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Abstract

This paper is concerned with the problem of existence of a solution for the three point
boundary value problem −y�∇(t) = f (t, y(t), y�(t)) + h(t), with y(ρ(a)) = 0,
and y(σ (b)) − δy(η) = 0, where f is a function satisfying Carathéodory’s condi-
tions.
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1. Introduction

Let f : [ρ(a), σ (b)] × R
2 → R be a function satisfying Carathéodory’s conditions

and h : [ρ(a), σ (b)] → R be a function in L1[ρ(a), σ (b)]. We study the problem of
existence of solutions for the three point boundary value problem

−y�∇(t) = f (t, y(t), y�(t)), t ∈ [a, b], (1.1)

y(ρ(a)) = 0, y(σ (b)) − δy(η) = 0, (1.2)

where η ∈ (ρ(a), σ (b)), δ ∈ R, δ > 0.
Throughout this paper we let T be any time scale (nonempty closed subset of R) and

[a, b] be subset of T such that [a, b] = {t ∈ T : a ≤ t ≤ b}.
This problem was studied in [11] when either δ ≤ 1 or when δ > 1 with δη < 1

for t ∈ [0, 1] in the continuous case. In the case δ > 1 with δη > 1 this problem
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was studied by the author in [9] as a multi-point boundary value problem. We refer the
reader to [2,6–8,10,12] for some recent results of nonlinear multi-point boundary value
problems. The boundary value problem (1.1), (1.2) was studied in [4,5,13] when δ = 1
in the continuous case. In [1], the authors proved the existence of at least one solution of
the second order dynamic equation with nonlinear boundary value conditions, provided
that the continuous nonlinear part of the equation satisfies a Nagumo condition. The
basic definitions and theorems concerning calculus on time scales can be found in [3].

We use the classical spaces C[ρ(a), σ (b)], C1[ρ(a), σ (b)], L1[ρ(a), σ (b)] and
L∞[ρ(a), σ (b)] of continuous, continuously �-differentiable, measurable real-valued
functions whose absolute value is Lebesgue ∇-integrable on [ρ(a), σ (b)], and measur-
able functions that are essentially bounded on [ρ(a), σ (b)]. We also use the Sobolev
space W 2,1(ρ(a), σ (b)) defined by

W 2,1(ρ(a), σ (b)) = {y : [ρ(a), σ (b)] → R|y, y� abs. cont. on [ρ(a), σ (b)]
with y�∇ ∈ L1[ρ(a), σ (b)]}

with its usual norm. We denote the norm in L1[ρ(a), σ (b)] by ‖.‖1 and the norm in
L∞[ρ(a), σ (b)] by ‖.‖∞.

We call a function f : [ρ(a), σ (b)] × R
2 → R a Carathéodory function if the

following conditions are satisfied:

(1) for almost all t ∈ [ρ(a), σ (b)], the function (x, y) ∈ R
2 → f (t, x, y) ∈ R is

continuous;

(2) for every (x, y) ∈ R
2, the function t ∈ [ρ(a), σ (b)] → f (t, x, y) ∈ R is measur-

able;

(3) for everyM > 0, there exists a real-valued functionφ(t) = φM(t) ∈ L1[ρ(a), σ (b)]
such that |f (t, x, y)| ≤ φ(t) for a.e. t ∈ [ρ(a), σ (b)] and every (x, y) ∈ R

2 sat-
isfying |x| ≤ M and |y| ≤ M .

2. Main Results

We need the following lemmas in the proof of our existence theorems.

Lemma 2.1. Let δ ≥ 1, ρ(a) < η < σ(b) with δ(η−ρ(a)) < σ(b)−ρ(a) be given. Let
h ∈ L1[ρ(a), σ (b)], y ∈ W 2,1(ρ(a), σ (b)) be such that −y�∇(t) = h(t), for t ∈ [a, b]
and y(ρ(a)) = 0, y(σ (b)) = δy(η). Then

‖y�‖∞ ≤ σ(b) − η

σ(b) − ρ(a) − δ(η − ρ(a))
‖h‖1.

Proof. It is easy to see that the general solution of the equation −y�∇(t) = h(t) has the
form

y(t) = c1y1(t) + c2y2(t) + 1

W

∫ σ(b)

ρ(a)

(y1(t)y2(s) − y1(s)y2(t))h(s)∇s,
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where c1, c2 are arbitrary constants and y1, y2 are solutions of the homogeneous equation.
Substituting the expression for y(t) in the boundary conditions (1.2) we can evaluate c1
and c2. After not very complicated calculations we can get

y�(t) = −
∫ t

ρ(a)

h(s)∇s + 1

D

∫ σ(b)

ρ(a)

(σ (b) − s)h(s)∇s + δ

D

∫ η

ρ(a)

(s − η)h(s)∇s

where D := σ(b) − ρ(a) − δ(η − ρ(a)). Now, for ρ(a) ≤ t ≤ η, we have

y�(t) =
∫ t

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ η

t

σ (b) − s + δ(s − η)

D
h(s)∇s

+
∫ σ(b)

η

σ (b) − s

D
h(s)∇s.

Noting that δ ≥ 1 and σ(b) − ρ(a) > δ(η − ρ(a)) we see for ρ(a) ≤ t ≤ η that∣∣∣∣(ρ(a) − s)(1 − δ)

D

∣∣∣∣ <
(ρ(a) − η)(1 − δ)

D

= δ(η − ρ(a)) + ρ(a) − η

D
<

σ(b) − η

D
,

for s ∈ [ρ(a), t];∣∣∣∣σ(b) − s + δ(s − η)

D

∣∣∣∣ <
σ(b) − δη + η(δ − 1)

D
= σ(b) − η

D
,

for s ∈ [t, η]; ∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − η

D
,

for s ∈ [η, σ (b)]. Hence for ρ(a) ≤ t ≤ η,

|y�(t)| ≤ σ(b) − η

D

{∫ t

ρ(a)

|h(s)|∇s +
∫ η

t

|h(s)|∇s +
∫ σ(b)

η

|h(s)|∇s

}

= σ(b) − η

D

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.1)

Next for η ≤ t ≤ σ(b), we have

y�(t) =
∫ η

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ t

η

ρ(a) − s + δ(η − ρ(a))

D
h(s)∇s

+
∫ σ(b)

t

σ (b) − s

D
h(s)∇s.
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Noting that δ ≥ 1 and σ(b) − ρ(a) > δ(η − ρ(a)) we see for η ≤ t ≤ σ(b) that∣∣∣∣(ρ(a) − s)(1 − δ)

D

∣∣∣∣ <
(ρ(a) − η)(1 − δ)

D

= δ(η − ρ(a)) + ρ(a) − η

D
<

σ(b) − η

D

for s ∈ [ρ(a), η];∣∣∣∣ρ(a) − s + δ(η − ρ(a))

D

∣∣∣∣ <
ρ(a) − s + σ(b) − ρ(a)

D
= σ(b) − η

D

for s ∈ [η, t]; ∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − η

D

for s ∈ [t, σ (b)]. Hence for η ≤ t ≤ σ(b),

|y�(t)| ≤ σ(b) − η

D

{∫ η

ρ(a)

|h(s)|∇s +
∫ t

η

|h(s)|∇s +
∫ σ(b)

t

|h(s)|∇s

}

= σ(b) − η

D

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.2)

It is now clear from (2.1) and (2.2) that ‖y�‖∞ ≤ σ(b) − η

D
‖h‖1. This completes the

proof of the lemma. �

Lemma 2.2. Let δ > 1, ρ(a) < η < σ(b) with δ(η−ρ(a)) > σ(b)−ρ(a) be given. Let
h ∈ L1[ρ(a), σ (b)], y ∈ W 2,1(ρ(a), σ (b)) be such that −y�∇(t) = h(t), for t ∈ [a, b]
and y(ρ(a)) = 0, y(σ (b)) = δy(η). Then

‖y�‖∞ ≤ (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)
‖h‖1.

Proof. We know that

y�(t) = −
∫ t

ρ(a)

h(s)∇s + 1

D

∫ σ(b)

ρ(a)

(σ (b) − s)h(s)∇s + δ

D

∫ η

ρ(a)

(s − η)h(s)∇s

where D := σ(b) − ρ(a) − δ(η − ρ(a)). Now, for ρ(a) ≤ t ≤ η, we have

y�(t) =
∫ t

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ η

t

σ (b) − s + δ(s − η)

D
h(s)∇s

+
∫ σ(b)

η

σ (b) − s

D
h(s)∇s.
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Noting that δ > 1 and σ(b) − ρ(a) < δ(η − ρ(a)) we see for ρ(a) ≤ t ≤ η that∣∣∣∣ (ρ(a) − s)(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

∣∣∣∣ <
(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

for s ∈ [ρ(a), t];∣∣∣∣σ(b) − s + δ(s − η)

D

∣∣∣∣ <
(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

for s ∈ [t, η];∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − η

δ(η − ρ(a)) − σ(b) + ρ(a)
<

(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

for s ∈ [η, σ (b)]. Hence for ρ(a) ≤ t ≤ η,

|y�(t)| ≤ (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

×
{∫ t

ρ(a)

|h(s)|∇s +
∫ η

t

|h(s)|∇s +
∫ σ(b)

η

|h(s)|∇s

}

= (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.3)

Next for η ≤ t ≤ σ(b), we have

y�(t) =
∫ η

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ t

η

ρ(a) − s + δ(η − ρ(a))

D
h(s)∇s

+
∫ σ(b)

t

σ (b) − s

D
h(s)∇s.

Noting that δ > 1 and σ(b) − ρ(a) < δ(η − ρ(a)) we see for η ≤ t ≤ σ(b) that∣∣∣∣(ρ(a) − s)(1 − δ)

D

∣∣∣∣ <
(s − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)
<

(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

for s ∈ [ρ(a), η];∣∣∣∣ρ(a) − s + δ(η − ρ(a))

D

∣∣∣∣ <
(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

for s ∈ [η, t];∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − η

δ(η − ρ(a)) − σ(b) + ρ(a)
<

(η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)
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for s ∈ [η, σ (b)]. Hence for η ≤ t ≤ σ(b),

|y�(t)| ≤ (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

×
{∫ t

ρ(a)

|h(s)|∇s +
∫ η

t

|h(s)|∇s +
∫ σ(b)

η

|h(s)|∇s

}

= (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.4)

It is now clear from (2.3) and (2.4) that ‖y�‖∞ ≤ (η − ρ(a))(δ − 1)

δ(η − ρ(a)) − σ(b) + ρ(a)
‖h‖1.

This completes the proof of the lemma. �

Lemma 2.3. Let 0 < δ ≤ 1, h ∈ L1[ρ(a), σ (b)], y ∈ W 2,1(ρ(a), σ (b)) be such that
−y�∇(t) = h(t), for t ∈ [a, b] and y(ρ(a)) = 0, y(σ (b)) = δy(η). Then

‖y�‖∞ ≤ σ(b) − ρ(a)

σ (b) − η
‖h‖1.

Proof. Since 0 < δ ≤ 1, it is easy to see that D ≥ σ(b) − η > 0. We know that

y�(t) = −
∫ t

ρ(a)

h(s)∇s + 1

D

∫ σ(b)

ρ(a)

(σ (b) − s)h(s)∇s + δ

D

∫ η

ρ(a)

(s − η)h(s)∇s,

where D := σ(b) − ρ(a) − δ(η − ρ(a)). Now, for ρ(a) ≤ t ≤ η, we have

y�(t) =
∫ t

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ η

t

σ (b) − s + δ(s − η)

D
h(s)∇s

+
∫ σ(b)

η

σ (b) − s

D
h(s)∇s.

We can see easily that∣∣∣∣(ρ(a) − s)(1 − δ)

D

∣∣∣∣ <
s − ρ(a)

D
<

σ(b) − ρ(a)

σ (b) − η

for s ∈ [ρ(a), t]; ∣∣∣∣σ(b) − s + δ(s − η)

D

∣∣∣∣ <
σ(b) − s

D
<

σ(b) − ρ(a)

σ (b) − η

for s ∈ [t, η]; ∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − ρ(a)

σ (b) − η
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for s ∈ [η, σ (b)]. Hence for ρ(a) ≤ t ≤ η,

|y�(t)| ≤ σ(b) − ρ(a)

σ (b) − η

{∫ t

ρ(a)

|h(s)|∇s +
∫ η

t

|h(s)|∇s +
∫ σ(b)

η

|h(s)|∇s

}

= σ(b) − ρ(a)

σ (b) − η

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.5)

Next for η ≤ t ≤ σ(b), we have

y�(t) =
∫ η

ρ(a)

(ρ(a) − s)(1 − δ)

D
h(s)∇s +

∫ t

η

ρ(a) − s + δ(η − ρ(a))

D
h(s)∇s

+
∫ σ(b)

t

σ (b) − s

D
h(s)∇s.

Similarly, we see that∣∣∣∣(ρ(a) − s)(1 − δ)

D

∣∣∣∣ <
s − ρ(a)

D
<

σ(b) − ρ(a)

σ (b) − η

for s ∈ [ρ(a), t]; ∣∣∣∣σ(b) − s + δ(s − η)

D

∣∣∣∣ <
σ(b) − s

D
<

σ(b) − ρ(a)

σ (b) − η

for s ∈ [t, η]; ∣∣∣∣σ(b) − s

D

∣∣∣∣ <
σ(b) − ρ(a)

σ (b) − η

for s ∈ [η, σ (b)]. Hence for η ≤ t ≤ σ(b),

|y�(t)| ≤ σ(b) − ρ(a)

σ (b) − η

{∫ t

ρ(a)

|h(s)|∇s +
∫ η

t

|h(s)|∇s +
∫ σ(b)

η

|h(s)|∇s

}

= σ(b) − ρ(a)

σ (b) − η

∫ σ(b)

ρ(a)

|h(s)|∇s. (2.6)

It is now clear from (2.5) and (2.6) that ‖y�‖∞ ≤ σ(b) − ρ(a)

σ (b) − η
‖h‖1. This completes

the proof of the lemma. �

Theorem 2.4. Let f : [ρ(a), σ (b)] × R
2 → R be a function satisfying Carethéodory’s

conditions. Assume that there exist functions p, q and r such that the functions (t −
ρ(a))p, q, r are in L1[ρ(a), σ (b)] and

|f (t, y1, y2)| ≤ p(t)|y1| + q(t)|y2| + r(t)
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for a.e. t ∈ [ρ(a), σ (b)] and all (y1, y2) ∈ R
2. Let η ∈ (ρ(a), σ (b)), δ ≥ 1 with

δ(η − ρ(a)) < σ(b) − ρ(a) be given. Then the three point boundary value problem
(1.1), (1.2) has at least one solution in C1[ρ(a), σ (b)] provided

‖(t − ρ(a))p(t)‖1 + ‖q(t)‖1 <
D

σ(b) − η
, (2.7)

where D := σ(b) − ρ(a) − δ(η − ρ(a)).

Proof. Let Y denote the Banach space L1[ρ(a), σ (b)] and X denote the Banach space
C1[ρ(a), σ (b)] with the norm

‖y‖2 = max{‖y‖∞, ‖y�‖∞},
where ‖y‖∞ := max{|y(t)| : t ∈ [ρ(a), σ (b)]}. We define a linear mapping L : D(L) ⊂
X → Y by setting D(L) = {y ∈ W 2,1(ρ(a), σ (b)) : y(ρ(a)) = 0, y(σ (b)) = δy(η)}
and for y ∈ D(L), Ly = y�∇ . We also define a nonlinear mapping N : X → Y by
setting (NY )(t) = f (t, y(t), y�(t)), t ∈ [ρ(a), σ (b)].

We have from the fact that f satisfies Carathéodory’s conditions that N is a bounded
mapping from X to Y . Next, it is easy to see that L : D(L) ⊂ X → Y is a one-to-one
mapping. Moreover, it follows easily using the Arzelà-Ascoli Theorem that L−1N maps
bounded subsets of X into relatively compact subsets of X. Hence L−1N : X → X is
a compact mapping. We note that y ∈ C1[ρ(a), σ (b)] is a solution of the TPBVP (1.1),
(1.2) if and only if y is a fixed point of the operator equation Ly = Ny + h. Now, the
operator equation Ly = Ny + h is equivalent to the equation y = L−1Ny + L−1h. We
apply the Leray–Schauder continuation theorem [14] to obtain the existence of a solution
for y = L−1Ny + L−1h or equivalently to the boundary value problem (1.1), (1.2).

To do this, it suffices to verify that the set of all possible solutions of the family of
equations

−y�∇(t) = λf (t, y(t), y�(t)), t ∈ [a, b] (2.8)

y(ρ(a)) = 0, y(σ (b)) − δy(η) = 0 (2.9)

is, a priori, bounded in C1[ρ(a), σ (b)] by a constant independent of λ ∈ [0, 1].
We observe that if y ∈ W 2,1(ρ(a), σ (b)), with (2.9) we have from

y(t) =
∫ t

ρ(a)

y�(s)�s that |y(t)| ≤ (t − ρ(a))‖y�‖∞ for t ∈ [ρ(a), σ (b)]. Apply-

ing Lemma 2.1 and using (2.8), (2.9), we can get that

‖y�‖∞ ≤ λ
σ(b) − η

D
‖f (t, y(t), y�(t)) + h(t)‖1

≤ σ(b) − η

D
{‖f (t, y(t), y�(t))‖1 + ‖h(t)‖1}

≤ σ(b) − η

D
{‖p(t)y(t)‖1 + ‖q(t)y�(t)‖1 + ‖r(t)‖1 + ‖h(t)‖1}

≤ σ(b) − η

D
{(‖(t − ρ(a))p(t)‖1 + ‖q(t)‖1)‖y�(t)‖∞ + ‖r(t)‖1 + ‖h(t)‖1}.
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It follows from the assumption (2.7) that there is a constant M1, independent of λ ∈ [0, 1]
such that ‖y�‖∞ ≤ M1.

It is now immediate from the estimate |y(t)| ≤ (t−ρ(a))‖y�‖∞ for t ∈ [ρ(a), σ (b)]
that ‖y‖∞ ≤ (σ (b) − ρ(a))M1 := M2. Thus ‖y‖2 ≤ M , where M = max{M1, M2}.
Note that M is independent of λ. So the set of solutions of the family of equations
(2.8), (2.9) is bounded in C1[ρ(a), σ (b)] by constant. This completes the proof of the
theorem. �

Theorem 2.5. Let f : [ρ(a), σ (b)] × R
2 → R be a function satisfying Carethéodory’s

conditions. Assume that there exist functions p, q and r such that the functions (t −
ρ(a))p, q, r are in L1[ρ(a), σ (b)] and

|f (t, y1, y2)| ≤ p(t)|y1| + q(t)|y2| + r(t)

for a.e. t ∈ [ρ(a), σ (b)] and all (y1, y2) ∈ R
2. Let η ∈ (ρ(a), σ (b)), δ > 1 with

δ(η − ρ(a)) > σ(b) − ρ(a) be given. Then the three point boundary value problem
(1.1), (1.2) has at least one solution in C1[ρ(a), σ (b)] provided

‖(t − ρ(a))p(t)‖1 + ‖q(t)‖1 <
δ(η − ρ(a)) − σ(b) + ρ(a)

(η − ρ(a))(δ − 1)
.

The proof of this theorem is similar to that of Theorem 2.4 and is omitted.

Theorem 2.6. Let f : [ρ(a), σ (b)] × R
2 → R be a function satisfying Carethéodory’s

conditions. Assume that there exist functions p, q and r such that the functions (t −
ρ(a))p, q, r are in L1[ρ(a), σ (b)] and

|f (t, y1, y2)| ≤ p(t)|y1| + q(t)|y2| + r(t)

for a.e. t ∈ [ρ(a), σ (b)] and all (y1, y2) ∈ R
2. Let η ∈ (ρ(a), σ (b)), 0 < δ ≤ 1 be

given. Then the three point boundary value problem (1.1), (1.2) has at least one solution
in C1[ρ(a), σ (b)] provided

‖(t − ρ(a))p(t)‖1 + ‖q(t)‖1 <
σ(b) − η

σ(b) − ρ(a)
.

The proof of this theorem is similar to that of Theorem 2.4 and is omitted.
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