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Abstract

By using averaging functions, some interval oscillation criteria are established for
the second order neutral differential equation with disturbed deviating argument

(r(t)ψ(x(t))Z ′(t))′ +
∫ β

α
q(t, ξ)f [x(g(t, ξ))]dσ(ξ) = 0, t ≥ t0,

whereZ(t) = x(t) + p(t)x(t− τ). These results obtained here are different from
most known ones in the sense that they are based on information only on a sequence
of subintervals of[t0,∞), rather than on the whole half-line. Several examples are
given to illustrate the importance of our main results.

AMS subject classification:34K40, 34K11, 34C10.
Keywords: Oscillation, neutral differential equations, disturbed deviating argu-
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1. Introduction and Preliminaries

This paper is concerned with oscillation of the second order neutral differential equation
with distributed deviating argument

(r(t)ψ(x(t))Z ′(t))′ +
∫ β

α

q(t, ξ)f [x(g(t, ξ))]dσ(ξ) = 0, t ≥ t0, (1.1)

whereZ(t) = x(t) + p(t)x(t− τ), τ ≥ 0, and the following conditions are assumed to
hold without further mentioning:
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(A1) r, p ∈ C(I,R) and0 ≤ p(t) ≤ 1, r(t) > 0 for t ∈ I,
∫ ∞

ds/r(s) = ∞,

I = [t0,∞);

(A2) ψ ∈ C1(R,R), ψ(x) > 0 for x 6= 0;

(A3) f ∈ C(R,R), xf(x) > 0 for x 6= 0;

(A4) q ∈ C(I × [α, β], [0,∞)) and q(t, ξ) is not eventually zero on any half-line
[tu,∞)× [a, b], tu ≥ t0;

(A5) g ∈ C(I × [α, β], [0,∞)), g(t, ξ) ≤ t for ξ ∈ [α, β], g(t, ξ) has a contin-
uous and positive partial derivative onI × [α, β] with respect to the first vari-
ablet and nondecreasing with respect to the second variableξ, respectively, and
lim inf

t→∞
g(t, ξ) = ∞ for eachξ ∈ [α, β];

(A6) σ ∈ C([α, β],R) is nondecreasing, and the integral of (1.1) is in the sense of
Riemann–Stieltjes.

We restrict our attention to those solutionsx of (1.1) which exist on some half-
line [tx,∞) with sup{x(t) : t ≥ T} > 0 for any T ≥ tx, and satisfy (1.1). As
usual, a solutionx of (1.1) is called oscillatory if the set of its zero is unbounded from
above, otherwise, it is called nonoscillatory. (1.1) is called oscillatory if all solutions are
oscillatory.

We note that second order neutral delay differential equations have various appli-
cations in problems dealing with vibrating masses attached to an elastic bar in some
variational problems. For further applications and questions concerning existence and
uniqueness of solutions of neutral delay differential equations, see [7].

The oscillation problem for (1.1) and for less general equations has been studied by
numerous authors. For recent contribution, we refer the reader to [4, 10, 13, 15, 17] and
references therein. In all of these works, conditions in terms of the coefficients involving
integral averages over the whole half-line[t0,∞) are used.

However, from the Sturmian separation theorem, oscillation is an interval property,
i.e., for each given solution of (1.1), if we can find a sequence of intervals[ai, bi],
ai → ∞, bi < ai+1 such that the given solution has at least one zero in(ai, bi), then
the solution is oscillatory. Using the thoughts mentioned above, Kong [9] gave some
interval oscillation criteria for the second order linear differential equation

(r(t)x′(t))′ + q(t)x(t) = 0.

Recently, Yang et al. [16] extended Kong’s results and presented several interval criteria
for the neutral delay differential equation

[r(t)(x(t) + p(t)x(t− τ))′]′ + q(t)f(x(t− σ)) = 0.

For other oscillation results of various neutral functional differential equation, we refer
the reader to the monographs [1–6].
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Motivated by the ideas in [8, 9, 11, 14], by employing the Riccati technique and the
integral averaging method, we shall establish several interval criteria for oscillation of
(1.1), that is, criteria given by the behavior of (1.1) only on a sequence of subinter-
vals of [t0,∞). Since (1.1) includes as special cases quite a large class of equations in
literature, the results of this paper extend and improve many oscillation criteria previ-
ously obtained. Finally, several interesting examples that point out the importance of
our results are also included.

Following Kong [9] and Philos [11], we introduce a class of functions= as follows.
Namely, letD0 = {(t, s) : t > s ≥ t0} andD = {(t, s) : t ≥ s ≥ t0}.

A kernel functionk ∈ C(D,R) is said to belong to the function class=, denoted by
k ∈ =, if

(H1) k(t, t) = 0 for t ≥ t0, k(t, s) > 0 onD0;

(H2) k has partial derivatives onD such that

∂k

∂t
(t, s) = λ1(t, s)k(t, s),

∂k

∂s
(t, s) = −λ2(t, s)k(t, s)

for λ1, λ2 ∈ L1
loc(D,R).

Now, we define two integral operatorsA andB as in [14] in terms ofk(t, s) as

A(θ; T, t) =

∫ t

T

k(s, t)θ(s)ds, B(θ; T, t) =

∫ t

T

k(t, s)θ(s)ds for t ≥ T ≥ t0,

whereθ ∈ C(I,R).
Let us state three sets of conditions used in [12,15] which we rely on.

(S1) f ′(x) exists,f ′(x) ≥ k1 andψ(x) ≤ L−1 for x 6= 0;

(S2) f ′(x) exists,f ′(x)/ψ(x) ≥ k2 for x 6= 0;

(S3) f(x)/x ≥ k3 andψ(x) ≤ L−1 for x 6= 0,

wherek1, k2, k3 andL are positive constants.
In addition, we will use the following conditions as in [12, 15].

(N1) There exists a constantM > 0 such that±f(±uv) ≥ Mf(u)f(v) for uv ≥ 0;

(N2) uψ′(u) > 0 for u 6= 0.

In order to prove our theorems, we shall need the following three lemmas whose
proofs can be found in [15].

Lemma 1.1. Suppose that (S1) and (N1) are satisfied. Letx be an eventually positive
solution of (1.1). Then there exists aT0 ≥ t0 such that

Z(t) > 0, Z ′(t) > 0 and (r(t)ψ(x(t))Z ′(t))′ ≤ 0, t ≥ T0. (1.2)
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Moreover,

(r(t)ψ(x(t))Z ′(t))′ + Mf [Z(g(t, a))]

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ) ≤ 0, t ≥ T0.

(1.3)

Lemma 1.2. Suppose that (S2), (N1) and (N2) are satisfied. Letx be an eventually
positive solution of (1.1). Then there exists aT0 ≥ t0 such that (1.2) and (1.3) hold.

Lemma 1.3. Suppose that (S3) is satisfied. Letx be an eventually positive solution of
(1.1). Then there exists aT0 ≥ t0 such that (1.2) holds. Moreover,

(r(t)ψ(x(t))Z ′(t))′+k3Z[g(t, a)]

∫ β

α

q(t, ξ)[1−p(g(t, ξ))]dσ(ξ) ≤ 0, t ≥ T0. (1.4)

2. Main Results

In this section, we shall state and prove the main results of this paper.

Theorem 2.1. Let (S1) and (N1) hold. Suppose that there existk ∈ =, ϕ ∈ C1(I,R+),
R ∈ C1(I,R), T0 ≥ t0, anda, b, c ∈ R+ such that for allc ∈ (a, b) ⊂ [T0, +∞),

1

k(c, a)
A

(
Θ1 − 1

4
h1(λ1 + l1)

2; a, c

)
+

1

k(b, c)
B

(
Θ1 − 1

4
h1(λ2 − l1)

2; c, b

)
> 0,

(2.1)
where

Θ1(t) = ϕ(t)

{
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ) +
k1Lg′(t, a)R2(t)

r[g(t, a)]
−R′(t)

}
,

l1(t) =
ϕ′(t)
ϕ(t)

+
2k1Lg′(t, a)R(t)

r[g(t, a)]
, h1(t) =

r[g(t, a)]ϕ(t)

k1Lg′(t, a)
.

Then every solution of (1.1) has a zero in(a, b).

Proof. Otherwise,x(t) 6= 0 for all t ∈ (a, b). Then, by Lemma 1.1, (1.2) and (1.3) hold
for t ∈ (a, b). Define

v(t) = ϕ(t)

[
r(t)ψ(x(t))Z ′(t)

f [Z(g(t, a))]
+ R(t)

]
, t ∈ (a, b). (2.2)

Then, differentiating (2.2) and using (1.3), it follows that

v′(t) ≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ)

+
r(t)ψ(x(t))Z ′(t)
f 2[Z(g(t, a))]

f ′[Z(g(t, a))]Z ′[g(t, a)]g′(t, a)−R′(t)
]

.
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Sinceg(t, a) ≤ t and(r(t)ψ(x(t))Z ′(t))′ ≤ 0, we have

r(t)ψ(x(t))Z ′(t) ≤ r[g(t, a)]ψ[x(g(t, a))]Z ′[g(t, a)].

Therefore,

v′(t) ≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− k1ϕ(t)g′(t, a)

r[g(t, a)]ψ[x(g(t, a))]

(
r(t)ψ(x(t))Z ′(t)

f [Z(g(t, a))]

)2

≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− k1Lϕ(t)g′(t, a)

r[g(t, a)]

(
v(t)

ϕ(t)
−R(t)

)2

.

That is,

v′(s) ≤ −Θ1(s) + l1(s)v(s)− 1

h1(s)
v2(s). (2.3)

Applying the operatorA to (2.3) on the interval(t, c], t ∈ (a, c], we get

A(Θ1; t, c) ≤ −k(c, t)v(c) + A((λ1 + l1)v; t, c)− A
(
h−1

1 v2; t, c
)

= −k(c, t)v(c)− A

(
h−1

1 (v − 1

2
h1(λ1 + l1))

2; t, c

)

+
1

4
A

(
h1(λ1 + l1)

2; t, c
)

≤ −k(c, t)v(c) +
1

4
A

(
h1(λ1 + l1)

2; t, c
)
.

Letting t → a+ above, and dividing byk(c, a), we obtain

1

k(c, a)
A

(
Θ1 − 1

4
h1(λ1 + l1)

2; a, c

)
≤ −v(c). (2.4)

Similar to the proof of (2.4), we have

1

k(b, c)
B

(
Θ1 − 1

4
h1(λ2 − l1)

2; c, b

)
≤ v(c). (2.5)

Adding (2.4) and (2.5), we have that

1

k(c, a)
A

(
Θ1 − 1

4
h1(λ1 + l1)

2; a, c

)
+

1

k(b, c)
B

(
Θ1 − 1

4
h1(λ2 − l1)

2; c, b

)
≤ 0,

which contradicts (2.1), and complete the proof. ¥
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If the conditions of Theorem 2.1 hold for a sequence{(an, bn)} of intervals such
that lim

n→∞
an = ∞, then we may conclude that (1.1) is oscillatory. That is, we have the

following corollary.

Corollary 2.2. If for a givenT ≥ t0 there exists an interval(a, b) ⊂ [T,∞) for which
the conditions of Theorem 2.1 are satisfied, then (1.1) is oscillatory.

The following theorem is also a consequence of Theorem 2.1.

Theorem 2.3. Let (S1) and (N1) hold. Suppose that there existk ∈ =, ϕ ∈ C1(I,R+)
andR ∈ C1(I,R) such that for eachl ≥ t0,

lim sup
t→∞

A

(
Θ1 − 1

4
h1(λ1 + l1)

2; l, t

)
> 0 (2.6)

and

lim sup
t→∞

B

(
Θ1 − 1

4
h1(λ2 − l1)

2; l, t

)
> 0, (2.7)

whereΘ1, l1 andh1 are defined as in Theorem 2.1. Then (1.1) is oscillatory.

Proof. In (2.6) we choosel = a. Then there existsc > a such that

A

(
Θ1 − 1

4
h1(λ1 + l1)

2; a, c

)
> 0. (2.8)

In (2.7) we choosel = c. Then there existsb > c such that

B

(
Θ1 − 1

4
h1(λ2 − l1)

2; c, b

)
> 0. (2.9)

Combining (2.8) and (2.9), we obtain that (2.1) holds. The conclusion thus comes from
Theorem 2.1, and the proof is completed. ¥

For the case wherek =: k(t−s) ∈ =, we have thatλ1(t−s) = λ2(t−s) and denote
them byλ(t− s). The subclass of= containingk(t− s) is denoted by=0. Based on the
above results we obtain the following theorem.

Theorem 2.4. Let (S1) and (N1) hold. Suppose that for eachT ≥ t0, there existk ∈ =0,
R ∈ C1(I,R), anda, c ∈ R+ such thatT ≤ a < c and

∫ c

a

k(s− a)[Θ1(s) + Θ1(2c− s)]ds

>
1

4

∫ c

a

k(s− a)[h1(s) + h1(2c− s)]λ2(s− a)ds, (2.10)

where

ϕ(s) = exp

[
−2k1L

∫ s

t0

g′(u, a)R(u)

r[g(u, a)]
du

]
,

andΘ1, h1 are defined as in Theorem 2.1. Then (1.1) is oscillatory.
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Proof. Let b = 2c − a. Thenk(b − c) = k(c − a) = k(b − a)/2, and for anyW ∈
L[a, b], we have

∫ b

c

W (s)ds =

∫ c

a

W (2c − s)ds. Note thatl1(t) = 0, thus the fact

that (2.10) holds implies that (2.1) holds fork ∈ =0. Therefore, (1.1) is oscillatory by
Theorem 2.1. ¥

From the above oscillation criteria, we can obtain different sufficient conditions for
the oscillation of (1.1) by suitable choice ofk(t, s). Let

k(t, s) = (t− s)µ, (t, s) ∈ D, µ > 1.

Corollary 2.5. Let (S1) and (N1) hold. Suppose that there exists a constantµ > 1 such
that for alll ≥ t0,

lim sup
t→∞

1

tµ−1

∫ t

l

[
(s− l)µΓ1(s)− µ2

4

r[g(t, a)]

k1Lg′(t, a)
(s− l)µ−2

]
ds > 0

and

lim sup
t→∞

1

tµ−1

∫ t

l

[
(t− s)µΓ1(s)− µ2

4

r[g(t, a)]

k1Lg′(t, a)
(t− s)µ−2

]
ds > 0,

where

Γ1(t) = M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ).

Then (1.1) is oscillatory.

Proof. In Theorem 2.3, letϕ(t) = 1 andR(t) = 0. Then

l1(t) = 0, h1(t) =
r[g(t, a)]

k1Lg′(t, a)
, and λ1(t, s) = λ2(t, s) =

µ

t− s
.

The rest of the proof is similar to that of Theorem 2.3. ¥

Define

G1(t) = k1L

∫ t

l

g′(s, a)

r[g(s, a)]
ds, k(t, s) = [G1(t)−G1(s)]

µ, µ > 1.

Corollary 2.6. Let (S1) and (N1) hold. Suppose that there exists a constantµ > 1 such
that for alll ≥ t0,

lim sup
t→∞

1

Gµ−1
1 (t)

∫ t

l

[G1(s)−G1(l)]
µΓ1(s)ds >

µ2

4(µ− 1)

and

lim sup
t→∞

1

Gµ−1
1 (t)

∫ t

l

[G1(t)−G1(s)]
µΓ1(s)ds >

µ2

4(µ− 1)
,

whereΓ1(t) is defined as in Corollary 2.5. Then (1.1) is oscillatory.
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Proof. In Theorem 2.3, letϕ(t) = 1 andR(t) = 0. Then

l1(t) = 0, h1(t) =
r[g(t, a)]

k1Lg′(t, a)

and

λ1(t, s) =
k1Lg′(t, a)

r[g(t, a)]

1

G1(t)−G1(s)
, λ2(t, s) =

k1Lg′(s, a)

r[g(s, a)]

1

G1(t)−G1(s)
.

Note that ∫ t

l

k(t, s)h1(s)λ
2
1(s, l)ds =

µ2

µ− 1
[G1(t)]

µ−1, (2.11)

∫ t

l

k(t, s)h1(s)λ
2
2(t, s)ds =

µ2

µ− 1
[G1(t)]

µ−1. (2.12)

From (2.11), we have that

lim sup
t→∞

1

Gµ−1
1 (t)

A
(
Γ1 − 1

4
h1(l1 + λ1)

2
)

= lim sup
t→∞

1

Gµ−1
1 (t)

∫ t

l

[G1(s)−G1(l)]
µ−1Γ1(s)ds− µ2

4(µ− 1)
> 0.

That is, (2.6) holds. Similarly, (2.12) implies that (2.7) holds. Hence, by Theorem 2.3,
(1.1) is oscillatory. ¥

Theorem 2.7. Let (S2), (N1) and (N2) hold. Suppose that there existk ∈ =, ϕ ∈
C1(I,R+), R ∈ C1(I,R), T0 ≥ t0, anda, b, c ∈ R+ such that for allc ∈ (a, b) ⊂
[T0, +∞),

1

k(c, a)
A

(
Θ2 − 1

4
h2(λ1 + l2)

2; a, c

)
+

1

k(b, c)
B

(
Θ2 − 1

4
h2(λ2 − l2)

2; c, b

)
> 0,

where

Θ2(t) = ϕ(t)

{
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ) +
k2g

′(t, a)R2(t)

r[g(t, a)]
−R′(t)

}
,

l2(t) =
ϕ′(t)
ϕ(t)

+
k2g

′(t, a)R(t)

r[g(t, a)]
, h2(t) =

r[g(t, a)]ϕ(t)

k2g′(t, a)
.

Then every solution of (1.1) has a zero in(a, b).

Proof. Otherwise,x(t) 6= 0 for all t ∈ (a, b). Hence, by Lemma 1.2, (1.2) and (1.3)
hold for t ∈ (a, b). We consider the functionv defined by (2.2), and obtain

v′(t) ≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− ϕ(t)g′(t, a)

r[g(t, a)]

f ′[Z(g(t, a))]

ψ[x(g(t, a))]

(
r(t)ψ(x(t)Z ′(t)
f [Z(g(t, a))]

)2

.
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Now we usex[g(t, a)] ≤ Z[g(t, a)] and (S2) to get

f ′[Z(g(t, a))]

ψ[x(g(t, a))]
≥ f ′[Z(g(t, a))]

ψ[Z(g(t, a))]
≥ k2.

Therefore,

v′(t) ≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− k2ϕ(t)g′(t, a)

r[g(t, a)]ψ[x(g(t, a))]

(
r(t)ψ(x(t))Z ′(t)

f [Z(g(t, a))]

)2

.

That is,

v′(s) ≤ −Θ2(s) + l2(s)v(s)− 1

h2(s)
v2(s).

The rest of the proof runs as in Theorem 2.1. ¥

Corollary 2.8. If for a givenT ≥ t0 there exists an interval(a, b) ⊂ [T,∞) for which
the conditions of Theorem 2.7 are satisfied, then (1.1) is oscillatory.

Theorem 2.9. Let (S2), (N1) and (N2) hold. Suppose that there existk ∈ =, ϕ ∈
C1(I,R+), andR ∈ C1(I,R) such that for eachl ≥ t0,

lim sup
t→∞

A

(
Θ2 − 1

4
h2(λ1 + l2)

2; l, t

)
> 0

and

lim sup
t→∞

B

(
Θ2 − 1

4
h2(λ2 − l2)

2; l, t

)
> 0,

whereΘ2, l2 andh2 are defined as in Theorem 2.7. Then (1.1) is oscillatory.

Theorem 2.10. Let (S2), (N1) and (N2) hold. Suppose that for eachT ≥ t0, there exist
k ∈ =0, R ∈ C1(I,R), anda, c ∈ R+ such thatT ≤ a < c and

∫ c

a

k(s− a)[Θ2(s) + Θ2(2c− s)]ds

>
1

4

∫ c

a

k(s− a)[h2(s) + h2(2c− s)]λ2(s− a)ds, (2.13)

where

ϕ(s) = exp

[
−k2

∫ s

t0

g′(u, a)R(u)

r[g(u, a)]
du

]
,

andΘ2, h2 are defined as in Theorem 2.7. Then (1.1) is oscillatory.
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Corollary 2.11. Let (S2), (N1) and (N2) hold. Suppose that there exists a constant
µ > 1 such that for alll ≥ t0,

lim sup
t→∞

1

tµ−1

∫ t

l

[
(s− l)µΓ2(s)− µ2

4

r[g(t, a)]

k2g′(t, a)
(s− l)µ−2

]
ds > 0

and

lim sup
t→∞

1

tµ−1

∫ t

l

[
(t− s)µΓ2(s)− µ2

4

r[g(t, a)]

k2g′(t, a)
(t− s)µ−2

]
ds > 0,

where

Γ2(t) = M

∫ β

α

q(t, ξ)f [1− p(g(t, ξ))]dσ(ξ).

Then (1.1) is oscillatory.

Define

G2(t) = k2

∫ t

l

g′(s, a)

r[g(s, a)]
ds, k(t, s) = [G2(t)−G2(s)]

µ, µ > 1.

Corollary 2.12. Let (S2), (N1) and (N2) hold. Suppose that there exists a constant
µ > 1 such that for alll ≥ t0,

lim sup
t→∞

1

Gµ−1
2 (t)

∫ t

l

[G2(s)−G2(l)]
µΓ2(s)ds >

µ2

4(µ− 1)

and

lim sup
t→∞

1

Gµ−1
2 (t)

∫ t

l

[G2(t)−G2(s)]
µΓ2(s)ds >

µ2

4(µ− 1)
,

whereΓ2(t) is defined as in Corollary 2.11. Then (1.1) is oscillatory.

Theorem 2.13. Let (S3) hold. Suppose that there existk ∈ =, ϕ ∈ C1(I,R+), R ∈
C1(I,R), T0 ≥ t0, anda, b, c ∈ R+ such that for allc ∈ (a, b) ⊂ [T0, +∞),

1

k(c, a)
A

(
Θ3 − 1

4
h3(λ1 + l3)

2; a, c

)
+

1

k(b, c)
B

(
Θ3 − 1

4
h3(λ2 − l3)

2; c, b

)
> 0,

where

Θ3(t) = ϕ(t)

{
k3

∫ β

α

q(t, ξ)[1− p(g(t, ξ))]dσ(ξ) +
Lg′(t, a)R2(t)

r[g(t, a)]
−R′(t)

}
,

l3(t) =
ϕ′(t)
ϕ(t)

+
2Lg′(t, a)R(t)

r[g(t, a)]
, h3(t) =

r[g(t, a)]ϕ(t)

Lg′(t, a)
.

Then every solution of (1.1) has a zero in(a, b).
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Proof. Let x be a nonoscillatory solution of (1.1), sayx(t) > 0 for t ≥ t0. Hence, by
Lemma 1.3, (1.2) and (1.4) hold fort ∈ (a, b). We define the functionv by

v(t) = ϕ(t)

[
r(t)ψ(x(t))Z ′(t)

Z[g(t, a)]
+ R(t)

]
for all t ∈ (a, b). (2.14)

Differentiating (2.14) and using (1.4), we obtain

v′(t) ≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
k3

∫ b

a

q(t, ξ)[1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− ϕ(t)g′(t, a)

r[g(t, a)]ψ[x(g(t, a))]

(
r(t)ψ(x(t))Z ′(t)

Z(g(t, a))

)2

≤ ϕ′(t)
ϕ(t)

v(t)− ϕ(t)

[
k3

∫ b

a

q(t, ξ)[1− p(g(t, ξ))]dσ(ξ)−R′(t)
]

− Lϕ(t)g′(t, a)

r[g(t, a)]

(
v(t)

ϕ(t)
−R(t)

)2

.

That is,

v′(s) ≤ −Θ3(s) + l3(s)v(s)− 1

h3(s)
v2(s).

The rest of the proof follows the same line as that of Theorem 2.1. ¥

Corollary 2.14. If for a givenT ≥ t0 there exists an interval(a, b) ⊂ [T,∞) for which
the conditions of Theorem 2.13 are satisfied, then (1.1) is oscillatory.

Theorem 2.15. Let (S3) hold. Suppose that there existk ∈ =, ϕ ∈ C1(I,R+), and
R ∈ C1(I,R) such that for eachl ≥ t0,

lim sup
t→∞

A

(
Θ3 − 1

4
h3(λ1 + l3)

2; l, t

)
> 0

and

lim sup
t→∞

B

(
Θ3 − 1

4
h3(λ2 − l3)

2; l, t

)
> 0,

whereΘ3, l3 andh3 are defined as in Theorem 2.13. Then (1.1) is oscillatory.

Theorem 2.16. Let (S3) hold. Suppose that for eachT ≥ t0, there existk ∈ =0,
R ∈ C1(I,R), anda, c ∈ R+ such thatT ≤ a < c and

∫ c

a

k(s− a)[Θ3(s) + Θ3(2c− s)]ds

>
1

4

∫ c

a

k(s− a)[h3(s) + h3(2c− s)]λ2(s− a)ds,
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where

ϕ(s) = exp

[
−2L

∫ s

t0

g′(u, a)R(u)

r[g(u, a)]
du

]
,

andΘ3, h3 are defined as in Theorem 2.13. Then (1.1) is oscillatory.

Corollary 2.17. Let (S3) hold. Suppose that there exists a constantµ > 1 such that for
all l ≥ t0,

lim sup
t→∞

1

tµ−1

∫ t

l

[
(s− l)µΓ3(s)− µ2

4

r[g(t, a)]

Lg′(t, a)
(s− l)µ−2

]
ds > 0

and

lim sup
t→∞

1

tµ−1

∫ t

l

[
(t− s)µΓ3(s)− µ2

4

r[g(t, a)]

Lg′(t, a)
(t− s)µ−2

]
ds > 0,

where

Γ3(t) = k3

∫ β

α

q(t, ξ)[1− p(g(t, ξ))]dσ(ξ).

Then (1.1) is oscillatory.

Define

G3(t) = L

∫ t

l

g′(s, a)

r[g(s, a)]
ds, k(t, s) = [G3(t)−G3(s)]

µ, µ > 1.

Corollary 2.18. Let (S3) hold. Suppose that there exists a constantµ > 1 such that for
all l ≥ t0,

lim sup
t→∞

1

Gµ−1
3 (t)

∫ t

l

[G3(s)−G3(l)]
µΓ3(s)ds >

µ2

4(µ− 1)
(2.15)

and

lim sup
t→∞

1

Gµ−1
3 (t)

∫ t

l

[G3(t)−G3(s)]
µΓ3(s)ds >

µ2

4(µ− 1)
, (2.16)

whereΓ3(t) is defined as in Corollary 2.17. Then (1.1) is oscillatory.

3. Examples

In this final section, we give three examples to illustrate the importance of our main
results.

Example 3.1. Consider the equation

(
t2

1 + x2(t)
(x(t) + e−tx(t− 1))′

)′
+

∫ 1

0

etξx(tξ)dξ = 0, t ≥ 1, (3.1)
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wherer(t) = t2, τ = 1, p(t) = e−t, ψ(x) = 1/(1 + x2), f(x) = x, q(t, ξ) = etξ,
g(t, ξ) = tξ.

If we takek1 = M = 1, R(t) = 0, ϕ(t) = t, k(t, s) = (t− s)2, λ1 = 2/(t− s), and
λ2 = −2/(t− s), then

Θ1(t) = et − t− 1, l1(t) =
1

t
, h1(t) = 0.

Hence,

A

(
Θ1 − 1

4
h1(λ1 + l1)

2; l, t

)
=

∫ t

l

(t− s)2(et − t− 1)ds =
1

3
(t− l)3(et − t− 1),

and

B

(
Θ1 − 1

4
h1(λ2 − l1)

2; l, t

)
=

∫ t

l

(s− t)2(et − t− 1)ds =
1

3
(t− l)3(et − t− 1).

Thus, (2.6) and (2.7) hold for anyl ≥ 1. Thus, all conditions of Theorem 2.3 are
satisfied. Therefore, (3.1) is oscillatory.

Example 3.2. Consider the equation

(
t

1 + x2(t)

(
x(t) +

1

2
x(t− 1)

)′)′
+ γ

∫ 1

0

tξx(t− ξ)dξ = 0, t ≥ 1, (3.2)

wherer(t) = t, p(t) = 1/2, τ = 1, ψ(x) = 1/(1 + x2), f(x) = x, q(t, ξ) = γtξ,
γ > 12, g(t, ξ) = t− ξ.

Let M = k2 = 1, ϕ(t) = 1, R(t) = 0, a = 0, b = 1, c = 1/2, k(t − s) = (t − s)2,
andλ(t− s) = 2/(t− s). Then

Θ2(t) =
1

4
γt, l2(t) = 0, h2(t) = t.

In Theorem 2.10, leta = 3n, c = 3n + 1. We have
∫ c

a

k(s− a)[Θ2(s) + Θ2(2c− s)]ds =
γ

6
(3n + 1),

and ∫ c

a

k(s− a)[h2(s) + h2(2c− s)]λ2(s− a)ds = 8(3n + 1).

Consequently, forγ > 12, (2.13) holds. Hence, all conditions of Theorem 2.10 are
satisfied. Therefore, (3.2) is oscillatory.
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Example 3.3. Consider the equation

(
1 + sin2 t

1 + x2(t)

(
x(t) +

1

t + π/2
x(t− π)

)′)′

+ γ

∫ 1

0

8t2ξ

(t2 − 1)2(tξ − 1)

(
x(tξ − π

2
) + x3(tξ − π

2
)
)

dξ = 0, (3.3)

for t > 1, wherer(t) = 1 + sin2 t, p(t) = 1/(t + π/2), τ = π, ψ(x) = 1/(1 + x2),
f(x) = x + x3, q(t, ξ) = (8γt2ξ)/(t2 − 1)2(tξ − 1), γ > 1/4, andg(t, ξ) = tξ − π/2.

If we takek3 = L = 1, R(t) = 0 andϕ(t) = 1, then

Γ3(t) =
8γt

(t2 − 1)2
, l3(t) = 0, h3(t) =

2

t
, G3(t) =

1

4
(t2 − l2).

Thus, forµ > 1,

lim sup
t→∞

1

Gµ−1
3 (t)

∫ t

l

[G3(s)−G3(l)]
µΓ3(s)ds

= lim sup
t→∞

2γ

(t2 − l2)µ−1

∫ t

l

s(s2 − l2)µ

(s2 − 1)2
ds =

γ

µ− 1
. (3.4)

By [9, Lemma 3.1], we can show that
∫ t

l

[G3(t)−G3(s)]
µΓ3(s)ds >

∫ t

l

[G3(s)−G3(l)]
µΓ3(s)ds. (3.5)

By (3.4) and (3.5), for anyγ > 1/4 there existsµ > 1 such thatγ/(µ−1) > µ2/4(µ−1).
This means that (2.15) and (2.16) hold for the sameµ. Applying Corollary 2.18, we find
that (3.3) is oscillatory forγ > 1/4.
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[6] I. Győri and G. Ladas.Oscillation theory of delay differential equations, Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press, New
York, 1991. With applications, Oxford Science Publications.

[7] Jack Hale.Theory of functional differential equations, Springer-Verlag, New York,
second edition, 1977. Applied Mathematical Sciences, Vol. 3.

[8] I.V. Kamenev. An integral test for conjugacy for second order linear differential
equations,Mat. Zametki, 23(2):249–251, 1978.

[9] Q. Kong. Interval criteria for oscillation of second-order linear ordinary differential
equations,J. Math. Anal. Appl., 229(1):258–270, 1999.

[10] Xinzhi Liu and Xi Lin Fu. Nonlinear differential inequalities with distributed de-
viating arguments and applications,Nonlinear World, 1(4):409–427, 1994.

[11] Ch. G. Philos. Oscillation theorems for linear differential equations of second or-
der,Arch. Math. (Basel), 53(5):482–492, 1989.

[12] Y. Şahiner. On oscillation of second order neutral type delay differential equations,
Appl. Math. Comput., 150(3):697–706, 2004.

[13] Peiguang Wang. Oscillation criteria for second-order neutral equations with dis-
tributed deviating arguments,Comput. Math. Appl., 47(12):1935–1946, 2004.

[14] James S.W. Wong. On Kamenev-type oscillation theorems for second-order dif-
ferential equations with damping,J. Math. Anal. Appl., 258(1):244–257, 2001.

[15] Zhiting Xu and Peixuan Weng. Oscillation of second order neutral equations with
distributed deviating argument,J. Comput. Appl. Math., 202(2):460–477, 2007.

[16] Qigui Yang, Lijun Yang, and Siming Zhu. Interval criteria for oscillation of
second-order nonlinear neutral differential equations,Comput. Math. Appl., 46(5-
6):903–918, 2003.

[17] Yuan Hong Yu and Xiling Fu. Oscillation and asymptotic behavior of certain sec-
ond order neutral differential equations,Rad. Mat., 7(1):167–176, 1991.


