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Abstract

In this paper, we consider the structurally stable family of monic, centred, hy-
perbolic polynomials of degree d > 2, restricted on their respective Julia sets
and compute the Lyapunov exponents of every member in the family with respect
to certain weighted Lyubich measures. In particular, we show a certain well-
behavedness of some coefficients of the Lyapunov exponents, that quantifies the
non-well-behavedness in a system.
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1 Introduction

The theory of Lyapunov exponents plays a significant role in the theory of dynamical
systems. The Lyapunov exponent is a major characteristic computable quantity that de-
scribes the well-behavedness or otherwise of typical trajectories in dynamical systems.
The relationship between the Lyapunov exponent and exponential divergence of typical
trajectories, as studied by Benettin et al in [4], have been widely used to understand
various other properties of such systems. This study has been continued by various
people in different fields of mathematics as well as physics. The relationship between
Lyapunov exponent and other computable quantities such as topological entropy, index
of exponential stability and supersymmetry are well-explored topics amidst mathemati-
cians and physicists, for example, [4, 8, 11,12, 17]. Important works of recent times
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include [1,2,6, 10, 13]. In particular, the relationship between the Lyapunov exponent
and the degree of stochasticity for typical trajectories like Kolmogorov entropy has been
calculated by Pesin in [11].

The concept of using symbolic spaces is a powerful tool in calculating the Lyapunov
exponent for any dynamical system. This has been used in the study of dynamical
systems, by various authors, including [7,9, 11-13,17]. The authors, in [14], make use
of this concept and compute the Lyapunov exponent of quadratic and cubic polynomials
satisfying a few technical assumptions, with respect to various measures associated to
the family of Bernoulli measures on appropriate symbolic spaces. In fact, they establish
the dependence of the Lyapunov exponent on the coefficients of the polynomials and
their relationship to the Hausdorff dimension of the respective Julia set.

A surprising, yet powerful result by the authors in [14] was regarding the second
derivative of the Lyapunov exponent of a monic, centred, hyperbolic quadratic polyno-
mial parameterised by a complex co-efficient restricted on its Julia set, with respect to
the real part and the imaginary part of the parameter, as well as the second derivative of
the Lyapunov exponent of a monic, centred, hyperbolic cubic polynomial parameterised
by two complex coefficients restricted on its Julia set, with respect to the respective real
part and the imaginary part of the same parameter agreed in size, but varied in sign.
This paper naturally has its genesis from there, to verify the same for a polynomial with
similar properties, however of any arbitrary degree, say d. We will now state the main
theorems of this paper.

Theorem 1.1. Consider the family of monic, centred, hyperbolic polynomial maps con-
sisting of P = P ., ro)» Of degree d > 1, with complex coefficients, given by

K2,
P(z) = 294 kg 022+ -+ Rz + Ko
= 2+ (a2 +iBa2) 2" P+ (1 +iB1) 2 + (a0 + i),

where k, € C satisfying |k.| < 1 forall 0 < r < d — 2, restricted on their respective
Julia sets, Jp. Let the coefficients (kq_2, - , k1, ko) € U, a neighbourhood of the
origin in C*~1 that preserves the hyperbolicity and structural stability of the considered
family. Further, suppose that every critical orbit of P is bounded. If A\, denotes the
Lyapunov exponent of P with respect to a probability measure | supported on Jp given
by

A,(P) = —/ log | P'|du, (1.1)
Jp
then, irrespective of the strictly positive probability vector p = (p1,ps,- -+ ,pa) based
on which we define a probability measure |3 supported on Jp, we have
82/\“5 O*A\,.

= — v 0< <d-2.
o dar, 85,05, forevery 0 <r,s <

In the course of proving this theorem, we will evaluate the Lyapunov exponent of a

monic, centred, hyperbolic polynomial P of degree d, up to terms with a certain order.
Then, we also obtain the following theorem.
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Theorem 1.2. Consider the polynomial P that satisfies the hypotheses in theorem (1.1)
with real coefficients and complex coefficients separately as given below:

Pr(z) = 294 g9z 4+ a1z + o, (1.2)
Po(2) = 2%+ (ageo +1iBa_2) 22 -+ (a1 +1iB1) 2+ (ap +iBp) . (1.3)

Let A, denote the appropriate Lyapunov exponent with respect to the probability mea-

sure (i3 based on the strictly positive probability vector p'= (p1,p2, - - - ,pa). Then,
aA#ﬁ<PR) o aAHﬁ(P(C)‘ azA#ﬁUDR) . azAMﬁ(P(C>
da, B da. da? B da?

This paper is structured as follows: In the following section namely section (2),
we state the necessary definitions and build the necessary preliminaries that would give
us the basic settings on which the results of this paper rest. In section (3), we define
the equidistributed Lyubich measure and the weighted Lyubich measure, by accord-
ing different weights on the preimage branches of generic points under the considered
polynomial map. In section (4), we make use of a topological conjugacy and calculate
certain coefficient functions (only as much as necessary), that will come in handy while
we compute the Lyapunov exponents in section (5). With all the computations done,
we prove our main theorems in section (6) and conclude the paper, with corollaries
by interpreting the theorem for the specific cases when the polynomial is quadratic or
cubic.

2 Basic Settings

In this section, we focus on building the basic settings of this paper by writing the
essential terminologies, elementary definitions and a few results from the literature that
we will require to prove the theorems.

We consider a monic centred polynomial, say P of degree d > 1, with complex
coefficients defined on the Riemann sphere C = C U {oo}, given by

P(2) = kg2 + ka127 "+ Kg_02¥? + - 4 K1z + Ko

Here, monic means x; = 1 and centred means x4_; = 0. Further, we consider the
remaining coefficients to be complex; k, = a,. + 13, with o, 8, € Rfor 0 <r < d—2.
It is then obvious that the critical points of P are determined by the (d — 2) coefficients
K42, , k1 while each of the critical orbit is determined by the (d — 1) coefficients
Kd_2, - , K1, Ko. In particular, the origin in C?~ is the point that yields the polynomial
P(z) = 2% The critical point of P(z) = 2% (of multiplicity d — 1) is the fixed point of
the polynomial at 0 € C, and thus has a bounded critical orbit. We reserve the notation
Q(z) to represent this polynomial, throughout this paper, where all, but the leading

coefficient, are 0; i.e., Q(z) = 2%,
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For a polynomial P given by,

d—2

P(z) = 2%+ kgo2m 4 -+ K12 + Ko, 2.1)

with complex coefficients, we define its filled Julia set ICp and its basin of attraction to
the point at infinity .4 p(00) respectively as

Kp = {#€C: P"(z) » ooforanyn}; Ap(oo) = {z€C: P"(2) = oo}.

It is, of course, obvious from the definition that the completely P-invariant sets Cp
and Ap(oco) dichotomise the Riemann sphere, C. The common topological boundary
between the sets Kp and Ap(c0) is then defined to be the Julia set of the polynomial,
denoted by Jp. For example, suppose x, = 0, V0 < r < d — 2, then for the polynomial
Q(z) = 2¢, we have

Kg = {ze€C:|z| <1}; Ag(oo) = {z € C:|z] > 1};

- Jo = {z€C:|z| =1}.

Interested readers may know that the Julia set of a polynomial map P of degree d > 1
is also defined as the closure of the set of all periodic points that satisfy a repelling
condition,

Jp = {2 € C: Pmz = z for some m € Z, and |(P™) (2)| > 1}.

Alternatively, Jp is the set of points where the family of iterates of P, i.e., {P"} -,
does not form a normal family (in the sense of Montel). The various definitions eluci-
date that Jp is a non-empty, compact, completely P-invariant metric space. For more
properties of the Julia set, one may refer [3,9].

In this paper, we shall be interested in restricting the parameter space of the poly-
nomial (kq_s,- -+ , k1, ko) € C*! to that connected component containing the origin,
where any two polynomials restricted on their respective hyperbolic Julia sets are con-
jugate to each other, i.e., suppose I/ C C?~! is a neighbourhood of 0 € C?~*, then, for
any two points (Kq—2,- - , K1, k0), (Md—2,- ,M1,M0) € U describing the polynomials
P, and P, respectively given by,

Pi(2) = 2%4kg 92+ Friz4+ko and Py(2) = 2%4m4_ 02724 A z+10,

there exists a conjugacy, say ®p, p,) : Jp, —> Jp, that satisfies ®p, p,y o P, =
P5 o ®p, p,). Further, by hyperbolicity, we mean that there exists constants C' > 0
and A > 1 such that for any z € Jp, we have | (P") (z)| > C\" for all n > 1. The
conjugacy P p, p,) is naturally dependent on the polynomials P, and ,, in other words,
the respective coefficients. In particular, we shall be interested in the conjugacy between
the unit circle S' which is the Julia set of Q(z) = 2% described by 0 € &/ € C%~! and
the Julia set of the monic centred hyperbolic polynomial map P as written in equation
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(2.1), described by (kq_2,- -+ ,k1,k0) €U C Cc 1, namely ® g p) : St = Jo — JIp
that satisfies

Do) (29) = P (Ponp)(2) = O (2.2)

Here, we keep the polynomial () fixed and focus on the dependence of the conjugacy on
the coefficients of P. Thus, we suppress () in the notation of the conjugacy and denote
the same merely by ®p. It is then a result from [5, 9, 17] that has been interpreted in
theorems (4.1) and (4.2) in [14] that the conjugacy ®p depends analytically on each of
the parameters, «, ford —2 > r > 0.

The rationale behind working merely with the set of all monic, centred polynomial
maps P, as given in equation (2.1) with complex coefficients x, = «,. +i[3, is due to the
fact that any polynomial of degree d can, by an affine change of coordinates, be written
as in equation (2.1). For the sake of computations in this paper, we also demand that the
coefficients «, in equation (2.1) satisfy |x,|* = a? + 5% < 1 ford — 2 > r > 0.

3 Weighted Lyubich Measures

In this section, we shall focus on the space of P-invariant probability measures sup-
ported on the compact metric space Jp, denoted by Mp, i.e.,

Mp = {pu:B(Tp) — [0,1] : w(E)=w(P'E)VE € B(Jp)}.

Here, 8 (Jp) denotes the o-algebra of subsets of Jp.
Owing to the density of preimages of any point ( € Jp, it can be observed that the
sequence of measures

1
pff) = o Z 0., where ¢, is the Dirac delta measure at the pointw, (3.1)
Prw=(_

converges to some measure ;1 € M p called the Lyubich measure, independent of ¢, in
the weak*-topology, see for example [15]. For example, the polynomial map Q(z) = 2*
has the unit circle, S' in C as its Julia set and the Lyubich measure can be thought of as
the Haar measure on S'. It is then obvious that the support of the Lyubich measure is
the Julia set.

An effective implication of the Lyubich measure is that if the hyperbolic Jp is di-
vided into d mutually disjoint equal arcs, then every arc contains one and only one
preimage of any generic point ( € Jp. Thus, by according equal weightage to every
preimage branch, we obtain an equilibrium distribution. However, suppose we accord
different weights to the different preimage branches of P, we obtain a distorted distri-
bution, as we now explain.

Let {P;, P,,--- , P;} denote the preimage branches of the polynomial map P. For
some strictly positive probability vector, p, i.e., p = (p1,p2,--- ,pa) With p; > 0, Vj
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d

and Z p; = 1, we define a quantity called the weighted Lyubich measure as follows.
j=1

Consider any n-lettered word 6 = (01,05,---,6,) € {1,2,--- ,d}". We define the

appropriate n-th order preimage branch of Pas iy = F, o Fy_ _, o---0o Fp,. Then, for

any generic point ( € [Jp, we define a sequence of measures with respect to p' namely

().

(“1(70),1 =) PouPou s PoOe (3.2)

0: Ppw=(

Then, owing to the uniform distribution of the preimage branches in Jp, when p;’s
are not equally distributed in the probability vector p, some preimage branches gain
prominence over the other ones. However, as n increases, the sections of the Julia set,
Jp, that gain prominence get tinier and tinier. In any case, this sequence of measures

{<N§)> } converges to some measure iy € Mp called the weighted Lyubich
n/n>1

measure, independent of ¢, in the weak*-topology.

This family of weighted Lyubich measures is interesting to work with, especially
when one of the p;’s is extremely close to 1, leaving the remainder of the p,’s to be
arbitrarily close to 0. In such a case, the section of the Julia set corresponding to the
preimage branch that gains prominence in the Julia set, eventually reduces to a point
measure.

We conclude this section by defining a quantity called pressure for a real-valued con-
tinuous function, say f, defined on Jp, in accordance with thermodynamic formalism.
This will come in handy, when we compute the Lyapunov exponent, later.

) = s {ne)+ / Pfdu}, (33)

weEMp

where h,,(P) represents the measure theoretic entropy of P with respect to the measure
. For more properties of pressure and entropy, interested readers are referred to [16].

In this paper, we are interested in the real-valued continuous function — log | P’|
defined on Jp. Hence,

PB(—log|P']) = sup {hu(P)—/j log|P']d,u}

HEMP

— sup {h(P) + AU(P))
neEMp

= sup {hy(Q)—logd—/ log\q)(z)\dl/}, (3.4)
veMqg St

where, in order to obtain the last equality, we make an effective use of the conjugacy
equation, as given in (2.2).
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4 Coefficient Functions

In this section, we make necessary preparations to calculate the Lyapunov exponent,
as defined in equation (1.1) of a monic, centred, hyperbolic polynomial P, as given in
equation (2.1), that will help us obtain expressions, as required in the main theorems.
Since we know from section (2) that the conjugacy ®p analytically depends on the
coefficients x,. ford — 2 > r > 0, it is only reasonable to consider

3
Pp(z) = 2+ Z Dleg—o. éléo)('Z)’%dd—Q Kél K“go
€a—2tF&1+€0 > 1

Then, substituting this expression for @ in equation (2.2) yields

d dy,.Sd— &1 ,.8
Z+ Z 925(5(1—27“'751{0)(2 )Kcld—z2 "111"100
Eg—ot++&1+E > 1

€a— &, &
B & Z ¢(5d—2r" ,51750)(2)/1,;_22 - /<611 /QOO
Eqg_ot &1+ >1
d—2
3 &, &
R Z ¢(5d727'" 751,50)(*2)"%‘1_2 Ryt /100
Eg—ott+E1+&0>1
3 &, &
oM a Z ¢(§d—27”'7€1»§0)( )"{dd 2 SRy fioo — Ko
Eg—ot+-+E&1+E& > 1
= 0 @1

Using the above equation, it is possible to obtain the expression for all the functions
d—2

(e o £1.60)(2) for the various &, > 0 satisfying Z & > 1. However, since the theo-

rems (1.1) and (1.2) only deal with the first and the second derivatives of the Lyapunov
d—2

exponent, we are only interested in the cases when Z & = 1 and when Z & = 2.

The former case is achieved only when one and only rorie of the (, = 1 and the remain-
ing &, = 0 while the latter case is achieved when either one and only one of the &, = 2
and the remaining & = 0 or when two of the &, = 1 and the remaining &, = 0.

For ease of writing and the readers’ convenience, we introduce the following nota-
tions.

Or(2) = Pley g 160)(2) When &, =Tand & =0, Vd —2 > s > 0 with s # r;
Gr2(2) = Pey o e1.60)(2) When &, = 2and & =0, Vd — 2 > s > 0 with s # 7;
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GOrs(2) = Pley o £1,60)(2) When &, = & = 1 withr < s and
& =0,Vd—2>t>0witht #randt # s. 4.2)

Thus, using these notations as in (4.2) and making necessary computations as far as
necessary in equation (4.1), we obtain

1 1

¢r(2) = —2 Z g AT (4.3)
k1>1
d(d—1) 1 |
o) = =[N LYY o
k3>1 k2>1 k121
1
X

d"3 —dr3 4 dr3 T (R —rdF1 T pdR2 TR —pd 2 TR —d 1)

1 1 1
—r Z % Z %Zd’{3fd'{371+d”371(d'{1*T‘d'{171*7'+1) ;(4-4)

K3>1 k121
1 =20
o) = —2|dd-DY Y S
Kk3>1 ko>l k121
1

X Zdﬁ3—d'€371+d”371(d”1 _rd'ﬁ1*1+d'€2*”1+1—5d“2*'i1 —d+1)

1 1 1
-r E : drs 2 : dr1 »d3—dm3 Tt 4dR3 1 (dF1 —sd 1 —r 1)

r3>1 k121

1 1 1 45

= Z drs Z drt »d®3—d®3=14d 3 (dr 1 —rd 1 —s+41) - (45)
Kk3>1 K12>1

5 Computation of Lyapunov Exponents

We know from equation (3.4) that in order to calculate the Lyapunov exponent of P

with respect to the measure /15 it is sufficient for us to evaluate [ log|®p(2)|dpz We
St

now undertake the necessary computations, here.

~ [ toglr()ldus 5.1)

S

d—2
= —/ ZRe (KrZy) dug
st r=0

d—2
- /Sl 2. {Re (kr2n2) = % {Re (k,70,)}" + % {Im (r,2¢)}* | dpsy
r=0

d—3 d-2

_ /Slz 3 [Re(mrmszqﬁm)—{Re(Hﬁ@)XRe(’iszqﬁs)}

r=0r<s=1
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o+ {Im (5:30,) x Tm (k,26,)} |ty

d—2
+0 (terms where ) &, > 3) . (5.2)

r=0

We first observe that each of the integrals in the right hand side of equation (5.1) eval-
uates to 0 when the measure of integration is the equidistributed Lyubich measure, as
defined in section (3). We now evaluate the integrals with respect to the weighted Lyu-
bich measure, also defined in section (3), in particular when one of the p; 1 1 for some
d > j > 1. We separate the cases of the polynomial, Py, as written in equation (1.2)
with only real coefficients, i.e., K, = a,. and 8, = 0Vd — 2 > r > 0 and P, as written
in equation (1.3) with complex coefficients, i.e., K, = a,. + i5,, Vd —2 > r > 0.

Computations for Pr

We urge the reader to observe that when the coefficients of the polynomial are all real,
we take the terms containing Re (k,) = . out of the integral, as a multiplicative factor.
Further, in this case, we have Im (k,.) = 0. Thus,

1
) dii 1
/Re (z¢r) Hp — d—1 )
_ d—2r
/Re (Zdr2) dpy — Td=1)2

3 | BeoPdn = S
_ d—r—s
/Re (Zrs) dpg — R
_ _ 1
/[Re (Zor) x Re (Z¢s)] dpy  — I

Computations for Pr
In this case, k, = «a, + 10, for all d — 2 > r > 0. Then, the computations yield

1

/Re(/ﬁrfgbr)duﬁ A

_ d— 2r
/ Re (s002) dip — itz (0 = 52)

3 [ IRe ez, diy
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%/[Im (K Z0,)) dpy  —

/ Re (KrksZors) dpg

/[Re(m?qﬁr) X Re (ksZ¢s)] dpgy

/ [ (1, 36,) x Tm (k:2,)] djiy
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11,
2(d—132""

d—r—s

RS

1
(d——l)2 (OérOés) ;

Qrltg — Brﬁs) ;

—

—

1

RERCEE

(B:Bs) -

Thus, from the computations of the Lyapunov exponent, we have, as p; 1 1, for some

d>j>1,that

1 —d—2r+1
A, (P —logd . 2
wlF) = —log +;0d—10‘ +;2@1—1)2 '
d-3 d-2
d—r—s+1
5.3
r=0 r<s=1
d—2 d—2 d—2
1 d—2r+1 d—2r+1
A, (P —1 , 2 — 2
H( (C) — Ogd_l_rzod_la +;2(d_1>2a7‘ ;)2(d—1)2ﬁr
d—3  d-2 d-3  d-2
d—r—s+1 —-r—s+1
; D> W
r=0r<s=1 (d_1>2 r=0r<s=1 (d_1>2
5.4

6 Proofs of the Main Results

In this concluding section, we write the proof of the main theorems (1.1) and (1.2), by
appealing to the computations that we have done in section (5).

Proof of Theorem 1.1. We obtain the following expressions, by directly differentiating
equation (5.4), with respect to the corresponding variable.

PNy,  d—2r+1 A,
92 2d-12°  op
PNy, d—r—s+1 A,
daydas | (d—12 ' 0308
Thus, we have
O°A,.. O°A,..
da, 00, 08,08,

_d—2r+1
2(d—1)2’
d—r—s—+1
(d—1)

ford—2>s>r>0.

Vd—2>s>7r>0.
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The proof is complete. [

Proof of Theorem 1.2. We obtain the following expressions, by directly differentiating
equation (5.4) and (5.3), with respect to the corresponding variable.

s

-2

ON(Pr)  OM(Pc) 1 d—2r+1 d—r—s
da, O, d-1 2d-1p7 7 4 (d-1p2
PN (Pr) O (Pc) d—2r+1
da N a2 2(d—1)2°
The proof is complete. =

The observations in [14] by the authors, are then simple corollaries to specific cases
when d = 2 and d = 3. We complete this paper with these following corollaries.

Corollary 6.1. For a monic centred hyperbolic quadratic polynomial
Ro(z) = Z2+a+if with o + 5% <1,
we have

A (Re) — —log2 + a + ;(a2—52), aspr T1lorasps T 1.

Corollary 6.2. For a monic centred hyperbolic cubic polynomial
R3(2) = 2%+ (g +iB1) 2+ (ag +1if) with a2+ 2 < 1 forr = 1,0,

we have
A ] l 1 2 2 1 2 2
up(R3) = 0g3 + B (o1 + ) + B (040 50) + 4 (041 61)

3
+Z(041040—5150) aspi 71, pptlorasps T 1.
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