3)
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where k(t, s) is given in (2.2).

Proof. It is easy to check that the function u defined by

1
u(t) :/ G(t,s)y(s)ds, 2.4)
0
18 a solution of
—(Lu)(t) =/y(t), 0<t<l, (2.5)
pu(0) — yu (0) =0, u(l) = au(n),

where y € C[0, 1] and G (¢, s) is defined by (2.3).

Now we show that the function defined by (2.4) is a solution of (2.5) only if G(¢, s)
is the same as in (2.3). By the method of variation of constants, we can obtain that any
solution of (2.5) can be represented by

1
u(t) = f k(t,s)y(s)ds + Ap(t). (2.6)
0
In view of (2.2), we have

t |
u(t) = y(t) /O 5<P(S))’(S)ds—|—<,0(f) / ax/f(s)y(s)dHAw(t) (2.7)
t

and

"1 1
(pu")'(t) = (Pl/f/)’(t)/0 —e()y(s)ds + p(t)I//(t)Zw(t)Y(t) + A(pe))' (1)

N 1
+ (pe)' (1) / Zl/f(s)y(s)ds —p(t)w’(t)at/f(t)y(t), (2.8)
t

so that by (2.7), (2.8) and the definitions of ¢, 1 and w, we obtain

1 1
(pu) (1) + q(Ou(t) = p(zw/(t);go(r)y(z) —p(t)co’(t);w(t)y(t)

20
w

[p" Y (1) — Y O]y (1) = —y(@).

Observe that since

|
u(0) = <p(0)f0 aw(s)y(s)ds + Agp(0),

N
u'(0) = ¢'(0) /O Zw(s)y(s)ds + A¢'(0),



Singular Nonlinear Three-Point Boundary Value Problems 229

and ¢(0) = y, ¢'(0) = B, we get

Bu(0) — yu'(0) = 0.

1
Since u(1) = A@(1) and u(n) = / k(n,s)y(s)ds + Ap(n), by the second boundary
0
condition of (2.5), we get that

o fy k(. $)y(s)ds
(1) —ap(n)
so by (2.6) the proof is finished. [

By Lemma 2.1, Lemma 2.2 and the monotone properties ¢, v, we have the following
lemma.

Lemma2.4. Assume (H)and (H>)hold. Then G (¢, s) defined by (2.3) has the following
properties:

(i) G(t,s) is nonnegative and continuous on [0, 1] x [0, 1];

(i1) %k(r, s) < G(t,s) < Dk(s,s) fort,s, t € [0, 1], where
ap(l)
p(1) —ap(n)

In the Banach space C[0, 1] with norm defined by |lu| = 0max1 lu(t)|, we set
<t<

P={ueC[0,1]: u(t)>0,tel0,1]},

t t
P = {u eP:ul > MH”H, t € [0, 1]}.
(1) (0)
Then P is a positive cone in C[0, 1] and P; C P. Forr > 0, we denote B, = {u €
C[O, I [lull < r}.
By the above discussion, we know that the problem (1.1) is equivalent to the integral
equation

1
u(t) = / G(t,s)h(s) f(u(s))ds =: Au(t), te][0,1].
0

It is easy to see that u is a solution of (1.1) if and only if u is a fixed point of A.
For the sake of convenience, we let

1
(Tu)(t) = f G(t,s)h(s)u(s)ds, te[0,]1]. (2.9)
0
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Lemma 2.5. [7] Suppose that E is a Banach space, A, : E - E (n =1,2,3,...) are
completely continuous operators, A : E — E, and

lim max ||A,u — Au|| =0 forall r > 0.
n—>00 |lul| <r

Then A is completely continuous.
Lemma 2.6. If (H{)—-(H4) hold, then A : C[0, 1] — C[O0, 1] is completely continuous.

Proof. By (Hy)—(Ha), it is easy to see that A : C[0, 1] — CJO, 1]. For any natural
number n (n > 2), we set

inf  A(s), 0<t<l/n,
t<s<l/n
ha(t) = { h(t), I/n<t<1-1/n, (2.10)
inf  h(s), I—-1/n<t<1.
1-1/n<s<t

Then A, : [0, 1] — [0, +00) is continuous and A, () < h(t), t € (0, 1). Let

1
(Apu) (1) ::/ G(t, s)h,(s) f(u(s))ds. (2.11)
0

It is obvious that A, : C[0, 1] — C[0, 1] is completely continuous. For every r > 0
andu € B,, by (2.10), (2.11), Lemma 2.4 (ii) and the absolute continuity of the integral,
we have

lim ||A,u — Au|| < lim max
n—o00 n—>o0 0<tr<l1

1
fo Gt ) (hn(s) — h(s)) f ((s))ds

1
< ( max |f(u)|) lim / Dk(s, s)(h(s) — h,(s))ds
—r<u<r n—oo Jo

A

D( max |f(u)|) lim / k(s,s)h(s)ds =0,
—r<u<r n e(n)

— 0

where e(n) = [0,1/n]U [l — 1/n, 1]. Then by Lemma 2.5, A : C[0, 1] — C[0, 1] is
completely continuous. |

By virtue of Krein—Rutmann’s theorem [8] and similar as in the proof of [12, Lemma
5], we get the following lemma.

Lemma 2.7. If (Hy), (H3), and (H4) hold, then for the operator 7' defined by (2.9),
(i) T : C[0, 1] — C[O0, 1]1is acompletely continuous linear operator and 7 (P) C Py;

(i1) the spectral radius r(7) is not zero and T has a positive eigenfunction correspond-
ing to its first eigenvalue A| = (r(T))_l.
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Lemma 2.8. [3] Let E be a Banach space and €2 be a bounded open set in E. Suppose
that A : Q — E is a completely continuous operator. If there exists ug # 6 such that

u— Au # pug for ueod, wn=>0,
then the topological degree deg(l — A, €2, 6) is equal to zero.

Lemma 2.9. [3] Let E be a Banach space and €2 be a bounded open setin E with 6 € €.
Suppose that A : Q2 — E is a completely continuous operator. If

Au #pu for wue€d, wu=>1,
then deg(l — A, 2,60) = 1.

Lemma 2.10. [7] Let A be a completely continuous operator which is defined on a
Banach space E. Let xo € E be a fixed point of A and assume that A is defined in
a neighborhood of xo and Fréchet differentiable at xo. If 1 is not an eigenvalue of the
linear operator A’(x(), then x is an isolated singular point of the completely continuous
vector field I — A, and for small enough r > 0,

deg(I — A, B(xp,r),0) = (=D,

where k is the sum of the algebraic multiplicities of the real eigenvalues of A’(xq) in
(1, +00).
3. Existence of Nontrivial Solutions

Theorem 3.1. Suppose (H;)—(Hy) hold. Assume that there exists a constant b > 0 such
that

fu)>—=b, ue(—o00,+00), 3.1
lim (u)
im inf > A1, (3.2)
u——+00 u
lim sup f(u)' < Al 3.3)
u—0 u

where A1 is the first eigenvalue of 7' defined by (2.9). Then the problem (1.1) has at least
one nontrivial solution.

Proof. It follows from (3.2) that there exists € > 0 such that f(u) > (A 4+ &)u when u
is sufficiently large. Then by (3.1) there exists b; > 0 such that

fu)> A +&u—>by for ue(—o0,+00). 3.4)

Let u™ be a positive eigenfunction of T corresponding to its first eigenvalue A;. Then
u* = A Tu*, and u™ € Py by Lemma 2.7. Take

[(en® + D(u + el + Dbi] [, k(s, s)h(s)ds
en? fol_a k(s, s)h(s)ds ’

R > max 32,
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where o € (0, 1/2) such that h(¢) #0fort € (0,1 — 0),

Y1) o)y —o)
min = >
o<t=l-o (1) (0) (1) (0)
and D is given in Lemma 2.4. We may assume that A has no fixed point on dBg,
(otherwise the proof is completed). In the following we prove

u—Au #tu* for wu€dBg, 1=>0. (3.5)

1
n= 0, u()= bf G(t,s)h(s)ds,
0

If otherwise, there exist u1 € d Bg, and 71 > 0 such that
up — Au1 = Tlu*.

So we have that

1
ul(t)+ﬂ(t)=Au1(t)+ﬂ(t)+nu*(t)=/ G(t, s)h(s)[ f(ui(s)) + blds + Tiu*(z).
0

(3.6)
Then by T(P) C Py and u™ € Py, we get

uy+u € P. 3.7
By (3.4), (3.7), we have that

1 1
Aui(t) +u(t) > (M + 8)/ G, s)h(s)ui(s)ds + (b — b])f G(t,s)h(s)ds
0 0
1
= MT(u+u)it)+ f G(t,s)h(s)[e(ui(s) +u(s)) + blds
0

1
—f G(t, $)h(s)[(A1 + &)u(s) + brlds
0

v

Ty + i) () +/

o

I=o <<p<r>w<r>

2
¢(1)¢(0)> k(s, s)h(s)ellur + ullds

1
—/ Dk(s, s)h(s)[(A1 + &)l + b1lds
0

v

l—0o
MT @y + @)(t) + en*(Juy || — IIﬁII)f k(s, s)h(s)ds

1
—/ Dk (s, s)h(s)[(A1 + &) llull + bilds
0

l1—o
AT (uy +ft)(t)+8772||u1||f k(s,s)h(s)ds

v

1
_[(en? + DO + )i + Dby] f k(s $)h(s)ds
0

v

MT (uy +u)(t).
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Then in view of (3.6) and (3.7), one arrives at
uy+a>MT ) +i)+nu* > nu® (3.8)
Put
™  =sup{t: u; +a>rtu*}.

It is easy to see that T* > 71 > O and u; + & > t*u”*. We get from the property of the
operator 7T that
MT (uy +u) > ‘L'*)»ITM* =t*u*.

Therefore by (3.8), we have
w4+ = MT 4+ a) + ' > (T 4+ 1)u’,

which contradicts the definition of T*. Hence (3.5) is true and we have from Lemma 2.8
that
deg(l — A, Bg,,6) =0. 3.9)

It follows from (3.3) that there exists € > 0 and 0 < R, < 2 such that
|f@)| < (1 —¢&)rilul for |ul < Rs. (3.10)

Now we show that
Au #tu for wu € dBg,, tv>1. 3.11)

If not, there exist u» € 0 Bg, and 72 > 1 such that Auy = Tou>. We may suppose 72 > 1
(otherwise the proof is finished). Let ug = |u2|. Then ugp = P N dBg,. From (3.10), it
follows that

1
/0 G(t, $)h(s) f (uz(s))ds

up(t) < mnuo(t) =

IA

1
(1—=e)r /0 G(t, s)h(s)|uz(s)lds = (1 —e)A T (uo)(t). (3.12)

Put
T, = inf{t : up < Tu*}.

It is easy to show that 7, > 0 and ug < t,u™. We have from the property of the operator
T that
MTug < T (™) = Tou™. (3.13)

Therefore by (3.12) and (3.13), we get
uo < (1 —&)reu™,

which contradicts the definition of 7. Hence (3.11) is true and we have from Lemma 2.9
that
deg(l — A, Bg,,0) = 1. (3.14)
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By (3.9) and (3.14), we have
deg(l — A, Bg, \ERZ, 0) = deg(l — A, Bg,,0) —deg(I — A, Bg,,0) = —1.

Thus A has at least one fixed point in Bg, \ Bg,. This means that the problem (1.1) has
at least one nontrivial solution. |

By Theorem 3.1, we can get the following results.

Corollary 3.2. Assume the conditions (H{)—(Hy) hold. If there exists a constant b* > 0
such that

*

fu) > Y for wu > —b*, (3.15)

1
where M = rrE(z)ui] / G(t, s)h(s)ds, and in addition, (3.2) and (3.3) hold, then the
tell, 0

problem (1.1) has at least one nontrivial solution.
Corollary 3.3. Suppose (H)—(H,) are satisfied. If there is a constant b > 0 such that
fw) <b, ue(—00,+00), (3.16)

lim inf .
Uu——00 U

> A1, (3.17)
and in addition, (3.3) holds, then the problem (1.1) has at least one nontrivial solution.
Theorem 3.4. If (H;)—(Hs), (3.1) and (3.2) hold, f(0) = 0, and

lim L) _

u—0 u

A, (3.18)

where A is not an eigenvalue of 7', then (1.1) has at least one nontrivial solution.

Proof. By (3.18), we get

1

(Ap(u))(1) = A/ G(t, s)h(s)u(s)ds = A(Tu)(t), (3.19)
0

which implies that 1 is not an eigenvalue of A/Q. In addition, from f(0) = 0, we get
AO = 0. According to Lemma 2.10, we can find a positive number R; such that

deg(l — A, Bg,,0) = £1. (3.20)

Similar as in the proof of Theorem 3.1, we have from (3.1) and (3.2) that there is R» > R;
such that
deg(l — A, Bg,,60) =0. (3.21)

By (3.20), (3.21) and the additivity of the Leray—Schauder degree, we have
deg(I — A, Bg, \ Bg,,0) = deg(I — A, Bg,,0) —deg(I — A, Bg,,0) = Fl.
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Thus A has at least one fixed point in Bg, \ Bg,. This means that the problem (1.1) has
at least one nontrivial solution. |

The following result is an immediate consequence of Theorem 3.4.
Corollary 3.5. Suppose (Hj)—(H4) are satisfied. If (3.2), (3.15), (3.18), and f(0) =0
hold, then the problem (1.1) has at least one nontrivial solution.
4. Existence of Positive Solutions

Theorem 4.1. Assume that the conditions (H{)—(H,) are satisfied. If

uf(u) >0, ue(—00,+00), 4.1)
. (u)
lim inf > A1, 4.2)
lu|—>+00 U
) u)
lim sup < A1, (4.3)
u—0 u

where A is the first eigenvalue of the operator 7" defined by (2.9), then the problem (1.1)
has at least one positive solution and one negative solution.

Proof. By (4.1) and (H3), we have f(0) = 0. If we denote

fw), u=>0,

4.4
0, u <0, “44)

f3(u) = {

then f3 is continuous. Define

1
(Aszu)(t) = /0 G(t, s)h(s) f3(u(s))ds, te]0,1].

From (4.1) we know that A3(C[0, 1]) C P. Similar to the proof of Theorem 3.1 in
which b = 0, we have that A3 has a fixed point z € P \ {#}. So it follows from (4.4)
that u is the fixed point of A and (1.1) has at least one positive solution.

Denote fi(u) = — f(—u) foru € (—oo, +00). Then (4.1), (4.2), (4.3) are satisfied
in which f is replaced by f4. Define

1
(Agu)(t) = /o‘ G(t, s)h(s) fa(u(s))ds, te]0,1].

By the same method as above, we have that A4 has a fixed point v € P \ {0}, i.e.,
A4v = v. Since fy(v(t)) = —f(—v(t)),t € [0, 1], and

1
—u(t) = /0 G(t,5)h(s) f(=0(s))ds = (A(=0))(r), 1¢€]0,1],
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we obtain that the problem (1.1) has at least one negative solution. |

Theorem 4.2. Let (H{)—(H4) hold. If ¢ < 1,8 >0, f(0) =0,4q(t) <O0fort € [0, 1],
(3.2), and

timsup 2% < 3, 4.5)

u—0t u

hold, where A; is the first eigenvalue of 7 defined by (2.9), then the problem (1.1) has
at least one positive solution.

Proof. Tt follows from (3.2) and (H3) that there is a constant » > 0 such that

f(u)>—-b for ue€][0,+400). (4.6)
Denote
) fw,  uz=0,
fs(u) = {0’ L <0 4.7)

Then by (4.6), f5 is bounded below and continuous. Define

1
(Asu)(t) = /0 G(t, s)h(s) fs(u(s))ds, te]0,1].

It is easy to see that all conditions of Theorem 3.1 are satisfied in which f is replaced
by f5. By Theorem 3.1 we know that As has at least one nontrivial fixed point u, i.e.,
Asu = u. In the following we prove

u() >0, tel0,1]. 4.8)

If otherwise, there exists 7o € [0, 1] such that u(zy) = rr[lgnl] u(t) < 0. By the assumption
1€|0,

that < 1, B > 0 and the boundary condition of (1.1), we have that 7y # 0, 1. Thus
() <0, a'(t)) =0, (1) =>0.

Hence
(Lit)(to) = p(to)i" (10) + p'(10)i’ (to) + q(t0)ii(19) > 0. 4.9)

However, by (4.7) we have
—(Lu)(to) = h(to) fa(u(to)) =0,

which contradicts (4.9). Therefore, (4.8) holds. Then Au = u, and the problem (1.1)
has at least one positive solution. |

By Theorem 4.2, we easily get the following result.
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Corollary 4.3. Suppose that the conditions (Hj)—(Hy) are satisfied. If « < 1, 8 > 0,
f(0)=0,q(t) <0, fort € [0, 1], and

lim sup < A,
u—0— u

7}
lim inf (u) > Al

u—>—00 Y

hold, where A; is the first eigenvalue of 7" defined by (2.9), then the problem (1.1) has
at least one negative solution.

Corollary 4.4. Assume that the conditions (H;)—(Hs) hold. If @ < 1, 8 > 0, f(0) =0,
q(t) <O0fort €0, 1], (3.3), and

lim inf £
lul—>+o00 U

>)»1

hold, where A1 is the first eigenvalue of 7" defined by (2.9), then the problem (1.1) has
at least one positive solution and one negative solution.

Remark 4.5. In most papers, the nonlinear term f is a nonnegative function defined
on [0, 4+00) to guarantee the operator A generated by f is a cone mapping, so that one
can apply the fixed point theory in cone. In our main results, f may be a sign-changing
function, and consequently, A is not necessarily a cone mapping. Thus the theory of fixed
point index on a cone becomes invalid, and in order to obtain the existence of nontrivial
solutions, we make use of topological degree theory which is not confined in a cone.

Remark 4.6. In Theorems 4.1 and 4.2, f is not required to be bounded below, and in
particular, the existence of positive solutions is obtained in Theorem 4.2 and Corollary 4.4
although A may not be a cone mapping.

Now we give several examples to illustrate our main results. For convenience, in the
following examples, we always choose the functions p and ¢ to satisfy the assumption
(H)), o, B,v,and ntosatisfy (H»), andlet h(¢) = t”' =1 (1—1)? !, where p1, ¢1 € (0, 1).
It is obvious that i (#) is singular at both # = 0 and r = 1, and & satisfies (Hs) by
convergence of Euler’s integral.

Example 4.7. If we let f(u) = Z a,-ui, where 7 is a positive even number, a; € R
i=1

fori =1,2,...,n—1,and —A;| < a; < A1, a, > 0, then f(u) is bounded below and

usually sign changing for u > 0, and all conditions of Theorem 3.1 are satisfied. So the

singular BVP (1.1) has at least one nontrivial solution.

Example4.8. If welet f(u) = u®—sinu, then f (u) is bounded below and sign changing
f ()

u

foru > 0. Theorem 3.4 can be applied since lim = —1 (whichis not an eigenvalue
u—
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of T),and lim fw) = 400

u—>—+00 Yy

n
Example 4.9. If we choose f(u) = Z aiu® ', where n is a positive integer, a; > 0

i=1
G=1.2.....manday <. thenuf@) >0, lim 2 = ¢, tim L
u—0 Uu lu|—>4+o00 U

So by Theorem 4.1, the problem (1.1) has at least one positive solution and one negative
solution.

= +400.

n

Example 4.10. If we let o < 1,8 > 0, and f(u) = Zaiui, where n > 3 is an
i=1

odd number, @; € Rfori = 1,2,...,n — 1, a; < Ay and aq, > 0, then f(u) is

bounded below and usually sign changing for # > 0. In addition, lim+ f ) = aj,
u—0 u

| |lim A0 = +o00. So by Theorem 4.2, the problem (1.1) has at least one positive

ul—+oo U

solution.
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