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Abstract

By using averaging functions, some interval oscillation criteria are established for
the second order neutral differential equation with disturbed deviating argument

B
(r()v(=(t)2'(t)) + / q(t, &) flz(g(t, €))ldo(€) =0, ¢ = to,
whereZ(t) = xz(t) + p(t)z(t — 7). These results obtained here are different from
most known ones in the sense that they are based on information only on a sequence
of subintervals ofty, oo), rather than on the whole half-line. Several examples are
given to illustrate the importance of our main results.
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Keywords: Oscillation, neutral differential equations, disturbed deviating argu-
ment, second order equation.

1. Introduction and Preliminaries

This paper is concerned with oscillation of the second order neutral differential equation
with distributed deviating argument

6
(O () Z () + / A6, flelgt, da(€) =0, t =1, (L1)

«

whereZ(t) = x(t) + p(t)z(t — 7), 7 > 0, and the following conditions are assumed to
hold without further mentioning:
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(A1) r,p € C(I,R) and0 < p(t) < 1,r(t) > 0fort € I, /Oods/'r(s) = 00,
I = [to,00);

(A2) ¢ € C*(R,R), 1 (x) > 0 forz # 0;

(A3) f € C(R,R), zf(x) > 0forx # 0;

(Ad) ¢ € C(I x [a,0],]0,00)) and g(t,&) is not eventually zero on any half-line
[tu,00) X [a,b], t, > to;

(A5) g € C(I x [, 3],[0,00)), g(t,&) < tfor & € [a, 3], g(t, &) has a contin-
uous and positive partial derivative dnx [«a, 5] with respect to the first vari-
ablet and nondecreasing with respect to the second var@biespectively, and
ﬁggfg(t,g) = oo for eaché € [o, G];

(AB) o € C(|o, 8], R) is nondecreasing, and the integral of (1.1) is in the sense of
Riemann-Stieltjes.

We restrict our attention to those solutionof (1.1) which exist on some half-
line [t,,o00) with sup{z(¢t) : t > T} > 0 foranyT > t,, and satisfy (1.1). As
usual, a solutiorr of (1.1) is called oscillatory if the set of its zero is unbounded from
above, otherwise, itis called nonoscillatory. (1.1) is called oscillatory if all solutions are
oscillatory.

We note that second order neutral delay differential equations have various appli-
cations in problems dealing with vibrating masses attached to an elastic bar in some
variational problems. For further applications and questions concerning existence and
uniqueness of solutions of neutral delay differential equations, see [7].

The oscillation problem for (1.1) and for less general equations has been studied by
numerous authors. For recent contribution, we refer the reader to [4,10,13,15,17] and
references therein. In all of these works, conditions in terms of the coefficients involving
integral averages over the whole half-lipg co) are used.

However, from the Sturmian separation theorem, oscillation is an interval property,
i.e., for each given solution of (1.1), if we can find a sequence of intefuals;],

a; — 00, b; < a;y1 such that the given solution has at least one zer@ir;), then
the solution is oscillatory. Using the thoughts mentioned above, Kong [9] gave some
interval oscillation criteria for the second order linear differential equation

(r(t)'(t))" + q(t)x(t) = 0.

Recently, Yang et al. [16] extended Kong'’s results and presented several interval criteria
for the neutral delay differential equation

[r(t) (x(t) + p(t)x(t — 7)) + q(t) f(x(t — ) = 0.

For other oscillation results of various neutral functional differential equation, we refer
the reader to the monographs [1-6].
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Motivated by the ideas in [8,9, 11, 14], by employing the Riccati technique and the
integral averaging method, we shall establish several interval criteria for oscillation of
(1.1), that is, criteria given by the behavior of (1.1) only on a sequence of subinter-
vals of t, 00). Since (1.1) includes as special cases quite a large class of equations in
literature, the results of this paper extend and improve many oscillation criteria previ-
ously obtained. Finally, several interesting examples that point out the importance of
our results are also included.

Following Kong [9] and Philos [11], we introduce a class of functi@nas follows.
Namely, letDy = {(t,s) : t > s > to} andD = {(t,s) : t > s > ty}.

A kernel functionk € C(D,R) is said to belong to the function claSs denoted by
ke, if

(H1) k(t,t) = 0fort > to, k(t,s) > 00on Dy;
(H2) k has partial derivatives oP such that

Ok Ok

E(t, s) = Ai(t, s)k(t, s), %(

for A\;, A € Li,.(D,R).

t,s) = —=Xao(t, s)k(t, s)

Now, we define two integral operatofsand B as in [14] in terms of:(t, s) as

A(O:T, 1) :/tk(s,t)ﬁ(s)ds, BO:T, 1) = /tk(t, $)0(s)ds for ¢ > T > o,

T T

whered € C(I,R).
Let us state three sets of conditions used in [12, 15] which we rely on.

(S1) f'(z) exists,f'(x) > ky andy(z) < L~ for z # 0;
(S2) f'(x) exists, f'(x) /1 (x) > ky for z #£ 0;
(S3) f(z)/x > ks andy(x) < L~ for z # 0,

whereky, ko, k3 and L are positive constants.
In addition, we will use the following conditions as in [12, 15].

(N1) There exists a constaff > 0 such thatt: f(+uv) > M f(u) f(v) for uv > 0;
(N2) uy)’(u) > 0 for u # 0.

In order to prove our theorems, we shall need the following three lemmas whose
proofs can be found in [15].

Lemma 1.1. Suppose that (S1) and (N1) are satisfied. L&k an eventually positive
solution of (1.1). Then there existslg > t, such that

Z(t) >0, Z'(t) >0 and (r(t)Y(z(t))Z'(t)) <0, t>To. (1.2)
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Moreover,

6
(r(6)y(x(2)Z'(1)) + Mf[Z(g(t,a))]/ q(t, ) f[1 = plg(t, §))ldo(§) <0, t=To.

Lemma 1.2. Suppose that (S2), (N1) and (N2) are satisfied. i.&e an eventually
positive solution of (1.1). Then there exist§@> ¢, such that (1.2) and (1.3) hold.

Lemma 1.3. Suppose that (S3) is satisfied. Lkebe an eventually positive solution of
(1.1). Then there exists’& > t, such that (1.2) holds. Moreover,

E
(T(t)w(x(t))Z'(t))’H%Z[g(t,a)]/ q(t, [1=p(g(t,§))ldo(§) <0, t=Tp. (1.4)

2. Main Results
In this section, we shall state and prove the main results of this paper.

Theorem 2.1. Let (S1) and (N1) hold. Suppose that there ekist S, ¢ € C'(I,R"),
R € CY(I,R), Ty > to, anda, b, c € R™ such that for alt € (a,b) C [Ty, +00),

1 1 2, 1 1 2.
k(c, a)A (@1 — 4h1()\1 + ll) ,G,C) + k(b, C)B (@1 4h1(/\2 ll) ; C, b) > O,
2.1)

where

B "(t. a) R2
01(0) = o) {31 [ ate.)111 - plate.Nlao(e) + “LEED i |

¢'(t) 2k Lg'(t,a)R(t) rlg(t, a)le(t)
o(t) rlg(t, a)] kiLg'(t,a)

Then every solution of (1.1) has a zerg(in b).

L(t) = hy(t) =

Proof. Otherwise;x(t) # 0 forall ¢ € (a,b). Then, by Lemma 1.1, (1.2) and (1.3) hold
fort € (a,b). Define

o(t) = (#) {T(?é(é ((?)az))](t) + R(t)} Cte(ab). 2.2)

Then, differentiating (2.2) and using (1.3), it follows that

V(t) <
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Sinceg(t,a) < tand(r(t)y(x(t))Z'(t)) <0, we have
rt(z(t)Z'(t) < rlg(t, a)lvlz(g(t, a)]Z'[g(t, a)].

Therefore,

/8 /
200~ ol0) M [ ate. 0111 = platt, )lan(©) - 70
kol ()70

7
P'(t) o :
< Z80) —ot0) M [ att. 0710 - state. Dlan(©) - 1)
kiLo(t)g'(t,a) (v(t) :
i (o )

That is,

W (s) < —On(s) + L (s)o(s) — %(8)1)2(3). (2.3)
Applying the operator to (2.3) on the intervalt, c|, t € (a, |, we get
A®13t,¢) < —k(e,t)u(e) + A((M + l)vst ) — A (hy 0%t )
e 00(e) = A (10 = G+ 1)sc)

+ ;lA (h1(>\1 + l1)2; t, C)

< —k(ce, t)v(c) + iA (M + )%t )

Letting?t — a* above, and dividing b¥(c, a), we obtain

1 1 )
k(c, a)A (@1 4h1()\1 + ll) , a, C) ~ ’U(C)

(2.4)
Similar to the proof of (2.4), we have

1 1 )

_Z — )2 < , :
kj(b, C)B (@1 4h1(/\2 ll) ;C, b) ~ U(C) (2 5)
Adding (2.4) and (2.5), we have that

_1 1 2 1 1 9

S : L 1 VS <
e a)A (@1 1+ 1) a, c) 0 C)B (@1 e —h)%e, b) <0,
which contradicts (2.1), and complete the proof.
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If the conditions of Theorem 2.1 hold for a sequeR¢e,, b,,)} of intervals such
that lim a,, = oo, then we may conclude that (1.1) is oscillatory. That is, we have the

TL—_>OO
following corollary.

Corollary 2.2. If for a givenT > t, there exists an intervak, b) C [T, co) for which
the conditions of Theorem 2.1 are satisfied, then (1.1) is oscillatory.

The following theorem is also a consequence of Theorem 2.1.

Theorem 2.3. Let (S1) and (N1) hold. Suppose that there ekist S, ¢ € C*(I,R™)
andR € C'(I,R) such that for each> ¢,

1
lim sup A (@1 — Zhl()\l + ll)z; l t) >0 (26)
t—o00
and '
limsup B (@1 — Z_lhl()\Q — l1)2; l, t) > 0, (27)
t—o0

where©1, [; andh, are defined as in Theorem 2.1. Then (1.1) is oscillatory.

Proof. In (2.6) we choosé = a. Then there exists > a such that

A (@1 — lehl()\l +0)% a,c) > 0. (2.8)
In (2.7) we choosé = c. Then there exists > ¢ such that

B <@1 - ;lhl(Az — )%, b) > 0. (2.9)

Combining (2.8) and (2.9), we obtain that (2.1) holds. The conclusion thus comes from
Theorem 2.1, and the proof is completed. [ |

For the case where=: k(t—s) € J, we have thah, (t —s) = X\2(t—s) and denote
them by\(¢ — s). The subclass d& containingk(t — s) is denoted bys,. Based on the
above results we obtain the following theorem.

Theorem 2.4. Let (S1) and (N1) hold. Suppose that for edtk t, there exist € S,
R € CY(I,R), anda, c € Rt such thafl’ < a < c and

/c k(s — a)[©1(s) + ©1(2¢ — s)]ds

> }l/ack(s—a)[hl(s)—|—h1(2c—s)])\2(s—a)ds, (2.10)
where S (. ) R(w)
= exp | —2k; IDEY
ol6) = |2t [ £t ],

and©q, h; are defined as in Theorem 2.1. Then (1.1) is oscillatory.
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Proof. Letb = 2¢c — a. Thenk(b — ¢) = k(c — a) = k(b — a)/2, and for anyW ¢

b c
Lla,b], we have/ W(s)ds = / W (2c — s)ds. Note thatl,(¢) = 0, thus the fact
that (2.10) holds ‘fmplies that (2.(11) holds fbre . Therefore, (1.1) is oscillatory by
Theorem 2.1. [ |

From the above oscillation criteria, we can obtain different sufficient conditions for
the oscillation of (1.1) by suitable choice kft, s). Let

k(t,s)=(t—s)", (t,s)eD, p>1.

Corollary 2.5. Let (S1) and (N1) hold. Suppose that there exists a congtant such
that for alll > ¢,

t

2

. o gt a)]

hItIiilolp ), l(s DFI(s) Thilg(t.a) (s —1) ds >0
e ' 2 rlg(t a)]

, 1 n rigt,a 9

= A7 A CANE ) B PR

hrtrlsc;gp ), [(t s)HT(s) T Ly (t.a) (t—s) ds >0,

where

B
D0 = [t )51~ plolt.€)Ndo(c).
Then (1.1) is oscillatory.
Proof. In Theorem 2.3, lep(t) = 1 andR(t) = 0. Then

L(t) =0, hl(t):%’ and Al(t’s):AQ(t’S):t/js'

The rest of the proof is similar to that of Theorem 2.3. [ |

Define

Gi(t) = k:lL/l %d& k(t,s) = [Gy(t) — G1(9))*, p> 1.

Corollary 2.6. Let (S1) and (N1) hold. Suppose that there exists a congtant such
that for alll > ¢,

12

A(p—1)

: 1 ! 4
hmsupu—l(t)/l [G1(s) — G1(1)]*T'1(s)ds >

t—o00 1

and
2

. L[ ! e
hrtrf)gp W/l [G1(t) — G1(s)]FT1(s)ds > Ap—1)

wherel; (¢) is defined as in Corollary 2.5. Then (1.1) is oscillatory.
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Proof. In Theorem 2.3, lep(¢) = 1 andR(¢) = 0. Then

bt =0, i) = )]

leg/(t,CL)
and
_ kiLg'(t,a) 1 o) = ki1Lg'(s,a) 1
M=kl G- ae) 2 T 6] G- G

Note that . )

/ k(t, )hn (5)A2(s, D)ds = —F—[G1 (O], (2.11)

! p—1

/z k(t, s)h1(s)A\5(t, s)ds = ,u“jl[Gl(t)]#_l' (2.12)

From (2.11), we have that

1 1
limsup ———A(T'1 — —hi(li + A 2
tﬂoopGl (t) ( ! 4 1(1 l)>

—imsu; t s) — P=IP (9)ds — — P

That is, (2.6) holds. Similarly, (2.12) implies that (2.7) holds. Hence, by Theorem 2.3,
(1.1) is oscillatory.

Theorem 2.7. Let (S2), (N1) and (N2) hold. Suppose that there ekist <, ¢ €
CYI,R"), R € CY(I,R), Ty > to, anda,b,c € RT such that for alc € (a,b) C
[T07+OO)1

1 1 , 1 1 )
- : _— — Sha(e — )% e, b
]{3(07 a>A <@2 4h2(>\1 +l2) ,CL,C) -+ k‘(b, C)B <@2 1 2( 2 2) ; C, ) > 0,

where
B "(t. a) R2
0u(t) = ¢(0) {31 [ att.)511 - plate. Nlao(e) + “LEDED g |
SO kg®aRG o rletale)
p(t) rlg(t,a)] kag'(t,a)
Then every solution of (1.1) has a zero(in b).

lo(t) =

Proof. Otherwise,z(t) # 0 for all ¢t € (a,b). Hence, by Lemma 1.2, (1.2) and (1.3)
hold fort € (a,b). We consider the function defined by (2.2), and obtain

_ o)y t,a) f'[Z(g(t, a))] (7“(15)@/)(fr(t)Z’(lt))2
rlg(t @)l ¢la(g(t,a))] '
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Now we user|g(t,a)] < Z[g(t,a)] and (S2) to get

L2t a)] - P2t )
Telgta)] = Dzl a)] =

Therefore,

' s
< £ — oo {M [ att. 9511 = plote. are) - R,(t)}
__ Fael)g(ta) <r(t)w(:c(t))2’(t) ) N

rlg(t, a)¢lz(g(t,a)] \ flZ(g(t; a))]
That is,
V() € =n(s) + b(s)u(s) = =r=t*(o)
The rest of the proof runs as in Theorem 2.1. [ |

Corollary 2.8. If for a givenT > t, there exists an intervdh, b) C [T, co) for which
the conditions of Theorem 2.7 are satisfied, then (1.1) is oscillatory.

Theorem 2.9. Let (S2), (N1) and (N2) hold. Suppose that there ekist 3, ¢ €
CYI,R"),andR € C*(I,R) such that for each> t,,

1
lim sup A <@2 — Zh2(>\1 + 12)2; l, t) >0

t—oo

and
1
lim sup B (@2 — Zhg()\g — 12)2; l, t) > 0,

t—oo

where©,, I, andh, are defined as in Theorem 2.7. Then (1.1) is oscillatory.

Theorem 2.10. Let (S2), (N1) and (N2) hold. Suppose that for edtk ¢, there exist
k € Sy, R € C'(I,R), anda, c € R* such thatl’ < a < cand

/ (s — a)[Oa(s) + O (2c — s)]ds
1

> /ck‘(s — a)[ha(s) + ha(2c — 8)]\*(s — a)ds, (2.13)

where

o(5) = exp {—1@ I Mdu] ,

o Tlg(u,a)]
and©,, h, are defined as in Theorem 2.7. Then (1.1) is oscillatory.
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Corollary 2.11. Let (S2), (N1) and (N2) hold. Suppose that there exists a constant
i > 1 such that for all > ¢,

. I 1> rlg(t, a)] 2
lmsup 25 f [(S‘””FQ(S)‘ 4 kgg’(t,a)(s_l)u ]d”O
and [ (.
. /L rlg(t,a 9
1 — — s)*To( — s)H
l?ligp / [ (t—s) T oo/ (t.01) —— = (t—s) } ds >0,
where

B
La(t) = [t )51~ ploft.€)Ndo(c).
Then (1.1) is oscillatory.

Define

= " (s,0) s s) = — Gay(s)*
Golt) = ks / Lo ds k(1) = [Gaft) — Gals). > L

Corollary 2.12. Let (S2), (N1) and (N2) hold. Suppose that there exists a constant
i > 1 such that for all > ¢,

) 1
lim sup

t FT9(s)ds K
t—00 Ggfl(t) /l [Ga(s) — G2(1)]"Ta(s)ds >

A(p—1)

and
2

1 t W
1 R _ © =
lim sup e /l [Ga(t) — Ga(s)]["T'2(s)ds > 1)
wherel'y(t) is defined as in Corollary 2.11. Then (1.1) is oscillatory.

Theorem 2.13. Let (S3) hold. Suppose that there exist 3, ¢ € C'(I,R"), R €
CY(I,R), Ty > to, anda, b, c € R* such that for alt € (a,b) C [T}, +0o0),

1 1 , 1 1 ,
k‘(c7 a)A (@3 4h3()\1 -+ lg) ,a, C) -+ k(b, C) (@3 4h3(>\2 lg) ; C, b) > O,

where

B /
O4(t) = (1) {k [ ate. - piate. 0o (e) + % - R’(t)} ,
¢'(t)  2Lg'(t,a)R(t) )
©(t) rlg(t,a)]

rlgt, a)e(t)
Then every solution of (1.1) has a zero(in b).

I5(t) = ha(t) =

Lg'(t,a)
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Proof. Let 2 be a nonoscillatory solution of (1.1), sayt) > 0 for ¢t > t,. Hence, by
Lemma 1.3, (1.2) and (1.4) hold forc (a,b). We define the function by

r)y(z(t))2'()
Zlg(t, a)]

Differentiating (2.14) and using (1.4), we obtain

v(t) = p(t) { + R(t)} forall te (a,b). (2.14)

V(t) <

That is,
1

— U2 S).
e (s)
The rest of the proof follows the same line as that of Theorem 2.1. [ |

v'(s) < —O3(s) + I3(s)v(s)

Corollary 2.14. If for a givenT' > t, there exists an intervah, b) C [T, o) for which
the conditions of Theorem 2.13 are satisfied, then (1.1) is oscillatory.

Theorem 2.15. Let (S3) hold. Suppose that there exist S, ¢ € C'(I,R"), and
R € C'(I,R) such that for each> ¢,

1
limsupA <@3 - Zh?)()\l + l3)2; l, t) >0

t—o00

and .
lim supB (@3 — Z__Lh3<)\2 — 13)2; l, t) > 0,

t—oo

whereOs, I3 andhs are defined as in Theorem 2.13. Then (1.1) is oscillatory.

Theorem 2.16. Let (S3) hold. Suppose that for eah > t,, there existt € S,
R € CY(I,R), anda, c € R* such thafl’ < a < c and

/c k(s —a)[O3(s) + O3(2c — s)|ds

> éll /ack(s — a)[hs(s) + h3(2c — 8)]\*(s — a)ds,
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where

o(5) = exp {—QL / S Mdu] ,

rlg(u, a)]
andOs, hs are defined as in Theorem 2.13. Then (1.1) is oscillatory.

Corollary 2.17. Let (S3) hold. Suppose that there exists a consgtantl such that for
alll > to,

lim sup ti l {(s — 1)MTy(s) — 1w rlg(t o) (s — z)H} ds > 0

oo tHTL 4 Lg'(t,a)
and [ ( )]
: - - ,u o _,LL a . n—2
lntnsup / l (t T 5(s T Lo(ta) (t—s) } ds > 0,
where

B
La(t) = ks | a(t.€)(1 - plo(t.€))ldo(e)
Then (1.1) is oscillatory.

Define
" d(s,a) ) o) O\
G3(t) - L/l T[g(s,a)]d ) k(tu ) - [G?)(t) G3< )] N L.

Corollary 2.18. Let (S3) hold. Suppose that there exists a congtantl such that for
all > to,

- L - p
fmsup [ 6l = GaTalodas > s (248)
and X . )
. " 1%
s s [ 1636 - Ga(s)Ta(ss > priea S CED)

wherel's(¢) is defined as in Corollary 2.17. Then (1.1) is oscillatory.

3. Examples

In this final section, we give three examples to illustrate the importance of our main
results.

Example 3.1. Consider the equation

L xT eftl. . / , 1€t£l' _
( @) +ealt 1>>) +/O (t)dc =0, t>1, (3.1)

1+ 22



Interval Oscillation for Neutral Equations 231

wherer(t) = 12, 7 = 1, p(t) = e, ¥(x) = 1/(1 + 2%, f(z) = 2, q(t, &) = €5,
g(t, &) = 1.

If we takek, = M =1, R(t) = 0, o(t) = t, k(t,s) = (t — 5)*, \y = 2/(t — s), and
Ao = —2/(t — s), then

1
O,(t)=e" —t—1, L(t)= o hi(t) = 0.

Hence,

A (@1 — T+ B u) _ /lt@ 82—t — 1)ds — %(t et —t—1),
and

B (@1 - ihl()\z - l1)2;l,t> _ /lt(s St — t— 1)ds = %(t 1Pt —t—1).

Thus, (2.6) and (2.7) hold for any > 1. Thus, all conditions of Theorem 2.3 are
satisfied. Therefore, (3.1) is oscillatory.
Example 3.2. Consider the equation

(;(t) (;U(t) + %x(t— 1))/>,+7/01 ta(t—&dE =0, t>1, (3.2)

14 22

wherer(t) = 1, plt) = 1/2, 7 = 1, b(e) = 1/(1+ ), /(@) = @, 4(t,) = 1t
v > 12, 9(t,&) =t —&.

LetM =k, =1,9(t) =1,R(t) =0,a=0,b=1,c=1/2, k(t — s) = (t — 5)?,
and\(t —s) =2/(t — s). Then
O(t) = i’yt, b(t) =0, ho(t) = .

In Theorem 2.10, let = 3n, c = 3n + 1. We have

/C k(s —a)[O2(s) + Oz(2¢ — s)]ds =

=2

(3n+1),

and .
/ k(s — a)[ha(s) + ha(2c — $)N2(s — a)ds = $(3n + 1).

Consequently, foy > 12, (2.13) holds. Hence, all conditions of Theorem 2.10 are
satisfied. Therefore, (3.2) is oscillatory.
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Example 3.3. Consider the equation

<% <x(t) + ﬁx@ - 7))/)/

! 8t2¢ - -
+7/0 (2 — 1)2(t — 1) (a:(t§ — 5) +ad(te — 5)) dé =0, (3.3)

fort > 1, wherer(t) = 1 +sin’t, p(t) = 1/(t +7/2), 7 = 7, ¥(z) = 1/(1 + 2?),
f@) =z +a% q(t,§) = (8yt°¢) /(t* — 1)*(t€ — 1), v > 1/4, andg(t,§) = t& — /2.

If we takeks = L =1, R(t) = 0 andy(t) = 1, then

Ty(t) = (t?gjtl)” I5(t) =0, hy(t) = %

1

Gs(t) = —(t* — I?).
4

Thus, foru > 1,

: 1 ! u
h?lsogpm/l (G5(s) — G3(1))*T's(s)ds

o 2y Ps(s2 P
= hl;[iilolp (2= 2 /l (2 -1)2 ds = Pt (3.4)
By [9, Lemma 3.1], we can show that
[ 1630 - Gale)PTas > [[[Ga(s) - GaPTa(s)ds. (39

By (3.4) and (3.5), for any > 1/4 there existg; > 1 suchthaty/(u—1) > p?/4(u—1).
This means that (2.15) and (2.16) hold for the samapplying Corollary 2.18, we find
that (3.3) is oscillatory foty > 1/4.
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