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Department of Mathematics,
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Abstract

In this paper necessary and sufficient conditions are obtained for
∑

anλn to be

|N, qn|k summable,k > 1, whenever
∑

an is (N, p, q) bounded.
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1. Introduction

Let
∑

an be a given infinite series with partial sumssn. Let {tn} denote the sequence
of (N, p, q) means of{sn}. The(N, p, q) transform of a sequence{sn} is defined by

tn =
1

Rn

n∑
ν=0

pn−νqνsν ,

where

Rn :=
n∑

ν=0

pn−νqν 6= 0 for any n

p−1 = q−1 = R−1 = 0.

Necessary and sufficient conditions for the(N, p, q) method to be regular are
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(i) lim pn−νqν/Rn = 0 for eachν and

(ii)
n∑

ν=0

|pn−νqν | < H|Rn|, whereH is a positive constant independent ofn.

Let {Tn} denote the sequence of(N, qn) means of a sequence{sn}. Then

Tn =
1

Qn

n∑
ν=0

qνsν (Qn 6= 0).

Define the sequence of constants{cn} formally by means of the identity

(
n∑

ν=0

pnxn

)−1

=
∞∑

n=0

cnxn, c−i = 0, i ≥ 1.

We also writec(1)
n = c0 + c1 + · · ·+ cn.

We denote byM the set of sequences{pn} satisfying

pn > 0,
pn+1

pn

≤ pn+2

pn+1

≤ 1, n = 0, 1, . . . .

Let {pn}, {qn} be positive sequences. A series
∑

an is said to be(N, p, q) bounded, or∑
an = O(1)(N, p, q) if

n∑
ν=1

pn−νqνsν = O(Rn) as n →∞.

If X andY are any two methods of summability, we say that{λn} belongs to the class
[X,Y ] if

∑
anλn is Y summable whenever

∑
an is X summable.

In 1966, Das [2] proved the following theorem.

Theorem 1.1. Let {pn} ∈ M, qn ≥ 0. Then if
∑

an is |N, p, q| summable, it is

|N, qn| summable.

Recently Singh and Sharma [5] proved the following theorem.

Theorem 1.2. Let {pn} ∈ M, qn > 0 and let{qn} be a monotonic nondecreasing
sequence forn ≥ 0. Then a necessary and sufficient condition that

∑
anλn is |N, qn|
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summable whenever
∑

an = O(1)(N, p, q),

∞∑
n=0

qn

Qn

|λn| < ∞,

∞∑
n=0

|∆λn| < ∞, and

∞∑
n=0

Qn+1

qn+1

|∆2λn| < ∞,

is that ∞∑
n=1

qn

Qn

|sn||λn| < ∞.

The aim of this paper is to generalize the above theorem for|N, qn|k summability meth-
ods,k ≥ 1. We shall prove the following theorem.

Theorem 1.3. Let {pn} ∈ M, qn > 0, {qn} be monotone nonincreasing andnqn =
O(Qn). A necessary and sufficient condition thatλ ∈ (|N, p, q|k, |N, qn|k) whenever

(i)
∑

an = O(1)[N, p, q]k,

(ii)
∞∑

n=0

qn

Qn

|λn|k < ∞,

(iii)
∞∑

n=0

(
Qn

qn

)k−1

|∆λn|k < ∞,

(iv)
∞∑

n=0

(
Qn+1∆qn

qnqn+1

)k (
Qn

qn

)k−1

|∆λn|k < ∞,

(v)
∞∑

n=0

(
Qn+1

qn+1

)k (
Qn

qn

)k−1

|∆2λn|k < ∞,

is that

(vi)
∞∑

n=1

nk−1

(
qn

Qn

)k

|sn|k|λn|k < ∞.

This theorem generalizes several known results of Mahzar [3], Daniel [1], Sulaiman
[6], and others.
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2. Lemmas

We need the following lemmas for the proof of our theorem.

Lemma 2.1. [1] Let pn ∈M. Then

(1) c0 > 0, cn ≤ 0, n = 1, 2, . . .,

(2)
∞∑

n=0

cnx
n is absolutely convergent for|x| ≤ 1, and

(3)
∞∑

n=0

cn > 0, except when
∞∑

n=0

pn = ∞, in which case

(4)
∞∑

n=0

cn = 0.

Lemma 2.2. [2] If

tn :=
1

Rn

n∑
ν=0

pn−νqνsν ,

then

sn =
1

qn

n∑
ν=0

cn−νRνsν .

Lemma 2.3. [2] We have
n∑

µ=0

c
(1)
n−µRµ = Qn,

wherecn, Rn, andQn are as defined as in Section 1.

3. Proof of the Theorem

Proof. Let tn be as in Lemma 2.2 and letTn denote the(N, qn) mean of the series∑
anλn. Then, by definition, we have

Tn =
1

Qn

n∑
ν=0

qν

ν∑
r=0

arλr =
1

Qn

n∑
ν=0

(Qn −Qn−1)aνλν .

Then, forn ≥ 1, we have

Tn − Tn−1 =
qn

QnQn−1

n∑
ν=0

Qν−1aνλν .
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Using summation by parts,

Tn − Tn−1 =
qn

QnQn−1

n∑
ν=0

Qν−1λν

[
ν∑

r=0

ar −
ν−1∑
r=0

ar

]

=
qn

QnQn−1

[
n∑

ν=0

Qν−1λν

ν∑
r=0

ar −
n−1∑
ν=0

Qνλν+1

ν∑
r=0

ar

]

=
qn

QnQn−1

[
n−1∑
ν=0

∆(Qν−1λν)
ν∑

r=0

ar + snλnQn−1

]

= − qn

QnQn−1

n−1∑
ν=0

qνsνλν +
qn

QnQn−1

n−1∑
ν=0

Qνsν∆λν

+
qn

Qn

snλn = Tn1 + Tn2 + Tn3, say.

Using Minkowski’s inequality, it will be sufficient to show that

∞∑
n=1

nk−1|Tni|k < ∞, i = 1, 2,

sinceTn3 is condition (vi):

Tn1 = − qn

QnQn−1

n−1∑
ν=0

qνλνsν

= − qn

QnQn−1

n−1∑
ν=0

qνλν
1

qν

ν∑
µ=0

cν−µRµtµ

= − qn

QnQn−1

n−1∑
µ=0

λν

ν∑
µ=0

cν−µRµtµ

= − qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

cν−µλµ

= − qn

QnQn−1

n−1∑
µ=0

Rµtµ

[
n−1∑
ν=µ

c
(1)
ν−µ∆λν + c

(1)
n−1−µλn

]
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= − qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ∆λν − qn

QnQn−1

n−1∑
µ=0

λµcn−1−µRµtµ

= Tn,1,1 + Tn,1,2, say.

Sincenqn = O(Qn) andtn = O(1), using Lemmas 2.1, 2.2, 2.3 and condition (iii), we
have

∞∑
n=1

nk−1|Tn,1,1|k =
∞∑

n=1

nk−1

(
qn

QnQn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ∆λν

∣∣∣∣∣

k

≤
∞∑

n=1

(
nqn

Qn

)k−1
qn

QnQk
n−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ|∆λν |k,

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

|∆λν |
ν∑

µ=0

c
(1)
ν−µRµ

)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

|∆λν |Qν

)k

= O(1)
∞∑

n=1

qn

QnQn−1

(
n−1∑
ν=0

|∆λν |kQk
νq

1−k
ν

)

×
(

1

Qn−1

n−1∑
ν=1

qν

)k−1

= O(1)
∞∑

n=1

qn

QnQn−1

n−1∑
ν=0

|∆λν |kQk
νq

1−k
ν

= O(1)
∞∑

n=1

|∆λν |k
(

Qν

qν

)k−1

Qν

∞∑
n=ν+1

qn

QnQn−1

= O(1)
∞∑

ν=1

(
Qν

qν

)k−1

|∆λν |k = O(1).
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Using condition (ii),

∞∑
n=1

nk−1|Tn,1,2|k =
∞∑

n=1

nk−1

(
qn

QnQn−1

)k
∣∣∣∣∣
n−1∑
µ=0

λnc
(1)
n−1−µRµtµ

∣∣∣∣∣

k

≤
∞∑

n=1

(
nqn

Qn

)k−1 (
qn

QnQk
n−1

) (
n−1∑
µ=0

|λn|c(1)
n−1−µRµ

)k

= O(1)
∞∑

n=1

qn|λn|k
QnQn−1

(
n−1∑
µ=0

c
(1)
n−1−µRµ

)k

= O(1)
∞∑

n=1

qnQk
n−1

QnQk
n−1

|λn|k = O(1)
∞∑

n=1

qn

Qn

|λn|k = O(1),

Tn2 =
qn

QnQn−1

n−1∑
ν=0

Qν∆λνsν

=
qn

QnQn−1

n−1∑
ν=0

Qν∆λν
1

qν

ν∑
µ=0

cν−µRµtµ

=
qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

Qν

qν

∆λνcν−µ

= − qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ

qν+1

qν

∆λν

+
qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µQν+1∆

(
1

qν

)
∆λν

+
qn

QnQn−1

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ

Qν+1

qν+1

∆2λν

+
qn

QnQn−1

n−1∑
µ=0

Rµtµc
(1)
n−1−µ

Qn

qn

∆λn

= Tn,2,1 + Tn,2,2 + Tn,2,3 + Tn,2,4, say.
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Using condition (iii) and applying Ḧolder’s inequality, we have

∞∑
n=1

nk−1|Tn,2,1|k =
∞∑

n=1

nk−1

(
qn

QnQn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ

qν+1

qν

∆λν

∣∣∣∣∣

k

≤
∞∑

n=1

(
nqn

Qn

)k−1
qn

QnQk
n−1

×
(

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

|c(1)
ν−µ|

qν+1

qν

|∆λν |
)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
µ=0

Rµ

n−1∑
ν=µ

c
(1)
ν−µ

qν+1

qν

|∆λν |
)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

qν+1

qν

|∆λν |
ν∑

µ=0

Rµc
(1)
ν−µ

)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

qν+1

qν

|∆λν |Qν)
k

= O(1)
∞∑

n=1

qn

QnQn−1

n−1∑
ν=0

(
qν+1

qν

)k

|∆λν |kQk
νq

1−k
ν

×
(

1

Qn−1

n−1∑
ν=0

qν

)k−1

= O(1)
∞∑

ν=0

(
qν+1

qν

)k

|∆λν |kQk
νq

1−k
ν

∞∑
n=ν+1

qn

QnQn−1

= O(1)
∞∑

ν=0

(
qν+1

qν

)k

|∆λν |kQk
ν

1

qk−1
ν

1

Qν

= O(1)
∞∑

ν=0

(
qν+1

qν

)k (
Qν

qν

)k−1

|∆λν |k

= O(1)
∞∑

ν=0

(
Qν

qν

)k

|∆λν |k = O(1).
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Using (iv) and Ḧolder’s inequality,

∞∑
n=1

nk−1|Tn,2,2|k =
∞∑

n=1

nk−1

(
qn

QnQn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µQν+1∆

(
1

qν

)
∆λν

∣∣∣∣∣

k

≤
∞∑

n=1

(
nqn

Qn

)k−1
qn

QnQk
n−1

×
(

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

|c(1)
ν−µ|Qν+1

∆qν

qνqν+1

|∆λν |
)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

Qν+1∆qν

qνqν+1

|∆λν |
ν∑

µ=0

Rµc
(1)
ν−µ

)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

QνQν+1

qνqν+1

∆qν |∆λν |
)k

= O(1)
∞∑

n=1

qn

QnQn−1

n−1∑
ν=0

(
QνQν+1

qνqν+1

)k

q1−k
ν |∆qν |k|∆λν |k

×
(

1

Qν−1

n−1∑
ν=0

qν

)k−1

= O(1)
∞∑

ν=0

(
QνQν+1

qνqν+1

)k
1

qk−1
ν

(∆qν)
k|∆λν |k

×
∞∑

n=ν+1

qn

QnQn−1

= O(1)
∞∑

ν=0

(
Qν+1

qνqν+1

)k
Qk−1

ν

qk−1
ν

|∆qν |k|∆λν |k

= O(1)
∞∑

ν=0

(
Qν+1∆qν

qνqν+1

)k (
Qν

qν

)k−1

|∆λν |k = O(1).
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Using Hölder’s inequality and (v),

∞∑
n=1

nk−1|Tn,2,3|k =
∞∑

n=1

nk−1

(
qn

QnQn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

c
(1)
ν−µ

Qν+1

qν+1

∆2λν

∣∣∣∣∣

k

≤
∞∑

n=1

(
nqn

Qn

)k−1 (
qn

QnQk
n−1

)

×
(

n−1∑
µ=0

Rµtµ

n−1∑
ν=µ

|c(1)
ν−µ|

Qν+1

qν+1

|∆2λν

)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

Qν+1

qν+1

|∆2λν |
n−1∑
µ=0

Rµc
(1)
ν−µ

)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

(
n−1∑
ν=0

Qν+1

qν+1

Qν
qν

Qν

|∆2λν |
)k

= O(1)
∞∑

n=1

qn

QnQk
n−1

n−1∑
ν=0

(
Qν+1

qν+1

)k

Qk
νq

1−k
ν |∆2λν |k

×
(

1

Qn−1

n−1∑
ν=0

qν

)k−1

= O(1)
∞∑

ν=0

(
Qν+1

qν+1

)k (
Qν

qν

)k−1

|∆2λν |k = O(1).

Using (iv),

∞∑
n=1

nk−1|Tn,2,4|k =
∞∑

n=1

nk−1

( |∆λν |
Qn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rνtνc
(1)
n−1−µ

∣∣∣∣∣

k

= O(1)
∞∑

n=1

nk−1

( |∆λν |
Qn−1

)k
∣∣∣∣∣
n−1∑
µ=0

Rνtνc
(1)
n−1−µ

∣∣∣∣∣

k

= O(1)
∞∑

n=1

nk−1

( |∆λν |
Qn−1

)k

Qk
n−1
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= O(1)
∞∑

n=1

nk−1|∆λν |k

= O(1)
∞∑

n=1

(
nqn

Qn

)k−1 (
Qn

qn

)k−1

|∆λn|k

= O(1)
∞∑

n=1

(
Qn

qn

)k−1

|∆λn|k = O(1).

The proof is complete. ¥
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