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Abstract
We provide a large deviation principle for some stochastic-jumps equations
with periodic coefficients and highly oscillating drift. We employ the Legendre—
Fenchel transform of the limit of normalized logarithm of an exponential moment
and a uniform upper bound for the characteristic function of a Feller process.
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1 Introduction

Let £,0. > 0. Our concern is a periodic stochastic differential equations (SDE) of
Wiener—Poisson type in the whole space R? satisfying

t Xx,e,(ig t Xx,e,(ig t Xa:,e,ég
th,aﬁe:x_\/g/a< 55 )dWﬁ—?/b( 35 >d$+/6( 55 )ds
0 € e JO e 0 €

t XiB,E,(SE .
+/ /dk 85_ Y <€Na (dsdy)—u(dy)ds), reRY >0,
0 JRE €
(1.1)
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as defined in a given complete Wiener—Poisson space (Q, F,PF W, N 571) in R? x

R?, RY = RN\ {0}, with the Lévy measure v, i.e., (2, F,P,F) is a filtered probability
space with IF := {F; : t > 0} being the P-completion of the filtration F, {W; : t > 0}
is a d-dimensional standard Brownian motion with respect to J; and NV ="' is a Poisson
random counting measure on R? with intensity measure £~ 'v, independent of W and
w.r.t. F;. One can refer to D. Applebaum [1] for a detailed study of the fundamental
theory of stochastic integrals such as the Wiener—Lévy-type stochastic integrals and
stochastic differential equations driven by pure jump processes. Our assumptions on the
coefficients b, ¢, k and o will be specified below.

The main purpose of this paper is to show that under suitable assumptions on the
coefficients and the two parameters ¢ and d., the process X' <0 (1.1) satisfies a large
deviation principle (LDP) with good rate function. The family of equations (1.1) sub-
ject to € (viscosity parameter) and . (homogenization parameter) is a classical prob-
lem which goes back to Paolo Baldi [2] at the end of 20’th century. In the case when
Lf’65 = (), the periodic SDE (1.1) with fast oscillating coefficients becomes one driven
by small multiplicative noise and the similar issues was extensively investigated by Frei-
dlin and Sowers [6]. It is well known that stochastic dynamical systems with Poisson
jumps are more suitable for capturing sudden bursty fluctuations than classical diffusion
models. However, there are still few results on LDP for stochastic evolution equations
with jumps (see, for example [11, 13, 14]). The main difficulty in the study of SDE (1.1)
is the presence of the jumps. As ¢ and d. tend to zero, two well-known effects come
into play. The effect of the viscosity parameter € generates small excitations, and the
other hand coefficients oscillate rapidly by means of the effect of the homogenization
parameter ¢.. In this paper, we consider the case that ¢ tends to zero sufficiently quickly
compared to ¢.. To do it, we should first treat J. as fixed and carry out the calculations
for slowly varying e, then the theory of large deviation tells us how quickly X% tends
to the deterministic dynamics given by actually setting ¢ to zero.

Definition 1.1. Let X% be a R%valued random variable and let P, s denote its dis-
tribution on the Borel subsets of R?, that is, P.s(A) =P (X“"s € A). The fam-
ily {X 2l e 5> 0} satisfies an LDP if there exists a lower semi-continuous function
I :R% — [0, +00] such that

« for each open set O C R liminf e log P (X**% € O) > — inf I(x),
e—0 zcO

« for each closed set ¥ C R? lim sup € log P (X“"SE € F) < —inf I(z).

e—0 zeF

I is called the rate function for the LDP. A rate function is good if for each a €
Ry, {z: I(zx) < a} is compact.

There are several characterizations for the large deviation principle (see, for exam-
ple [3,5]). Our aim consists in computing the limit of ¢ log P { X" € A} when ¢ and
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0. approach zero, where A is a Borel subset of D, ([0, T], ]Rd), the set of cadlad func-
tions on [0, 7] with R%-values which take z at zero. In other word, we study the LDP for
X% in a pathwise sense by very carefully using both characterizations: the change
of measures (for the lower bound) and the derivative of the characteristic function of a
Feller process (for the upper bound).

The rest of this paper is organized as follows. In Section 2 we set up some notation,
make precisely our hypothesis and state the main result. In Section 3 we give the proofs
of lower and upper bounds on LDP.

2 Main Results: Preliminaries and Formulation

2.1 Notation and Background

Denote expectation with respect to P by [E. We have already defined (-, -) as the standard
Euclidean inner product on R?, and | - | as the associated norm. Let C, (]Rd, ]Rd) be
the collection of continuous mapping from R? into R? which are periodic of period
1 in each coordinate of the argument and let ||-|| €y (1) be the associated sup norm.

Let D ([0, 7], R?) be the space of functions that map [0, 7] into R?, which are right
continuous and having left hand limits. D ([O, T], ]Rd) is metricated by the Skorohod
metric, with respect to which it is complete and separable (see, [4])). We will write
C2° (RY) for space of test functions.

The {0, : 1 <4 < d}in(1.1)are assumed to be in C,, (R?, R?), and we also assume
that

d
K = inf {Z 0,0:(x))*: e R0 R |0 = 1} > 0. 2.1)
i=1
We assume that b, ¢ in (1.1) are in C,, (R, R?).

We now turn our attention to the Poisson part. We first consider a Poisson random
measure N°  (.,.) on [0, T') x R? defined on the space probability (Q, F, P), with Lévy
measure £ ' v such that the standard integrability condition holds:

/ (1A y]?) v(dy) < +oc. (2.2)
R{

In this paper we shall be interested in Poisson process of class (QL), namely a pure
jump process whose counting measure has continuous compensator (see, [7]). More
precisely, in light of the representation theorem of the Poisson jump ( [7], Chap. II,
Theorem 7.4), we shall assume that k is C), (]Rd X ]Rd, Rd) with respect to first variable,
integrable with respect to dtdy.

The considered stochastic process X includes diffusion processes with jumps.
Next let us write down its generator (an integro-differential operator) on twice continu-
ously differentiable functions with compact support by
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custn =5 B () S50 (1) B 2 () %
¢ <9€ + ek (;y)) — ¢(x) — eil:kzi (gy) agg)] v(dy), (2.3)

=1

where the matrix a := (a;;) is factored as a := oc™, and * denotes the transpose.
The following hypotheses are required:

O
H.1 (Main hypothesis) lim — = +o0.
£
H.2 Forany ¢ :=b,c,0; (i :=1,...,d) and k, there exists C; > 0 (i := 1,2) such that

D) u+/ I 0) = k)l dy < Cola! =], o,z € R

i) l¢(@) 12 + / V(e g) [P dy < Cs (14 |22) , = € .
R¢

The proof of the Proposition 3.1 (below) uses the Girsanov’s formula (see, D. Ap-
plebaum [1] Chapter 5, Section 2). The proof of the Proposition 3.2 (below) uses an
analytic approach and appeals to the classical Hartman—Wintner condition (see, for in-
stance [12]). Such a condition plays a pivotal role in the sequel, because it allows us
to show the existence of a transition density of a Feller process and to link it explic-
itly in terms of symbol ¢. A detailed exposition of the use of the symbol in the study
of Markov processes can be found in [8—10]. It is well known that Feller generators
are variable coefficient Lévy-type operators and once we fix x then —q is the generator
of a Lévy process. Notice that ¢ is no longer the characteristic exponent of the Feller

process (Y;),-,, that is, the formula E (ez (€, Y - x)) = e_tQ(x’ £) is, in general, an
inaccurate result. However, it is natural to expect that

E (ei (&Y, - I>> ~ o—ta(z, &)

Before finishing this section, we point out that if the canonical process is Feller
under P, so that all requirements are satisfied, it is a strong Feller process, that is, its
semigroup maps bounded measurable functions to continuous bounded functions. In
this case, the symbol can also be written as

E (eim—zé)) —1
Hence, the symbol can be probabilistically interpreted as the derivative of the character-
istic function of the process (defined entirely in analytic terms), 1.e.,

d . ,

M@ 8| ==, =eTTNLA, g e RY (2.5)
t=0

where \(z, &) == e “@OT '@ (1), and (T't),>( @ semigroup on C* (R?) the space

of continuous functions vanishing at infinity.

(2.4)
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2.2 Main Results

Before proceeding, let us give some definitions.
(D.1) V, : RY x R* — [0, +00) is the energy function defined as

VL(*I’ 2) = VE(ZL‘7Z) + VI?(‘T’ 2)

where
1 1. 2
Vi =t o [ lhew) - [ kwartdy|  ds
weD([O,L];R‘i)2 0 R¢ a=1(3bs)
o=z, Yr=2
Vi (x,2) = 1nf / / WS dsv(dy),
veD([o.L); RY) we - \ k(s )l
o=z, Y= z

with o(r) :==rlogr —r+1, r € R%,and |||, := v/ (0, a"10) for all € R
(D.2) J :R* — [0, o0) the functional given by

J(z) = lim —VL (0, Lz)

L—4o00 L
Now we state our main result.
Theorem 2.1. Fix x € RY, assume (H.1) and (H.2) hold. Then we have
« for each open set G C D ([0,T],R)
T
lim inf ¢ log P {X:g,f’g’(sg € G’} > — inf / J (¢(s)) ds,
e—0 ) 0

cpED([O,T],Rd
0(0)==, ¢(T)==

* for each closed set F C D ([0, T], Rd)

T
lim sup € log P {X;“:’S’éf € F} < — inf ) / J (o(s)) ds.
0

e—0 ¢€D([O,T],Rd
p(0)=x, o(T)==

3 Large Deviation Principle

Before proceeding, we observe that the function 7 is convex, hence we can show that

inf / J (¢ ds—Tj(Z_gc).
peD(] OT]Rd T

0(0)==, o(T

Next we are going to give the outline of the proof.
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3.1 The Lower Bound
We start with the following lower bound in space.

Proposition 3.1. Suppose the assumptions (H.1) to (H.2) hold. For each open subset
G C R% we have

lim inf ¢ log P {Xf"‘*‘*f c G} >~ inf J(z )

Proof. Let € D ([0,1],R?) satisfying g = z, ¢ = z. Let us set

L
N

Now, fix z € G, n > 0 and let 6. > 0 be small enough so that

Xete = (Xf’e";f - w(t)) .

{ eR*: || —z|| <nél} CG.

Fix also 0 < §. < 4., then

v

p(x cazp it o] <m.)

P { HXT,E&E B 77Z)HD([O,1],R‘1)

al

v
IN

7755}

< )
D([0,1],RY) = % }

— AT
.— A&(;E

O-€,0e
Xl

v

N

\

Next, we set

. I X %0 X TE:0e
t) = [Y(t) — =b| = - -
0= it - oo () <o ()
x,e,0¢ XI,E,5E
+/k(Xt ,y)v(dy)]xa_1< ! ),Ogtﬁl.
R(j 65 58

According to Girsanov’s formula (see, D. Applebaum [1] Chapter 5, Section 2) and
using a dilation by factor log(1 + ¢), we build the Poissonian martingale (below) by
taking

L(s,y) :=log (14 ¢(s,y)), H(s,y) :=1log(1+¢(s,y)), K(s,y) = k(.,y)(s).

Thus we define

N (dtdy) == log (1 + 6-(t,)) (N (dtdy) — v(dy))
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_ ilog (1+ ¢:(t,y)) (gbs(tv YLyl <1y

+ (eF) — 1) 1{||y>1}> v(dy),

for any z € R? and for any ¢. € H?(1,v) such that ¢ > —1.
Now, we introduce the new measure probability P on (2, F) defined as

d]fD ( /||g )| ds ——/ /Rd log (1 + ¢-(s,y)) — ¢e(sy)) (dy)ds )

(%/ s)dW, — -/ /Rd log (1 + ¢.(s,9)) (eNf (dsdy) — I/(dy)ds>>

x,e,0¢
1 k ( ; ,y)
; og (1+ ¢=(s,y)) : — 1| 1qy=1yv(dy)ds
( l Xav €,8e ’ y) ENa 110g(1+¢8(s y))(dey))

Under I@’ Wt defined below is a Brownian motion
R 1 t
Wt::Wt——/ g(S)dS, OStS]_
Ve Jo

Thereafter, one can see

) = {1 ( /f JaWs - //Nm (dsdy) - Mwe)
AL
(‘i /0 letas—* 1 / o0l ds)}‘

P (AL,

3.1
1
X Ag,(SE e

where

1 t Xw,_e,ég 1

Mf’d)g - _/ / k ( s ,y) eN°¢ IOg(1+¢E(57y))(dey)7
e Jo JRre de

(i) (tv ya ¢€) = (1 + ¢€(t7 y)) IOg (1 + gbé(tv y)) - ¢5(t, y)
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)

Notice that
,e,0¢
X7 Y(1)

O O

0<t<1

AZ’ 5 = { sup

and on this set, we have

1
1 N
[l as < v,
where
~ 1 t . ¢ 2
T T (5—S+w<s>) ds
{Ilp 0.ty <1} 70 e a1 (42 +o0(s))
(3.2)
and with

B (2) = (%b(z) telz) - /R g k(z, y)v(dy).

For any @ € D ([0,1];R?) with ||w||D([071};Rd) < 1, as in [6] (Young’s inequality),
there exists constants x; and ko > 0 such that for all 77 > 0,

2

% ‘ @bt — B (? + w(t))
€ ail(%_t—i-w(t)) (3 3)
1 , t e . '
< S+ mm)(L+17) ' Py —c (%i)) +k (wa(s)) () +wly,
where
~ 1
= ) () me s {2 I+ ) - o)
{ z,z’?Rd } €
lz=2"l1<n

+ [ G = k)l vt}
From (3.1) and the choice of ¢. in the following way

o(t,y) +1:= . ] - ¥ € D ([0, 1],]Rd) with Y9 = z and ¢; = 2
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where

+(1 + K3n) sup // ] dsv(dy)
L\ nee]

:czmz

Ao (W) = / e, — e [ [ g sy — vEr;*
0 0o Jrd

t
As areminder / / Nj};;g (dsdy) is a martingale under IP. On the other hand, we have
0 JRd

the following estimates:
(E;) in the first place,

5 o {veni )

Lot (xoe e~ log(1+¢:(s,y))
exp % k Y eN Y (dsdy)
0 =3

z,€,0¢

_é/ol /Rg log (1 + (s, y)) [ek (6—y) - 1]V(dy)ds}

Xx,s,és

X exp {é /01 /]Rd log (1 + ¢-(s,¥)) [ek (sé—a’y) — 1}y(dy)ds}]
< exp {H%Sip /01 /Rff log (ﬁ) Hk (qg—:,y) Hy(dy)ds};
(E») in the second place,
k (exp {\/E/Ol /Rd ]\Af?/(lgg (dsdy)})
exp {é /01 /]Rd log (1 + ¢-(s,¥)) (aNe_l(dsdy) — V(dy)d5>

+ & /01 /Rd (10g (1+ ¢<(s,y)) — ¢e(s, y)) V(dy)dS}
X exp { B \/LE/Ol /Rd (log (14 ¢:(s,y)) — gba(s,y))V(dy)ds}

<E

<E
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- s o-(s,y)log (1 + ¢-(s,v)) V(dy)ds}

Xzeég

1/ log (1 + ¢=(s,9)) [1 —ek( o 7y)}V(dy)dS}

< exp i // WS dsv(dy)
e S e

X exp 1Jrﬂsup/ / log W)—S Hk <%,y> Hy(dy)ds :
ool L (G

(E3) in the third place,
R 1
E (| ex dW
(o { [ stom.})
1 1 1
— & (eo{ [ ewav. ! [eeias ! [ leoira)

< exp <‘7i’5€(1,¢)> :

X
o)
”
o
Sl=
S—

Girsanov’s theorem tells us that P(AZ,@) — 1 when €,6. — 0. So, fore,d6. > 0
sufficiently small, ]fD(AZ 5.) is positive. Thus, we have

(L, )
P(A;) > exp (_M) x B(A7)

By, {10 (W)}

X =
P(AZ5)

Therefore,

1 .
P(AZ;) >exp <——qj8’n( ﬂﬂ)) x P(Als)
we 6 e
|, eonv]
£,0¢
xexp| — — e .
( Ve P(AZs.) )

TV
Jensen’s inequality

J/

With due regard to estimates (E;), ¢ := 1, 2, 3, we have

BT, ) > exp (_ M)

€
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exp [ = 2 2Vl ¥) X We 5. X T g
p — (e, X €XP :
Ve (wE,(gE) Ve

TV
Burkholder-Davis-Gundy inequality

where, similarly as in [6, Lemma 4.4],

2min (1, \5/—%1@5) !

vV 2me

we,gs =

Now, we put everything together, rescale the integral on the right of (3.2), and vary v
(over all v € D ([0, 1], Rd)) such that ¢ = x and ¢); = z. Then, by the remainder of
(D.1), we have

! ~ T 2z 1 -
{“<1+'fm><1+n>ésm ("‘) +}
P(Al;) zel © 5. 8. -

1 r z K
{——(1 + /-cgn)agvlz/ég (_’ _) } {1+ 377K}
X e € 55 65 X e \/E

o 2 R4 DV, (72 ) +ul]
x e v (‘De,és)l/m

\/E (@5755 ) 1/54

{ e 2L R0V (£:2) }
X e X We 5, -

Thus, letting consecutively ¢, d., 7 and then 7) tend to zero in that order, we get
liminfelogP {Xf’e’ég € G} > —inf J(z — ).
e—0 zeG

The proof is complete. U

3.2 The Upper Bound

We use {Tije < 5} to denote the semigroup on C'™ (Rd) generated by the oper-
ator L. 5. with C2° (R?) C D (L.;.), and let p>*(s — t, z,y) denote the heat kernel

. . . ~€,0e .
associated with the semigroup T, "~ in the sense

(T250) @) = [ PG —temuiy, t<s 2 e R v e O (RY). G
Rd
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Thus, forany A € B (]Rd) the o-algebra of all Borel subsets of RY,

2
P (th,a,(ss c A) e payf;e f t z, dZ t> 0. (35)
s 5 5

With our requirements, it is well known that X® is a strong Feller process. Then let
us define its symbol. Before continuing, let us set

d d d
x 52 T 0 Oe T 0
E aij — + E bz — + — E Ci | —
= (55 8$i81‘j N (58 8:1,‘1' [N 55 83}i
i,7=1 =1

~ d 0
e [{E (0 ()ern(:)2)

L=

£,0¢

N | =

+
YR
Q&
P
ol
VS
&8
N
~—
2
~——
|
—_
~__
——
-
—
QL
<
S~—

L
d d o

A3 2 2 £ z _ * z

Lls. = ). 15—1: ap,y ( ) &aml +1 ZE 1 (&bl + Cz) (55) & , ZE_lél a; ((;E) &

|
<
jﬂ
&
7N
S
mMm
~_
Il

£ exp (—z’<i,§>) Le 5. exp (i<é75>)
— <5_>2 Ll +L25 + L3

Heuristically if 2 5 2 whene —> 0, it can be seen that this operator converges to

—q defined as

Z€)=—éi§l*az,r £T+ZZ{0Z & /R (%y)éﬂ/(dy)}

l,r=1
+/ (6i<k(z’y)’£> — 1) v(dy).
R¢
Now we have the following upper bound in space.

Proposition 3.2. Suppose the assumptions (H.1) to (H.2) hold true. for each closed
subset F C R?

limsupglogP{Xf’g’éf € F} < —inf J(z — x).

e—0 z€F
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Proof. Before proceeding, let Q1 be the quadratic form defined as Q1(v) := (v, av) and
let Ql be the conjugate quadratic form of Q) defined as

Qi) = supd 2000 - 0}

tcRd

It is well known that if the inverse of the matrix a exists then

= <v, a_1v> .
Next, fix § € R? and let Q}(v,0) = sup{(t, v) — [exp ((0,t)) — 1] } Then, it is easy

teRd
to see that

Q(v,0) = Q, (JJv]] x ||«9||_1) , with Qs(z) == zloge —z + 1.

Now, fix z, z € R? and ¢ > 0. Thanks to [12] we have

t
sup p~ (t,2,2) < /exp L inf / Reg™* (E@) ds | d¢
x,z€RY 16 yeD([0,4);R?) Jo de

o=, Y=z
< /exp 111f / <§ a( >£>d5
2 weD [0,]; Rd
ho=x, Pr= z
(i <k( ,y) 3)
mf / / Re<1—e % dsdy | + o(1).
wep [0,t]; Rd Rd
o=z, 1= z
Thus
sup p=% (¢, z, 2)
z,2€R
L 3 ! % i de ws
<exp|—- inf Qi (s ——<c+ | k(,ywv(dy)p | — | )ds
2 pep([04; RY) Jo € Rd be
d)O:m: wt:Z
. t . Oc Ps
X exp inf sup <¢s ——<c+ E(,y)v(dy) ¢ | — ,5>ds
»eD([0,4]); RY) cerd Jo e Rd 5
o=z, Pr=2
ws
((2)9
x/exp mf / / Red1—e¢ o dsdy | d¢ 4 o(1).
wED [0,t]; Rd R4

wowwtz
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Thereupon, we have

sup p% (t,z, 2)
z,2ER4

<exp|-- inf /Q (z/}s . {c—i—/ k(.,y)y(dy)} (E»ds
2 vep([o.t]; RY) Jo e R S
o=, Y=z
o . "
x Kexp | — inf / Qs (ws,/ k (—S,y) dy) ds
weD([U,ﬂ;Rd) 0 R: \ O
Yo=z, Yt=

5. t s
+ —sup c+ E(,y)v(dy) ¢ | — ,§>ds
€ ¢eRd Jo Rd é
It follows

sup p~ (t 3,3)

z,z€ERI e e

< oxp wt o (22 es [ rtoman} (2) as

2¢eD [0,]; Rd 0 Rd e

o= (5 wt 55

t .
x Kexp| — inf / Q; (E,/ k (&,y) dy> ds
IpED([O,t}; ]Rd) 0 O RY S

2 =2
Yo=5., Yt=75-

<L [ o} (2) o) <o

€
*

(3.6)
From (3.5), we then have

P(xpeeR) = [ 5 ((vVE/0)", 22 ) ds
F/5.

By (3.6), we deduce

elogP (Xf’a’ds € F>
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¢ inf /‘% 03 (”b_’/ L (E,y) dy> s
wED([o,é}Rd) 0 6 JRrd Se

Yo=5z0 g =50
65

'S¢
Yo=3= d’(% =
5%
— inf (55/ ) A; (r(/.}s’/ k(wsay> dy) ds
vep([o.z]r?) [ Jo RY
QZJOZévw%:é

Therefore, the claim follows, i.e.,
: z,€,0 . 1 xr z . 9 T Zz
< yVe < _ - p— [ —
lﬂ%“‘)gP(Xl < F) < — i ocVis, (55’ 58) Ly 0=V, (5; 55)
< — inf J(z—x).

zinf F'

The proof is complete. 0
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