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Abstract

This paper deals with a singular nonlinear two-point boundary value problem aris-
ing in the initial boundary value problem of a generalized diffusion equation. The
existence and uniqueness of the positive solution to the problem is established by
utilizing the perturbation technique and a fixed point theorem.
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1. Introduction

In 1961, Philip, [3] firstly proposed to use

∂θ

∂t
= ∇ · (AB) (1.1)
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as the model to describe some certain diffusion processes where θ denotes the concen-
tration, t denotes the time, A can depend on time, location or concentration, B denotes
a vector function of the gradient ∇θ . The gradient ∇θ has its usual meaning and in

three-dimensional Cartesian coordinates (x1, x2, x3), |∇θ | ≡ (θ2
x1

+ θ2
x2

+ θ2
x3

)
1
2 . For

more generalized diffusion processes which are called N -diffusion, B is replaced by
|∇θ |N−1∇θ . If we also suppose that A = k(θ), then the equation (1.1) is converted to

∂θ

∂t
= ∇ · (k(θ)|∇θ |N−1∇θ). (1.2)

In the paper [1], the one-dimensional version of (1.2) is considered. The authors proved
that the equation with some boundary conditions has a unique similarity solution. In the
paper [2], the existence and uniqueness of the similarity solution of (1.2) is discussed.
Properties of the solution are also obtained. Junyu Wang [4, 5] has considered the
solution of problem (1.2) with different boundary conditions and develops a perturbation
technique. Motivated by these works, in this paper, we consider the initial boundary value
problem

ut = div(k(u)|∇u|N−1∇u) + |x||∇u|f (u)

t
, (x, t) ∈ [Rn \ {0}] × (0, ∞), (1.3)




u(x, t) ≥ 0, (x, t) ∈ R
n × (0, ∞),

u(0, t) = A > 0, t > 0,

u(x, 0) = B > 0, |x| > 0,

u(x, t) → B > 0, t > 0, |x| → ∞,

(1.4)

where ∇ stands for the gradient operator, and |x| is the Euclidean norm of x.
Throughout the paper, we suppose the following hypotheses hold.

(i) n ≥ 1, N > n − 1, 0 < A < B are given constants;

(ii) k is a nonnegative continuous function defined on [0, ∞) such that
∫ B

A

(k(s))
1
N ds <

∞;

(iii) f is a bounded nonnegative continuous function defined on [0, ∞).

The purpose of this paper is to deal with the similarity solution of the initial boundary

value problem above. We introduce the transformation u(x, t) = v(ξ), ξ = rt−
1

N+1 in

which r = |x| =
√

x2
1 + x2

2 + . . . + x2
n. Then the problem (1.3), (1.4) converts to

[ξn−1k(v(ξ))|v′(ξ)|N−1v′(ξ)]′

= −ξn−1
[
ξ |v′(ξ)|f (v(ξ)) + 1

N + 1
v′(ξ)ξ

]
, ξ ∈ (0, ∞), (1.5)
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


v(0) = A,

v(∞) = B,

v(ξ) ≥ 0, ξ ∈ [0, ∞).

(1.6)

Clearly, it is seen that if a nonnegative function v(ξ) is a solution of the boundary value
problem (1.5), (1.6), then it must satisfy the following conditions:

(a) v(ξ) ∈ C[0, ∞) ∩ C1(0, ∞),

(b) v(0) = A, v(∞) = B,

(c) ξn−1k(v(ξ))|v′(ξ)|N−1v′(ξ) ∈ C[0, ∞) ∩ C1(0, ∞), and

(d) (1.5) holds for all ξ > 0.

Obviously, if v(ξ) is a solution of (1.5), (1.6), then u(x, t) = v(|x|t− 1
N+1 ) is a solution

of (1.3), (1.4). So we shall consider only the boundary value problem in the sequel.

2. Convertion to a Singular Two-Point Boundary Value Problem

Let v(ξ) be a solution of the problem (1.5), (1.6). If it is strictly increasing, then
v′(∞) = 0 and there exists a function ξ = z(t) inverse to t = v(ξ) such that z(A) = 0,

v(z(t)) ≡ t in (A, B] and v′(z(t)) = 1

z′(t)
> 0 in (A, B),

1

z′(B)
= v′(z(B)) = v′(∞) =

0. Inserting ξ = z(t) into (1.5), (1.6) and then putting

w(t) = zn−1(t)
k(t)

|z′(t)|N ,

we get a two-point boundary value problem of the form

z′(t) = z
n−1
N (t)

(
k(t)

w(t)

) 1
N

, t ∈ (A, B), (2.1)

w′(t) = −zn(t)

(
f (t) + 1

N + 1

)
, t ∈ (A, B), (2.2)

w(B) = 0, z(A) = 0. (2.3)

In the next section, we will establish the existence and uniqueness of positive so-
lutions of the two-point boundary value problem (2.1), (2.2), (2.3). Our arguments are
elementary which involve the use of the perturbation technique, the Schauder fixed point
theorem, and the Lebesgue theory of integration.
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3. Two-Point Boundary Value Problem

As the endpoint t = B is singular for the two-point boundary value problem (2.1), (2.2),
(2.3), we need to consider the two-point boundary value problem without singularity
(2.1), (2.2),

w(B) = h > 0, z(A) = 0. (3.1)

It is easy to verify that a pair (w, z) is a solution of the two-point boundary value problem
(2.1), (2.2), (3.1) with h ≥ 0, if and only if it is a solution of the system

z(t) = (T w)(t) =
(∫ t

A

P

(
k(s)

w(s)

) 1
N

ds

) 1
P

, P = N − n + 1

N
> 0, (3.2)

w(t) = (φw)(t) = h +
∫ B

t

(T w)n(s)

(
f (s) + 1

N + 1

)
ds, t ∈ [A, B]. (3.3)

Moreover, for any subinterval [a, b] of [A, B], we have

z(t) = (T w)(t) :=
(∫ t

a

P

(
k(s)

w(s)

) 1
N

ds + zP (a)

) 1
P

, z(a) = (T w)(a), (3.4)

w(t) = (φbw)(t) := w(b) +
∫ b

t

(T w)n(s)

(
f (s) + 1

N + 1

)
ds, t ∈ [a, b]. (3.5)

Lemma 3.1. For each fixed h > 0, the integral equation (3.3) has at least one solution
w(t; h) ≥ h.

Proof. Define a mapping φ : D → D by the right-hand side of (3.3), where D := {w ∈
C[A, B] : 0 < h ≤ w(t) ≤ (φh)(t)} and C[A, B] is the set of all continuous functions
defined on [A, B]. By the definition of φ, we have for all w ∈ D,

h ≤ (φw)(t) ≤ (φh)(A) on [A, B],
(φw)′(t) = −(T w)n(t)

(
f (t) + 1

N + 1

)

≥ −(T h)n(t)

(
f (t) + 1

N + 1

)
on [A, B],∫ B

A

|(φw)′(t)|dt ≤ (φh)(A).

Then we conclude that the mapping φ is a compactly continuous mapping from D into
D. The Schauder fixed point theorem tells us that φ has at least one fixed point in D,
denoted by w(t; h), clearly, w(t; h) ≥ h > 0. �

Lemma 3.2. If h1 > h2 > 0, then

0 ≤ w(t; h1) − w(t; h2) ≤ h1 − h2 on [A, B].
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Proof. We first claim that w(t; h1) − w(t; h2) ≥ 0 on [A, B]. If the claim is not true,
then there will be a point t = S ∈ [A, B) such that w(S; h1) − w(S; h2) < 0. There are
two cases.

Case (i) w(A; h1) − w(A; h2) < 0. We can select the endpoint t = A as the point
t = S. Then there is a point t = b ∈ (A, B) such that

w(b; h1) − w(b; h2) = 0 and w(t; h1) − w(t; h2) < 0 in [A, b),

since w(B; h1) − w(B; h2) = h1 − h2 > 0. Whence it follows by (3.5) that

0 > w(A; h1) − w(A; h2) = (φbw(t; h1))(A) − (φbw(t; h2)(A) ≥ 0.

which is a contradiction.

Case (ii) w(A; h1) − w(A; h2) ≥ 0. We may without loss of generality assume that
there is an interval (a, b) ⊂ (A, B), which contains the point t = S, such that

w(a; h1) − w(a; h2) = w(b; h1) − w(b; h2) = 0,

w(t; h1) − w(t; h2) < 0 in (a, b), and w(t; h1) − w(t; h2) ≥ 0 on [A, a].
Hence w′(a; h1) ≤ w′(a; h2), i.e., z(a; h1) ≥ z(a; h2). Whence it follows by (3.5)
that

0 > w(S; h1) − w(S; h2) = (φbw(t; h1))(S) − (φbw(t; h2)(S) ≥ 0,

which is also a contradiction.

This shows that w(t; h1) − w(t; h2) ≥ 0 on [A, B]. Clearly, the inequality on the
right-hand side follows by (3.3). �

In very much the same way, we can prove the following lemma.

Lemma 3.3. The integral equation (3.3) has at most one solution w(t; h).

Lemma 3.4. The integral equation

w(t) = (φw)(t) =
∫ B

t

(T w)n(s)

(
f (s) + 1

N + 1

)
ds, t ∈ [A, B] (3.6)

has a unique solution.

Proof. According to Lemma 3.2, the solution w(t; h) converges to a limit, denoted by
w(t; 0), uniformly on [A, B] as h → 0+. Inserting w(t; h) into (3.3) and letting h → 0+,
by the monotone convergence theorem, the equality (3.6) shows that the uniform limit
w(t; 0) ≥ 0 is a solution of the equation (3.6).

Lemma 3.3 and Lemma 3.4 tell us that the two-point boundary value problem (2.1),
(2.2), (2.3) also has a unique solution (w, z) where z is defined by (3.2). �

Now we summarize the results above in the following statement.

Theorem 3.5. The singular two-point boundary value problem has a unique solution
(w, z), where the functions −w and z are strictly increasing in (A, B).
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4. Similarity Solution

First, we use the unique solution (w, z) of the two-point boundary value problem (2.1),
(2.2), (2.3) to construct the solution of problem (1.5), (1.6).

Let (w, z) be the unique solution of (2.1), (2.2), (2.3). From Theorem 3.5 we know
that −w(t) and z(t) are strictly increasing on [A, B]. Then there exists a function
t = v(ξ) defined on [0, z(B)] inverse to the function ξ = z(t). When z(B) is finite,
we find that v(ξ) = B, ξ ≥ z(B). Hence no matter whether z(B) is finite, the function
v(ξ) is a nonnegative continuous function defined on [0, ∞) satisfying v(0) = A and
v(∞) = B.

Now we prove that the function v(ξ) is a solution of the boundary value problem
(1.5), (1.6).

From the above analysis, we know ξ = z(v(ξ)) on [0, z(B)] and v′(ξ) = 1

z′(v(ξ))
>

0 in (0, z(B)). When z(B) is finite, v′(ξ) = 0 on [z(B), ∞). Inserting t = v(ξ) into the
equation (2.1) and (2.2), we have

w′(v(ξ)) = −ξn

(
f (v(ξ)) + 1

N + 1

)
, ξ ∈ (0, z(B)),

w(v(ξ)) = ξn−1k(v(ξ))|v′(ξ)|N−1v′(ξ), ξ ∈ (0, z(B)).

Whence it follows that in (0, z(B))

[ξn−1k(v(ξ))|v′(ξ)|N−1v′(ξ)]′ = w′(v(ξ))v′(ξ)

= −ξnv′(ξ)

(
f (v(ξ)) + 1

N + 1

)

= −ξn−1
[
ξ |v′(ξ)|f (v(ξ)) + 1

N + 1
v′(ξ)ξ

]
.

When z(B) is finite, all the above equations read 0 = 0 on [z(B), ∞). This shows
that the function ξn−1k(v(ξ))|v′(ξ)|N−1v′(ξ) is continuous on [0, ∞) and continuously
differentiable in (0, ∞) and the equality (1.5) holds for all ξ > 0. Hence v(ξ) is a
solution of (1.5), (1.6).

Finally, if u(x, t) = v(ξ) = v(|x|t− 1
N+1 ), then it is the unique similarity solution of

the initial boundary value problem (1.3), (1.4).
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