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Abstract

In this paper we establish perturbation results pertaining the nonnegativity and
positivity of a time scale quadratic functional F; and its perturbations of the form

Gx,u) = Fo(x,u) + o lx@|* + B llx (B,

where the endpoints of the functional F are zero while the endpoints of the func-
tional G can vary. These functionals are closely related to time scale symplectic
systems. Moreover, we extend such results to functionals with variable endpoints.
The results of this paper generalize perturbation results recently known for the spe-
cial case of the discrete time, but they are new for the continuous time.
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1. Introduction

In this paper we consider the time scale quadratic functional

b
Folx,u) := / (xTCT T+ p ) x +2ux"C"Bu+u” (I + uD) Bu}@t) At,

corresponding to the time scale symplectic system
A=At x +B()u, u®=C@t)x +D@)u. (S)

The underlying time set is a bounded time scale [a, b]r, i.e., [a, b]r 1S any nonempty
closed and bounded subset of R. The coefficients A(z), B(t), C(t), D(t) arereal n x n
piecewise rd-continuous (Cpq) matrix functions on the interval [a, o (b)]r such that the

2n x 2n matrix S(¢) := <“C4((f)) g((g) satisfies the identity

STOT+ISW)+u@)S" @) JS@) =0 on [a, p(b)l, (1.1)

where J := (% {) a2n x 2n skew-symmetric matrix. Identity (1.1) implies that
I 4+ wu(t) S(¢) is a symplectic matrix.

We refer to the books [2, 3] for the elements of the time scale theory and to Section 2
or to [4,7] for the basic notions of time scale symplectic systems. In particular, for
the special case of continuous time, when [a, b]r = [a, b] is a real connected interval,
system (S) reduces to the classical linear Hamiltonian differential system

X =AW)x+B@u, u' =C@t)x— AT (t)u, (H,)

while in the discrete time case, when [a, b]y = {0, 1, ..., N 4 1} is a finite set, system
(S) reduces to the discrete symplectic system

Xk41 = Arxg + Brug, upi1 = Crxg + Diuy. (Sa)

The main objective of this paper is to establish perturbation results for nonnegative and
positive definite quadratic functionals F involving the functional F¢. For example, it is
shown in [5, Result 1.3] that the functional F is positive definite over the zero endpoints
x(a) = 0 = x(b), x # 0, if and only if there exists « > 0 such that the perturbed
functional

Gx,u) = Folx,u) + o |x (@)

is positive definite over free x(a) and x(b) = 0, x # 0. Moreover, in the same paper it
is shown that the corresponding result for the nonnegativity of 7 and G holds when the
initial endpoint x (a) of the functional G is not free but it is restricted to a certain subspace.
In the discrete case, these results and several their extensions are proven in [10, 11].

In this paper we derive further characterizations of the nonnegativity of the time
scale quadratic functionals F( and G of the above form, see Section 3, with an improved
condition on x(a). Moreover, in Sections 4 and 5 we extend these characterizations to
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quadratic functionals with separable and jointly varying endpoints, respectively. There-
fore, we generalize in this paper the discrete time results regarding the perturbed quadratic
functionals from [11] to time scales and at the same time we obtain new perturbation
results for the continuous time. In order to establish such results, we employ a known
method based on transforming the functional with separable endpoints into a functional
with zero endpoints on a new time scale arising from [a, b]; by adding isolated points,
or transforming the functional with jointly varying endpoints into a functional with sep-
arable endpoints in double dimension 2n. For the time scale setting, this method is
described in [8], but it essentially comes from the continuous and discrete theories, see
e.g. [1,6,9,12]. Note that just the time scale calculus allows full benefit from such a
transformation since adding an isolated point to any time scale creates again a time scale.

2. Time Scale Symplectic Systems

In this section we present basic notions from the theory of time scale symplectic systems.

Since the matrix 7 4w (¢) S(t) is symplectic, it is invertible, so that S(¢) is a regressive
matrix on [a, p(b)]r. Therefore, the (vector or matrix) solutions of (S) exist and are
unique on [a, b]r. A conjoined basis of (S) is a matrix solution (X, U) of (S§) such that

XT(t) U(t) is symmetric and  rank (58) =n on |[a,b].

It is known that the above two properties can be verified at one point 7y € [a, b]r only,
e.g., they can be prescribed at the point 7o = a by the initial values X (a) and U (a).
Let us denote by (X, U) the principal solution of system (S5), i.e.,

X(@) =0, Ua)=1I, 2.1)
and by ()2 , U ) the conjoined basis of () starting with
X(@)=1, U(a)=0. (2.2)

Hence, the two conjoined bases (f( , U ) and ()A( , U ) are normalized, i.e.,
XToU@w)—0T@e)X@)=1 on [a,bl:.

A pair (x, u) with x € Clljrd (piecewise rd-continuously A-differentiable) and u € Cpg
satisfying the first equation of system (S), i.e.,

x2@) = A0 x(@) + B u@), 1 €la, p(b)l,

is called admissible (with respect to (A, B)). The functional Fq is nonnegative if
Fo(x,u) > 0 for all admissible pairs (x, u) with x(a) = 0 = x(b). The functional F
is positive definite if Fo(x, u) > 0 for all admissible pairs (x, u) with x(a) = 0 = x(b)
and x # 0. In this case we shall simply say that the functional F( is nonnegative or
positive definite over the given boundary conditions, e.g., in this particular case over
x(a) =0=x().

For a function f defined on [a, b]+ we adopt acommon convention that the difference

F(b) — f(a) is denoted by f (1) |-
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3. Functional with Zero Endpoints

The following theorem is our main result on the nonnegative functional F( with zero
endpoints.

Theorem 3.1. [Fy > 0, zero endpoints] The following statements are equivalent.
(1) Fo(x,u) =0 overx(a) =0 = x(b).
(i) There exist @ > 0 and 8 > 0O such that

Fox,u)+alx@|>+BlIx®)|>>0  over x(b)— X(®b)x(a) e ImX®D).

(i11) There exists o > 0 such that

Fo,w) +allx@]>*>0  over X(b)x(a) € ImX(b)and x(b) = 0.

(iv) There exists 8 > 0 such that

Folx,u)+ B ||x(b)||2 >0 over x(b) € Im )A((b) and x(a) = 0.

(v) There exists > 0 such that

Fox,u) +allx@)>>0  over X(b)x(a)=x(b).
(vi) Fo(x,u) >0 over X(b) x(a) = 0 = x(b).

For the proof of Theorem 3.1 we need several auxiliary lemmas. For two admissible
pairs (x, u) and (X, ) we define

AGe,u, 2, @) (@) = {x"CT (I +pA) F+ux"CT Bi4pu” BTCi+u” (1+uD) Bi} ).
Then A(x, u, x,u) = A(x, u, x, u), and it follows that A (x, u, x, u) is the integrand of

the quadratic functional Fy.
The next two lemmas are known from [5, Lemmas 2.1, 2.2].

Lemma 3.2. Let (x, u) be admissible on [a, b]; and let (X, &) be a solution of (S). Then

b
/ A, %, @)@ At =xT (1)) |,

Lemma 3.3. Let (x, u) be admissible, (X, U) be a solution of (S), and ¢ € R". Then
the pair (x, ) := (x, u) + (X, U) c is also admissible and

Fo®, @) = Foltx,w) + 2 UT 0y x) |+ "X ) U@ e |1
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The following lemma is a modification of [5, Lemma 2.3].

Lemma 3.4. Let (x, u) be admissible with x(b) — X (b)x(a) € Im X (b) and define
(. i) = (x,u) — (X, U)x(a) — (X, U)c, (3.1)
where ¢ := )A(T(b) [x(b) — f((b) x(a)]. Then (x, u) is admissible, x(a) = 0 = x(b), and

Folx, u) = Fo(x, it) + (x(“))TQ* (’“‘”) , (3.2)
x(b) x(b)
where Q. is the symmetric 2n x 2n matrix defined by
(X)X - XT (Y U®B) UT() - X" (b)) Q
= < 0(b) — QX (b) 0 )
with Q:= X ) XT'(b) U®b) X (b).

(3.3)

Proof. From Lemma 3.3 we have
Folr,u) = [X@®)x(@) + X0) A" [T@) x(@) + U @) ][]
+25T O 00 x@) + T e1]] + Fox, ).

Then, by using x(a) = 0 = x(b) and the definition of the vector ¢, we get (compare
with the proof of the discrete case in [11, Lemma 3])

x(a))T X"b)U®) U (b) X(b) <x(a)
¢ XTwyowy XTkb)U®) ¢

T
x(a) x(a) _
= (x(b)) O« (x(b)) + Fo(x, ),

i.e., equation (3.2) holds. |

Folx,u) = ( ) + Fo(x, u)

Proof of Theorem 3.1. Conditions (ii)—(vi) imply condition (i) trivially, and condition
(i1) implies (iii) and (iv). The proof of the equivalence of (i), (v), and (vi) is in [5,
Theorem 2.2]. It remains to show that (i) implies (i1).

(i) = (ii): Let (x, u) be an admissible pair with x(b) — X (b) x(a) € Im X (b). Then
identity (3.2) holds, where (x, i) is the admissible pair with x(a) = 0 = x(b) from
Lemma 3.4 and the symmetric 2n x 2n matrix Q, is defined by (3.3). Let Ao be the
smallest eigenvalue of Q.. Then from (3.2) and assumption (1) we get

Folx.u) = ro (Ix@I* + Ix®)1%) = —|xol (Ilx@)[* + [Ix(B)I).

Hence, the inequality in condition (ii) will be satisfied once we choose o, f > |Ag|. W
Now we state and prove the corresponding theorem for the positivity of Fy.

Theorem 3.5. [Fy > 0, zero endpoints] The following statements are equivalent.
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(1) Fo(x,u) >0 overx(a) =0=x(b),x #0.
(i1) There exist @ > 0 and 8 > 0O such that

Folx,u) +allx@]*+Blx®)|* >0  over x #O0.

(i11) There exists o > 0 such that

Folx,u)+a ||x(a)||2 >0 over x(b) =0, x #0.

(iv) There exists B > 0 such that

Folx,u) + Bllx®)|> >0  over x(a)=0, x 0.

(v) There exists o > 0 such that

Folx,u)+ o ||)c(a)||2 >0 over )?(b)x(a) =x(b), x #0.

(vi) Fo(x,u) > 0 over X(b) x(a) = 0 = x(b), x # X x(a).

Proof. Here we use the known fact, see [7, Theorem 4.1], that the positivity of F( implies
the kernel condition

Ker)A((t) - Ker)A((t) forall ¢, te€la,bly, T <t,
which, by [7, Proposition 5.2], further implies the image condition
x(t) eImX(r) forall 7€ la,blr

for any admissible (x, u) on [a, b]r with x(a) = 0. Now take an admissible pair (x, u)
and define (x, u) by (3.1) with ¢ = 0. Then (x, u) is admissible and x(a) = 0, so that
x(t) € Im )A((t) for all ¢ € [a, b]y. In particular, x(b) = x(b) — f((b) x(a) € Im )A((b).
For the rest of the proof we use Theorem 3.1, as in the proof of [11, Theorem 2]. |

Remark 3.6. If the condition (ii) in either Theorem 3.1 or Theorem 3.5 holds, then the
two positive constants & and S can be taken to be equal. For we can put y := max{«, 8},
then

Fotx,u) +a [x@]|*+ Bllx®)?* < Folx,u) +y (IIx@I* + Ix®?),

so that whenever condition (ii) in Theorems 3.1 or 3.5 holds, then it also holds with «
and B replaced by y.
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4. Functional with Separated Endpoints
In this section, we consider the quadratic functional
Fx,u) :=x"(a) Tux(@) +x" (b) Ty x(b) + Folx, u),
with the boundary conditions
Myx@) =0, Mpx(d) =0, 4.1

where M, M, are real n x n projections and I}, [, are symmetric n X n matrices
satisfying I, = (I — M) T, (I —My)and T}y, = (I — Mp) Ty (I — Mp).

Let (X, U) be the natural conjoined basis of (S5), i.e., the matrix solution of (S) given
by the initial conditions X (a) = I — M, and U(a) = I, + Mﬂ' Let (X, U) be the
conjoined basis of (S) starting with the values X (a) = M, and U (a) = M, — I. Then

these two conjoined bases are normalized and, for the special case of the zero initial
endpoint (M, = I and I, = 0), they reduce to the corresponding solutions ()A( U ) and
(X, U) from the previous section.

In order to abbreviate the presentation of the boundary conditions, we define the n x n
matrices

Z:=T+Mp) Xb)+UT—-MpU®b), Z:= [+ Mp)X®b)+ T — Mp) Ub).
4.2)

Theorem 4.1. [F > 0, separated endpoints] The following statements are equivalent.
(1) F(x,u) >0 over My x(a) =0 = Mpx(b).

(i) There exist @ > 0 and B8 > 0O such that
For,u) +a [Mox@|* + B |[Mpx®)|> =0  over

Mpx(b) — ZMyx(a) € ImZ.

(i11) There exists o > O such that
Fx,u)+a H/\/la)c(a)H2 >0 over ZM,x(a) € ImZ and My, x(b) = 0.
(iv) There exists 8 > 0 such that
F,u)+ B |[Mpx®)]* =0  over M,x(a) =0and My x(b) € Im Z.
(v) There exists o > 0 such that

Fx,u)+a ”/\/la)c(a)H2 >0 over ZM,x(a) = Mpx(b).
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(vi) F(x,u) >0 over ZM, x(a) =0 = My x(b).
Theorem 4.2. [F > 0, separated endpoints] The following statements are equivalent.
(1) F(x,u) >0 over Myx(a) =0= Mpx(b),x #0.
(i1) There exist @ > 0 and B8 > 0O such that

For,u) +a [Mox@|* + B |[Mpx®)|> >0  over x £0.

(iii) There exists @ > 0 such that

Fx,u)+a H/\/lax(a) H2 >0 over Mpx(b) =0, x #0.

(iv) There exists 8 > 0 such that

Fo,u)+ B |[Mpx®|* >0  over Myx(a) =0, x 0.

(v) There exists & > 0 such that

Fx,u)+a H./\/lax(a) Hz >0 over My x(b) = ZM, x(a), x # 0.

(vi) F(x,u) >0 over ZM, x(a) =0 = My x(b), x # X M, x(a).

Remark 4.3. When the endpoints are zero, i.e., when M, = I = Mpand I, =0 = I},
then the results of Theorems 4.1 and 4.2 reduce to Theorems 3.1 and 3.5, respectively.

We prove both theorems with the use of a transformed system on the extended time
scale[a—1, b+2]y := {a—1, b+1, b+2}U[a, b]r, where u(a—1) = u(b) = u(b+1) =
1. The new n x n matrices A(t), B(t), C(t), D(t) are defined on [a — 1, p(b + 2)]; by

Mg —1, fort =a — 1,
A = A, fort € [a, b)r,

0, fort € [b, b+ 1],

I - M,, fort =a—1,
~ B(@®), fort € [a, b)r,
Bt = | (1) or la, b)r

0, fort = b,

I — My, fort =b+1,

b fort=5+ 4.3)

M, —1, fort =a—1,
~ C(@), fort € [a, b)y,
C(t) == 4 () la, b)r

Iy +Mp,—1, fort=b,

0, fort =b+1,

I+ M, -1, fort =a — 1,
D(t) :={ D), fort € [a, b)y,

0, fort € [b, b+ 1]r.
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Note that these coefficients are different than those used in [8, Section 6].
The transformed system,

XA=ANOX+Bo)U, U=C)X+DnU, tela—1,pb+2l S

is also a time scale symplectic system, since its coefficient matrix S(t) satisfies the
defining identity (1.1).

The boundary conditions (4.1) at t = a and ¢+ = b are now converted into the zero
boundary conditions att = a — 1 and t = b + 2, and the corresponding functionals have
equivalent definiteness. This is the content of the following lemmas. The functional
associated with the transformed system (S) is denoted by

B b+2 ~ B o B B
Fo(x, i) ::/ [FTCTU+u ) i+2u5"CTBa+i" (I+uD") Bi)t) At. (4.4)
a—1

Lemma 4.4. Let (x, u) be an admissible pair with respect to (A, B) on [a, b]r. Then
the pair (x, u) defined by

My x(a), x(@)), fort=a-—1,
x(1), u(?)), fort € [a, blr,
x(b), —x(b)), fort =b+1,
Mpx(D), v), fort =b+2,

4.5)

(
(X(0), a@)) == E
(

where y € R" is arbitrary, is admissible with respect to (/i, B) onla—1,b+ 2] and
F(x,u) = Fo(X, i) (4.6)

Proof. Itis trivial to see that a pair (x, u) is admissible with respect to (A, B) on [a, b]r
if and only if (x, u#) is admissible with respect to (A, B) on [a, b];. Furthermore, we
have

A(a—1Dia—-1D+B@a—Dia—1)=x(@) — Myx(a) =3%@a —1),
Ab) () + Bb) ii(b) = 0 = i2(b),
A+ DI+ D +Bb+Diab+1) = Mpx(b) —x(b) =32b+1),

which shows the admissibility of (x, i) on the remaining parts of the interval [a — 1, b+
2]r. Finally, we have

Fo®, i) = xT(a) (T, + M) (I — M) x(a) + Folx, u)
+xT(B) (T, + My — D) x(b) + xT(b) (I — Mp) x(b)
=xT(a) Ty, x(a) + Folx, u) + xT (b) Ty x(b) = F(x, u).

Hence, this lemma is proven. |
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Lemma 4.5. Let (x, ) be an admissible pair with respect to (,Zl, B) onfa—1,b+2];
with X(a — 1) = 0 = x(b + 2). Then the pair (x, u) defined by

(x(0), u(®)) == (X(0),a(t)) for 1€ la,bl: 4.7)
is admissible with respect to (A, B) on [a, b]r with M, x(a) = 0 = My x(b), and
equality (4.6) holds.

Proof. Clearly, a pair (%, i) is admissible with respect to (A, B) on [a, b]: if and only
if the pair (x, u) is admissible with respect to (A, B) on [a, b]r. Furthermore, we have
x(a) =%@) =Fa—-D+A@-DF@a-D)+Ba—1i(a—1) = I —M,)i(a—1)
and
0=xb+2)=[4+ub+DAb+DIFG+D)+ub+D)BB+1)iab+1)
=xb+1)+U—-Mp)u+1)
= [I + n(b) AB)1Z(b) + u(b) Bb) i(b) + (I — Mp) ii(b + 1)
=x(b)+ U —-Mp)u+1),
so that M, x(a) = 0 = My x(b). Finally, we have
FoE, i) =i (a—1) T+ My) (I = My)iita — 1) + Fo(x, u)
+3T ) Ty + My = DEG) +a" b+ D) = Mp) b+ 1)
= xT(a) T, x(a) + Fo(x,u) + xT(b) Ty x(b) = F(x, u).

Thus, this lemma is proven. |

Lemma 4.6. The functional F is nonnegative over M, x(a) = 0 = M, x(b) if and
only if the functional F defined in (4.4) is nonnegative over x(a — 1) = 0 = x(b + 2).

Proof. First we show the necessity (“=>"). Let (x, i) be admissible with respect to (fl, l’;’)
onla—1,b+ 2]y withx(a — 1) =0 = x(b+2). Then, by Lemma 4.5, the pair (x, u)
defined by (4.7) is admissible with respect to (A, B) with M, x(a) = 0 = M, x (D).
Thus, F(x, u) > 0, and hence, by Lemma 4.5, Fo(x, u) = F(x,u) > 0.

Conversely (for “<="), let (x, u) be admissible with respect to (A, B) on [a, b]; with
Mg x(a) = 0 = Mpx(b). Then the pair (X, i) defined by (4.5) is admissible with
respect to (A, B) on [a — 1, b + 2]y with X(a — 1) = My x(a) = 0and (b +2) =
My x(b) =0, so that Fo(x, u) > 0. By Lemma 4.4, F(x,u) = Fo(x,u) > 0. [ |

Lemma 4.7. The functional F is positive over M, x(a) = 0 = Mp x(b) and x # 0 if
and only if the functional F( defined in (4.4) is positive over x(a — 1) = 0 = x(b + 2)
and x # 0.

Proof. The proof is the same as the proof of Lemma 4.6, with “>" instead of “>", since
for all pairs (x, u) and (x, ) with Xx(a — 1) =0 = x(b 4+ 2) and x(t) = Xx(¢) on [a, b]y
we have x = 0 if and only if x = 0. [
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Proof of Theorem 4.1. Conditions (i1)—(vi) imply condition (1) trivially. ~

Assume that (i) in Theorem 4.1 holds. Then, by Lemma 4.6, the functional F( defined
in (4.4) is nonnegative over X(a — 1) = 0 = x(b 4+ 2). Now we apply Theorem 3.1,
where we replace [a, b]T by the time scale [a — 1, b + Z]T, the palr (x u) by (x, u), the
functional Fo(x, u) by ]—"0 (x, u), and the solutions (X U ) and (X U ) by the solutions
(X,U) and (X, U). If we consider the two latter conjoined bases as solutions of system
(S), then

Xa—-1)=1=U@@-1), U@—-1)=0=X@—1) and

Xb+2)=27Z, Xb+2)=Z

where the matrices Z and Z are defined in (4.2). Consequently, we get that condition
(i1) from Theorem 3.1 holds for this setting, i.e., there exist « > 0 and 8 > 0 such that

Fo@ i) +a|i@— D] +B|E06+2)|* =0
over ¥(b+2)—X(b+2)%a—1)eImX(b+2).

Let (x, u) be admissible with respect to (A, B) on [a, by with My, x(b) — Z M, x(a) €
Im Z. Define (x, u) by (4.5) and then, by Lemma 4.4,

Feu) + o |[Max@]|* + 8 | Mpx®)]
= Fo(&, i) + o |fa— D"+ 8|2k +2)| = 0.

Hence, condition (ii) in Theorem 4.1 is satisfied.
The implications (i) = (ii1)—(vi) are proven in a similar way. |

Proof of Theorem 4.2. The proof is the same as the proof of Theorem 4.1 with the
modification in using Lemma 4.7 and Theorem 3.5 instead of using Lemma 4.6 and
Theorem 3.1. u

5. Functional with Jointly Varying Endpoints

In this section we consider the quadratic functional

x(a) d x(a)
Fx,u):= (x(b)) r <x(b)) + Fo(x, u) (5.1

subject to the boundary conditions
x(a)\ _
M <x (b)) =0,

where M is areal 2n x 2n projection and I is a symmetric 2n x 2n matrix satisfying

Fr={-MTUI-M.
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Remark 5.1. Note that such general boundary conditions involve, for example, problems
with periodic endpoints x (a) = x(b), for which we can set

1 I -1 I I, T
M':§<—1 1) and F:(I)Fa(l I):(Fa Fa)

with a symmetric n X n matrix [},.

For t € [a, b]y we define the 2n x 2n matrices

~ 0 1 N —1 0
Xi(t) == ()A((t) X(t)) . Ug(t) = (ﬁ(t) 00)) , (5.2)

where, as in the results of Section 3, the solutions ()A( , U ) and (f( LU ) are given by the
initial conditions (2.1) and (2.2), respectively. Our main results on the definiteness of
perturbed quadratic functionals with jointly varying endpoints are displayed below. For
brevity, set

Zy = (T + M) Xo(b) + (I — M) U (D).

Theorem 5.2. [F > 0, jointly varying endpoints] The following statements are equiv-
alent.

(i) F(x,u) >0 over M (ﬁgg;) =0.

(i) There exists 8 > 0 such that

x(a)

x(a) 2
Fleu) + H M ( (b)) ‘ N

>0 over /\/l( ) eImZ*.

As expected, the corresponding result for the positivity of F contains no restriction
on the endpoints of the perturbed functional.

Theorem 5.3. [F > 0, jointly varying endpoints] The following statements are equiv-
alent.

(i) F(x,u) >0 over M (jgig) =0,x #0.
(i) There exists 8 > 0 such that

x(a)

2
]—"(x,u)+ﬁ”/\/l(x(b)> ” >0 over x #0.

Remark 5.4. When the endpoints are zero, i.e., when M = [ and I' = 0, then the
results of Theorems 5.2 and 5.3 reduce, with respect to Remark 3.6, to the corresponding
results in Theorems 3.1 and 3.5 (with « = B), namely to the equivalences (i) < (ii)
therein.
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The proofs of Theorems 5.2 and 5.3 are based on transforming system (&) and the
quadratic functional F into the augmented time scale symplectic system

X8 = () s 4 Bo() s, u = Cu(t) Xie + Di(t) s, (Ss)

with the 2n x 2n coefficient matrices defined on [a, p(b)] by

{0 0 {0 0
Ai() = (O .A(t))’ B.(t) := (0 B(t))’

(0 O (0 0
Ca(t) 1= (O C(I)), Dur) = (O Dm),

so that the corresponding coefficient matrix S (¢) satisfies the defining identity (1.1) with

the 2n x 2n matrix J (having n x n blocks) replaced by the 4n x 4n matrix J, = ( _01 (I))

(having 2n x 2n blocks). The associated functional F. (x4, 1), acting on 2n-vector
pairs (x4, uy), which are admissible with respect to (A, By) on [a, b]r, is defined in an
obvious way. This transformation leads to the augmented quadratic functional

Fo(Xa ) 1= X (@) Tawe X (@) + x 1 (b) T x4 (b) + Fou (x*, u™) (5.3)

with separated endpoints, where

1 I -1
My = 3 ( I ) , Mpe =M, T,:=0, and TIp,:=T.

Lemma 5.5. Let (x, u) be admissible with respect to (A, B) on [a, b]y. For ¢t € [a, b]y

and B(t) € R" we set
_ (x@) _ (B®
X (1) 1= <x(t)> ,  Ug(t) = <u(t)> . 5.4)

Then (x, uy) is admissible with respect to (A, By) on [a, b]; and
F()C, u) = ﬁk(-x*y Uy).
Moreover, (a) < (b), and (c) < (d), where
(a) F(x,u) >0 over M (ﬁggi) —0,
(b) Fulxs, us) = 0 over My xi(a) = 0 = Mpy x4(D),
(© Fx,u) >0 over M (1)) =0,x £0,

(d) Fa(xs, uy) >0 over Myy x4(a) = 0 = Mpy x4 (b), x4 £ 0.
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Proof. 1t is a direct calculation and therefore it is here omitted, see the proof of [8,
Theorems 4.1, 4.2]. [ |

Proof of Theorem 5.2. Condition (ii) implies condition (i) trivially.

Assume that condition (i) in Theorem 5.2 holds. Then, by Lemma 5.5, the func-
tional F, (xy, us) defined in (5.3) is nonnegative over My xx(a) = 0 = Mp, x4 (D).
Now we apply Theorem 4.1, where we replace the system (S) by the system (Sy),
the pair (x, u) by (x4, uy), the functional F(x, u) by F. (x4, uy), and the natural con-
joined basis (X, U) of (S) by the natural conjoined basis (X, Uy) of (Sy), i.e., with
Xo@ = 1= Mae = 4 (}1) and Un(@ = Tow + Maw = 4 (/, 7). Hence,
condition (iv) of Theorem 4.1 holds, i.e., there exists 8 > 0 such that F, (x,, us) +
B HMb* x4 (b) ”2 > 0 over My x4(a) = 0 and My, x.(b) € Im Z,, where Z, :=

(Tpse + Mpy) X (b) + (I — Mpy) Uy (b). Since the conjoined basis ()A(*, 0*) is a con-
stant (nonsingular) multiple of the augmented natural conjoined basis (X, U,), that is,
(X4, Uyp) = (X4, Uy) (_I] ;) on [a, b]y, it follows that Im Z, = Im Z,.. Hence we have

that F (x4, uy) + B HMb* x4 (b) H2 > 0 over My xx(a) = 0 and Mps x4(b) € Im Z,.
Let (x, u) be admissible with respect to (A, B) on [a, b]r with M (ﬁgzg) € Im Z,.
Define (x,, uy) by (5.4) and then, by Lemma 5.5,

x(a)

2
x(b)) H = ﬁ(x*, uy) + ,3 ”Mb* x*(b) H2 > 0.

}"(x,u)—i-ﬂHM(

Hence, condition (ii) in Theorem 5.2 is satisfied. |

Proof of Theorem 5.3. The proof is the same as the proof of Theorem 5.2 with the
modification in using Theorem 4.2 for the augmented functional F, (x,, u,) instead of
using Theorem 4.1. |

6. Examples

In this section we present several examples illustrating the properties of the quadratic
functionals discussed in this paper.

Consider the continuous time setting. Then the quadratic functional JF correspond-
ing to the linear Hamiltonian system (H,) takes the form

b
Foe(x, u) ::/ [xT(@®) Ct)x@) +u” () Bt)u(t)} dt

with symmetric matrices B(¢) and C(¢) on the real (connected) interval [a, b].

Example 6.1. Let [a,b] = [0,7],n =2, A(t) = 0,and B(t) = —C(t) = ({ ;%) on
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[0, 7],
1 0 1 O 5§ 0 =6 O
. 1o 1 0 -1 o y o vy ‘ 1
M'_E 1 ot1ofl "Flso s ol Wlth(SanndyZE,
0 -1 0 1 0 y 0 y

Then M is a projectionand I' = (I — M) T" (I — M) holds.

If we denote x (1) = (28;) and u(t) = (Z;Eg ) then the admissibility of the pair

(x, u) means that u; = x| and up = 2x5. The endpoint constraint M <
that

x(0)

x(n)) = (0 means

x1(0) = —x1(m), x2(0) = xp(m), (6.1)

that is, the endpoints are antiperiodic in the first component and periodic in the second
component. Eliminating the control variable u in the functional F(x, u) in (5.1), the
quadratic functional under consideration takes the form

Fo(x) := 8 [x1(0) — x1(m)1* + ¥ [x2(0) + x2(7)]* + Foe (x), (6.2)
where

Foe(x) == /n{(x;)z — X7 2 (xh)? — %xg }(z) dr. (6.3)
0

We will show that this functional is nonnegative over the joint endpoints (6.1). For
that we employ [9, Corollary 3] modified to the setting of this paper or equivalently
[8, Theorem 4.2]. First, the Legendre condition B(#) > 0 holds. Second, the image
condition

x1(2) S x1(0) A
Qm»‘xm(m@>emxm forall ¢ €0, 7] (6.4)

for all x1, xy € CII) [0, 7] (piecewise continuously differentiable functions) with (6.1) is

also satisfied, since the principal solution ()A( , U ) and the associated solution ()N( LU ) of
(H.) are

A sin t 0 ~ A cost 0 =
X@) = ( 0 sin (z/2)> =-U@®, Un= ( 0 cos(t/Z)) =X,

as can be verified by a direct calculation. Third, we calculate the augmented matrices

(00 0 0 1.0 0 0
. 00 0 1 A 0 -1 0 0
X =190 -1 o Y®=1_1 0 0 o
\0 1 0 0 0 0 0 —1
(00 0 0
5 00 0 1
il _
X =112 0 12 0
\0 1 0 0
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Singe the vectors in Ker M are of the form (—b, a, b, a)T and since we have Ker M C
Im X, (), the final endpoint inequality

Us(m) Xi(m)+T >0 on KerMNImX,(7)

would mean that for all a, b € R we should have

B\ (s 0 =5 0 b

a 0 Y 0 )/—1 a _ 2 . 2

. 50 s o | =48’ +20y —Dd’ =0,
a 0O y—1 0 y a

However, the last inequality is obviously satisfied for the given choice of § > 0 and

1
y > —. Therefore, by [9, Corollary 3], the functional . (x) in (6.2) is nonnegative over

the constraints in (6.1).
Hence, by Theorem 5.2, there exists 8 > 0 such that the perturbed quadratic func-
tional

2

Gp(x) =F.(x) + H M (j(‘g)))
p

=F(x) + 5 [x1(0) 4+ x1(7)]* + g [x2(0) — x2()]?

is nonnegative over the endpoint constraint

x1(0) x1(0) + x1 ()
x0) | 1| x200) —x2(7)

S Im Z,, 6.5
e | T2 | O £ x| €A ©)
x2(7) —x2(0) + x2()
where
0 0 26 0
~ 0 y—-1 0 y
Ze = 0 0 —248 0
0 y 0 y—1

The image of the matrix Z. has to be calculated separately in each of the four possible
cases depending on whether § = 0 or § # 0 and whether y = % ory # % In each of
these four cases, condition (6.5) means that x; (0) = —x; (7).

We shall see explicitly that the endpoint constraint (6.5) cannot be removed, i.e.,
that the perturbed functional Gg(x) is not nonnegative over free endpoints x(0), x2(0),
x1(m), and x3(r). In other words, we shall prove that for every 8 > O there exists

X =Xxq € CII) with M (x“(0)> ¢ Im Z.. such that Gp(xy) < 0. We set

Xq (77)

_(x1@®) . (7 —1t+asint
Xq(t) = <x2(t)) = ( R ) . (6.6)
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Then a direct calculation shows that
Gp(xe) = {6 — 7% —da + 7 (28 + 2y + B)}/2.

Hence, for any 8 > 0 (and given numbers § > 0 and y > 1/2), there always exists
a > 0 such that for x,, defined by (6.6) we have Gg(x,) < 0. However, one can easily
verify that in this case

1
O 7|1 ,
—1

Now consider a general time scale [a, b]r and a time scale symplectic system with
n=1.

Example 6.2. Let (S) be a scalar time scale symplectic system such that B(z) > 0 for
all € (a,b)r and that its principal solution (X, U) has X (b) = 0 and X () > O for
all ¢+ € (a, b)y. Then the functional F is nonnegative (but not positive), e.g., by [7,
Theorem 4.2]. Furthermore, assume that there exists an admissible pair (x, u) such that
U (b) x(b) # x(a). Thenforalla, B € R there exists an admissible pair (xq, g, Uq,g) such
that the value of the perturbed quadratic functional G(x, u) := Fo(x, u) + « || x(a) ||2 +
B ||x(b)||2 is negative at (xq g, Ug,p). To see this, we take (xq g, U, g) = (x,u) +
Y, B ()A( , U ), where y, g is a constant to be specified later. Then x4 g(a) = x(a) and
Xq,p(b) = x(b), and, by Lemma 3.3,

Fo(Xap thap) = Fo(x, ) + 2 va g [U (b) x(b) — x(a)].

Thus, there always exists y,, g such that G(xy, g, ug,g) < 0.

We can see that the image condition from Theorem 3.1(ii) is violated for such
pair (xq, g, Uq,p), because xq g(b) — f((b) Xq,p(a) #0 = )A((b), which follows from
U (b) x48(b) # xop(a) upon its multiplication by X b).
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