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Abstract
In this paper necessary and sufficient conditions are obtaineEorn)\n to be
N, gnlr, summablek > 1, whenever) _ a,, is (N, p, q) bounded.
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1. Introduction

Let Z a, be a given infinite series with partial sumgs Let{t,,} denote the sequence
of (N, p,q) means of s, }. The(N, p, q) transform of a sequendg,, } is defined by

1 n
tn = 5 an—yqysw
Rn v=0

where

R, = an,,,q,, £0 forany n

v=0
p-1=q1=R_;=0.

Necessary and sufficient conditions for {1€, p, ¢) method to be regular are
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() limp,_,q,/R, = 0 for eachr and

(i) Z lpn—vq| < H|R,|, whereH is a positive constant independentof
v=0

Let {T,,} denote the sequence @V, ¢,) means of a sequengs,, }. Then

Tn - Qi quslx (Qn 7é 0)

v=0

Define the sequence of constafits} formally by means of the identity

n -1 o
(an$n> = cha;”, c; =0, i>1.
v=0 n=0

We also writec!) = ¢+ ¢ + - + ¢y
We denote byM the set of sequencdsg, } satisfying

pu >0, Pl Pot2 g1
DPn Pn+1

Let{p.}, {¢.} be positive sequences. A serE a, is said to bg N, p, ¢) bounded, or

n
an—uQusy — O(Rn) as n — oo.
v=1

If X andY are any two methods of summability, we say that} belongs to the class
(X, Y] if Z a, )\, is Y summable WheneveZ: a, is X summable.
In 1966, Das [2] proved the following theorem.

Theorem 1.1.Let {p,} € M, g, > 0. Thenif Y a, is |N,p,q| summable, it is
IN, ¢,| summable.

Recently Singh and Sharma [5] proved the following theorem.

Theorem 1.2. Let {p,} € M, ¢, > 0 and let{q,} be a monotonic nondecreasing
sequence fon > 0. Then a necessary and sufficient condition tEtan/\n is [N, q,|
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summable whenever

Zan=0<1)(N,p,q>,
Z |)\ | < o0,

Z |A),| < oo, and

n=0

Z Qo A2\, < oo,

n=0 In+1
is that

Z s, 1] < oc.

The aim of this paper is to generalize the above theorero,, |, summability meth-
ods,k > 1. We shall prove the following theorem.

Theorem 1.3. Let {p,} € M, ¢, > 0, {¢.} be monotone nonincreasing and, =
O(Q.). A necessary and sufficient condition tha€ (| N, p, ¢|x, | N, ¢.|x) whenever

) > an=OW)N,p,ql,

(ii) Z |/\ Ik < o0,
(i i (%YH AMJF < o
e W n y

k-1
(iv) (Qn—HAQn) (%) |A)\n‘k < 00,
n=0

qndn+1 Qn
00 k k—1
DY (Qn+1> (%> | A%, [* < oo,
n=0 n+1 qn
is that

(vi) an 1( ”) 50| F | An|F < 0.

This theorem generalizes several known results of Mahzar [3], Daniel [1], Sulaiman
[6], and others.
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2. Lemmas
We need the following lemmas for the proof of our theorem.
Lemma 2.1. [1] Letp, € M. Then

1) c>0,¢,<0,n=1,2,...,

(2) Z c,x™ is absolutely convergent for| < 1, and

n=0

(3) ) cn >0, exceptwhen) " p, = oo, in which case
n=0 n=0

@ > en=0.
n=0
Lemma 2.2. [2] If
1 n
by = R_n Vz;pn—uqusm

then

n
1

Sp = — § CTL—I/RIISV'
In v=0

Lemma 2.3. [2] We have
Z C'Ezl—)uRu = Qn7
n=0

wherec,, R,, and(@,, are as defined as in Section 1.

3. Proof of the Theorem

Proof. Let ¢, be as in Lemma 2.2 and I&t, denote the(V, ¢,) mean of the series
> " ayA,. Then, by definition, we have

Tn = QL quzarAr = QL Z(Qn - Qn—l)au/\u-

v=0 r=0

Then, forn > 1, we have

an
Tn - Tnfl = Q Q Z Quflau)\u-
n<n—1

v=0
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Using summation by parts,

=0

v v—1
T, — Thoy = QnQn 12@ 1A [ —;ar]
n—1

= Q (31 ZQV 1)\ Z&T ZQV I/+1Zar]

[n—1 v
dn
"G [ @ 2 S"A"Q"_ll

n—1 n—1
qn Gn
= - VSV)\V + VSVA)\V
@0 2= o 29

+ CqZ_nSn/\n = Tnl + Tn2 + Tn37 say.

Using Minkowski’s inequality, it will be sufficient to show that

o
S T <00, i=1,2,

n=1

sinceT,,3 is condition (vi):

Tnl -

n—1
G

- qv )\l/ Sy
Qn@nfl V=0

1
- QnQn lzq” gy 2 Conliat

pn=0

n—1 v
=

n—1 n—1
dn
= - D Rty o
Qn@n—l 1=0 v=p
n—1

n—1
dn
M:

V=
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Rt

Qn@n 1 ZR ! ZC

= 1In11 + Tn,l,?a say.

Sinceng,, = O(Q,,) andt,, = O(1), using Lemmas 2.1, 2.2, 2.3 and condition (jii), we
have

] 00 k |n—1 n—1
STl = 3 ( - ) S Rt S, AN,
n=1 n=1 nien—l u=0 v=p

<Z<”q:> I ZRth AN,

n—

= 0(1)

n—1 v k
q
. (Z AN cf,”uRM>
-1 v=0 pn=0

00 n—1 k
DY 5o <Z|AA,,|Q,,)
n=1 ¥ ¥n—1

v=0

e’} n—1
Gn knk 1-k
1)2%in (DAM Quay )

v=0

1 n—1 k-1
X qu
(in szl )

- k
05 g vt

=0(1) i AN [* (f—)k Q. Z

n=1 n=v+1

o> (%) ank=on

v=1 v

QnQn 1
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Using condition (ii),

n—1

Z/\ncn 1 uRt

00 00 k
k—1 k k-1 an
n" T2 = n
2 haal” = 3 <QnQn_1>

n=1
24 QuQur \ & i
. ann 1 k k
_0(1)ZQ |>\| Z Al =
an n—1
A
Tn2 QnQn . ZQV A vSu

v

n—1
2 1
- QnZ?n_l Z,,_o wihe 2 rufly

Y =0

n—1 n—1
dn Qy
= Rt — AN ¢,
QnQn—l ; e ; Qv g

n—1

(1 Qu+1
= Rt eyl ——AN,
QnQn 1 Z e v=p qv
q n—1 1
+ R,y P QA (-) AN,
0nQu s ZO it 22y Qen
= v=p
n—1
dn Qu+1
LT S}
QnQn—l 1=0 v=p qu+1
Ryt %AA
QnQn 1 Z ol dn

=Tho1 +Tho2+Thos+Thoa, sAY
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Using condition (iii) and applying Blder’s inequality, we have

0 e’} q k|n—1 n—1 q

k—1 k k—1 (1) Qv+1
St Tl = 3w () S R Y, A,
n=1 n=1 ni¢n—l u=0 v=p v

00 k—1
ng, G
<2 (Qn) 0.5,

n—1 n—1 k
1) (4v+1

x <§ Rty > 1, - ym,,|>
p=0 v=p v

o] n—1 n—1 k
dn 1) quv+1
=0(1)) XL ( R, aY, |A)\V|>

[e'e) n—1 k
=0(1)) # > (qgﬂ) AN Qg

v
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Using (iv) and Hblder’s inequality,

n—1 n—1

(o] > ’
Z nk—1|Tn,2,2|k = Z n*! <an§n—1>

n=1 n=1 pn=0 V=L
00 k—1
< Z <m]n> an
n=1 n n®n-1

n—1 n—1 Aq k
X( RutuZ‘cz(}—)u‘Quﬂq - ]A)\,,\)

vdv+1

= 0(1)2 5 an (Z Q”“Aq”\m ]ZR D

V=0 qvqv+1

00 n—1 k
=0(1)) Qq—”k (Z %A%!AM)
n v=0

Qvqv+1

00 n—1
oWy (Q”Q”“) HAg AN

qvqv+1

o QVQVJrl k
a 0(1) =0 ( qQvqv+1 ) qV (Aqu) |A)\ |

dn
QnQn—l

X
n=v+1

_omy (L ) D ag,Fan
v=0

qvqv+1 QV

—0(1) :0 (M>k (&)H [AN = 0(1).

Qvqv+1 v

k
1
Rty 3 el Qi (q—) INY

87
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Using Holder’s inequality and (v),

k

[ee) 0o k |n—1 n—1
k—1 k k-1 an 1) Qur1 4o
n" T, = n e — Rt eyl ——AN\,
; T2l ; (@n@n_1> i “; " i
(g, " g
<> (" s
n—1 n—1 k
X ( Ryt |C:(/1—)u %‘Az)‘z)
=0 V=11 qv+1
00 g n—1 0 n—1 k
_ n vl A2 1)
0wy gt (S S n, )
n=1 ¥n¥n—1 \ =g vl n=0
[e%s) n—1 Q k
qn v+1 Qv | A2
=01 Q, =A%\,
( ); Qn 2—1 (,,Z:o qQv+1 Qu| |>
o) q n—1 Q k
03 (L) bt
2 0.0 2

1 n—1 k=1
X qv
(Qn—l VZ:% )

“om - (L) (L) a0

=0 qui1 Qv

Using (iv),
k
o0 B 00 - A)\,, k |n—1
an NT4l* = an ! (‘Q 1’ Ryt,,cill_)l_u
n=1 n=1 n- u=0
o] k |n—1 k
_ k—1 |A)‘V| (1)
=0(1) Zn (Q 1 ) Rytye,’y,
n=1 n— NZO
2 (1AM
—om Y at 1(' ') o'
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The proof is complete. |
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