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Abstract

Consider fractional initial value problem
DI x(t) = —f(t,x(t)), lim t'"9x(t) = 29 # 0,
0 t—0t+

where f : (0,00) xR — R is continuous, and D{, denotes the Riemann—Liouville
differential operator of order ¢ € (0, 1). By studying an equivalent Volterra integral
equation, we show the existence of a continuous solution on (0, 7| for some 7" > 0.
We then show for a special case when f(¢,z) = = + ¢(t, z) that if a continuous
solution exists on (0, c0), then it is absolutely integrable on the same interval.

AMS Subject Classifications: 34A08, 34A12, 45D05, 45E10, 45G05.
Keywords: Fractional differential equation, Volterra integral equation, existence of so-
lutions, uniqueness of solutions, absolute integrability.

1 Introduction

It is known that many real world problems can be modeled by the fractional initial value
problem of Riemann-Liouville type:

DS, x(t) = —f(t, x(t)), 1tlirn H792(t) =z # 0. (1.1)

—0+
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For various results on (1.1) in terms of theory and applications, we refer the interested
reader to [4,6-8,10, 11]. We also refer to [1-3] for more recent studies on the existence
of solutions of the initial value problem (1.1).

In the present paper, we study (1.1) where f : (0,00) x R — R is continuous, and
Dj. denotes the Riemann—Liouville differential operator of order ¢ € (0, 1) defined by

Di,x(t) = ﬁ%/{) (t — s)"%x(s)ds.

Here I' : (0, 00) — R is Euler’s Gamma function defined by

F(x):/ t" e tdt.
0

Under certain conditions, it is known that the initial value problem (1.1) is equivalent
to the Volterra integral equation

1 -
m/o (t— )T f(s,z(s))ds. (1.2)

By equivalent, we mean that z is a solution of (1.1) if and only if x is a solution of
(1.2). Some results of equivalence can be found in [1], where equivalence is shown on
an interval (0, 7'|. In Section 4, we will assume that (1.1) and (1.2) are equivalent on the
interval (0, 00). In Section 2, an example where (1.1) and (1.2) are equivalent on the
interval (0, co) is given.

We start with some preliminaries and a motivating example in Section 2. In Section
3, we show the existence of a continuous solution of (1.2) on (0, T'] for some 7" > 0.
Then in Section 4, we obtain a result showing that if a continuous solution of (1.2) exists
on (0, 00), then it is absolutely integrable on the same interval, i.e., if  is a continuous

w(t) = 2ot —

solution of (1.2) on (0, o), then / |z(t)|dt < co. Absolute integrability of solutions

when they exist is an important isgue. We feel that our work of Section 4 in which we
have obtained such a result is an important contribution to the research in Riemann—
Liouville type equations. Although we consider a special case where f(t,z) = = +
g(t, z), we hope that our work will motivate researchers to pursue more general cases.

2 A Motivating Example

Example 2.1. Consider the fractional differential equation

Dy (t) = —g (ﬁz(t))w, (2.1)

satisfying the initial condition

¢
lim %/@ (t —s)"V2x(s)ds = /7. (2.2)

t—0t
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In [1], initial condition (2.2) is shown to be equivalent to an initial condition of the form

lim ¢~%2(t) = 1.

t—0t
It is shown in [1] that the function

1

#) = Vi1 +t)

satisfies (2.1), (2.2) on the interval (0, co) and also satisfies the integral equation

on (0, 00). Also, notice

S~

o o 1

>~ 1
:2/ du
0 1+U/2

= 2arctanuly

= .
So x is absolutely integrable on (0, c0).

Motivated by this example, in Section 3, we give conditions when (1.2) has a unique
solution on (0, 7] for some 7 > 0, where Theorem 3.2 gives equivalence of (1.1) and
(1.2). In Section 4, we assume (1.1) and (1.2) are equivalent on (0, co). When (1.1) has
a solution z on (0, o), we give sufficient conditions that imply x is absolutely integrable
on (0, 00).

3 Existence of Solutions

In this section, we present some results on the existence of a continuous solution of (1.1)
without showing detailed proofs. These results can be derived from the results in [2].

Definition 3.1. For a given ¢ € (0, 1), a function ¢ : (0, 7] — R is said to be a solution
of (1.2) if ¢ is continuous, ¢ satisfies (1.2) on (0, T, and t'~%¢ is continuous on [0, T)
with lim tH90(t) = .

t—0

The following theorem given in [1] establishes some conditions under which (1.1)
and (1.2) are equivalent.
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Theorem 3.2. Let g € (0,1) and xy # 0. Let f(t, x) be a function that is continuous on
the set B = {(t,7) € R* : 0 <t < T, x € I}, where I C R is an unbounded interval.
Suppose x : (0,T] — I is continuous and both x(t) and f(t,z(t)) are absolutely
integrable on (0,T). Then x(t) satisfies (1.1) on (0,T] if and only if x(t) satisfies (1.2)
on (0,T7.

We assume f (¢, x) satisfies the following local Lipschitz condition.

(A1) Foreach T' > 0, there exists a k = k(7") > 0 such that

forallz,y e R,0 <t <T.

Notice that (A1) implies
[f(t, )] < Kl +[f(2,0)]

Define fo(t) = f(¢,0). We also assume f, € X.
For a fixed 7' > 0 and for g(t) = t9~, let X be the space of all continuous functions
¢ : (0, 7] — R with
o (@)]

= sup —=— < 0.
el o<t<T 9(t)

It is shown in [2, Theorem 2.2] that (X, | - |,) is a Banach space.
Lemma 3.3. If ¢ € X, then y is absolutely integrable on (0, T).
The proof of the following lemma can be found in [1, Lemma 4.6]

Lemma 3.4. Suppose ¢ : (0,T] — R is a continuous and absolutely integrable function
on (0,T]. Then

t
h(t) = / (t —5)7 " p(s)ds
0
is continuous and absolutely integrable on (0, T).

Define a mapping P on X as follows. For p € X,

(P)(t) = gt~ — ﬁ /0 (£ — 5)7 F(s, o(s))ds. G.1)
Define .
bolt) = [ (= 5" (s,

Since fy € X, (Al) and Lemma 3.4 imply b, € X. This implies Py € X. So
P: X —X.
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Theorem 3.5. Suppose assumption (Al) holds and suppose fy € X. Then there exists
aT* > 0 such that (1.1) has a unique continuous solution on (0,T"].

Proof. Let p,¢ € X. Then, by (A1),

(P)(t) — (PO)(t % / 9T f(s,0(5)) — F(s.20(5)]ds

1 -1

SW/ (t — )7 ko (s) — (s)|ds
1 qg—1 _qg—1 s

< Fatle - w|g/0<t—s> sl

_L . 2q—lm

=M TV gy

therefore (PO)() — (PU)(D) I
o)(t) — q .,
a1 < k'|(10 - ¢|gr(2q)t

Let 7" > 0 be such that

}1

(9) Lo 1
kF(Zq)t <k <1

for 0 < t < T*. Thus, we have

[(Pp) — (PY)|g < k™[ — 9],

Since k* < 1, the mapping P : X — X is a contraction for 0 < ¢t < T™. Therefore there
exists a unique continuous ¢ € X such that Py = ¢. Since ¢ is continuous and both
©(t) and f(t, p(t)) are absolutely integrable on (0,7], (1.1) and (1.2) are equivalent.
Thus ¢(¢) is a unique continuous solution of (1.1) on (0, 77]. O

4 Absolute Integrability of Solutions
In this section, we assume (1.1) and (1.2) are equivalent on (0, co). Let

Ct—s)= (t — )7t 4.1)

I'(q)
Then, for f(¢,x) = = + g(t, x), the integral equation (1.2) becomes

t
x(t) = 2ot — / C(t — s)[z(s) + g(s, x(s))]ds. 4.2)
0
We assume |g(t, )| < h(t) fort << 1 and all z € R, with

¢
lim tl_q/ C(t — s)h(s)ds = 0. (4.3)
0

t—0t+
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First, we present some known results regarding (4.2) and the associated resolvent
equation (see [9, pp. 189-193]). A function x is a solution of (4.2) if and only if x
satisfies

£(t) = y(t) - / R(t - s)g(s. 2(s))ds. 4.4)

where the function y is given by

t
y(t) = 2ot " — / R(t — s)wos?ds, 4.5)
0

and the function R, known as the resolvent kernel of C, is the solution of the resolvent
equation

R(t) = C(t) — /Ot C(t — s)R(s)ds. (4.6)

The function C defined in (4.1) is completely monotone on (0, c0). Thus by [9, Theorem
6.2], the associated resolvent kernel R satisfies, for ¢t > 0,

0<R(t)<C(t), R()—0ast— o0 4.7)

and that -
C ¢ L'(0, 00) implies / R(t)dt = 1. (4.8)
0

If z satisfies (4.4), it must satisfy the condition lirrﬁr tl_qx(t) = xo. To see this, notice
t—0
that (4.3) implies

t t
lim ¢'~¢ / R(t — s)g(s,z(s))ds| < lim tl_q/ C(t — s)h(s)ds
t—0t+ 0 t—0t 0
= 0.
Also,
t t 1
tl_i)I(I)i tl_q/O R(t — 8)x087 *ds < tl_i)r(% tl_q/o m(t — 5)1  ps?tds
- I(g)
- q
A T(2g) ™!
= 0.
So

lim ¢'"%2(t) = lim t'"9y(t) = xo.

t—0t t—0+
Thus if x satisfies (4.4), then z is a solution of (1.1).
Suppose there exists a continuous solution z(t) of (4.2) on (0, 00). In this section,
we show that z(t) is absolutely integrable on (0, 00).
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Multiplying both sides of (4.6) by xoI'(q) gives

20T (@) R(t) = 2oT(q)C(¢) — zoT(q) / C(t — 5)R(s)ds

= woF(q)F(lq)tql — zol'(q) /0 ﬁ(t — 5)97'R(s)ds

t
= got? ! — xo/ (t—s)" 'R(s)ds
0
t
= ot — / R(t — 5)xgs? ds
0
= y(1),

the last equality coming from (4.5). Therefore y(t) is a constant multiple of R(t). Since
R(t) is continuous, so is y(), 0 < t < co. Also, by (4.7) and (4.8), it is clear that

/ y(t)dt < oco.
0
Remark 4.1. 1f g(t, z) = 0, then (1.1) becomes the linear initial value problem
Dl z(t) = —z(t), lim t'"%(t) = o # 0. 4.9)
t—0t

Here .
o(t) = y(t) = 2ot — / R(t — 8)x087 ds.
0
Since y(t) is a constant multiple of R(t), this also implies x(t) is a constant multiple of
R(t). Then (4.7) and (4.8) imply that x is absolutely integrable on (0, 00).
1
For a specific example, consider (4.9) with ¢ = 3 and zg = T In [11, p. 138], it
™
is shown that the solution of the differential equation is given by
1
x(t)=C ——eterfC\/%),
(0 =C (5 - etV

for t > 0. The initial condition gives C' = 1. Notice

/Ooo (\/% — ¢ erfc(\/i)) dt =1,

so z is absolutely integrable on (0, co). In this case, z(t) = R(t), and so

R(t) = — el erfe(V/t),

1~
~

which was shown in [5].
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Assume g satisfies a global Lipschitz condition
|9(t,2) — g(t, y)| < klz —y|forallt € (0,00), z,y € R.
This condition implies that

lg(t, )| < k|x| + |g(t,0)| forall t € (0,00), z € R. (4.10)

g(t,x)| < h(t) for all x € R, where h satisfies
(4.3). Suppose g satisfies (4.10) with k < 1,

/ 19t 0)]d < oo,
0

and

t
li ds = 0.
tggg/o |9(s,0)]ds =0

If there exists a solution x of equation (4.4) on (0,00), then x is absolutely integrable

n (0, 00).

Proof. Define, for the solution x and for ¢ > 0,

/ / w)dulk|z(s)] + |g(s,0)|]ds. 4.11)

/t " R(u)du < /0 " Rlu)du < 1.

—S

So
/ / W dulklz(s)] + |g(s,0)[[ds < / Kz (s)] + |g(s, 0)[]ds.

Since hm+ t'"92(t) = @0, there exists a 7' > 0 such that
t—0

3
2oy < 1oy < B2ola1 4 e 0,1),
2 2
So

0< V(1)

< / (Kl (s)] + [g(s,0) )ds

0

t t
§/ kqulds—l—/ lg(s,0)|ds
o 2 0

3|z td t
<t s, 0as
2q 0
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t
Since lim / lg(s,0)|ds = 0, it follows that
t—0t 0
lim V(t) = 0.
V)

So V can be defined on [0, c0) so that V(0) = 0.
Next,

Vi(t) = / " R(u)dulk|z () + g(t,0)]) - / Rt — 8)[Kl(s)] + [g(s,0)|ds. (4.12)

Since / R(u)du = 1, (4.12) implies that
0

Vi(t) = [’flﬂf(t)|+|9(t,0)l]—/0 R(t = s)[klz(s)| + |g(s, 0)]ds. (4.13)

Now, from (4.4),
2()] < ly(®)] + / R(t — 5)]g(s, 2(s))|ds

<]+ | Rt = s)a(s)] + lo(s.0)lds

Therefore .
—/0 R(t — s)[k|z(s)| + |g(s,0)[]ds < |y(t)] — |z (t)].
So (4.13) gives

V(1) < klz(t)] + 1g(£,0)| + [y(£)] — |(2)]
= (k= Dx®)] + [y@)] + 1g(£, 0)].

Integrating from O to ¢ yields
t t t
VO -V < (k-1 [ el + [ as)ids + [ o5, 0)lds
0 0 0

Since V'(t) > 0 and V' (0) = 0, the previous inequality implies that

(1—]{:)/0 |a:(s)|ds§/0 |y(s)|ds+/0 lg(s,0)|ds. (4.14)

Since

/Ooo ly(t)|dt < oo
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and

| ot < o,
0

/ |z(t)|dt < oo,
0

proving z is absolutely integrable on (0, 00). [l

it follows from (4.14) that

Example 4.3. Consider the fractional differential equation

q B —x+t7 —sing, 0<t<1, N g B
DI x(t) = { et sing 1<t 1tl_1>rg1+t x(t) =z #0. (4.15)

Here

Ftz) = r—tT 4sing, 0<t<1,
T 2 —tT% +sing, 1<t,
and
(t,2) = — 9 sing, 0<t<1,
I\ = 4972 4 oging, 1<t
Now

[f(t,2) = f(t,y)] < |z —yl+ |sinz —siny| < 2]z -y,
so (A1) holds. Set f(¢,0) = fo(t). Then
ot

| fi )| 1, 0<t<l,
ta- t, 1<t

So | foly = 1 and fy € X. Therefore Theorem 3.5 gives the existence of a 7" > 0 such
that (4.15) has a unique solution x on (0, 7.
Notice for small ¢, |g(¢, z)| < t7' 4+ 1. So

1—q ti —g)1 (g1 s = F(q) q 1
t / R i Vo LIS VPR

implying t
1
lim tl_q/ ——(t—s)T s+ 1)ds = 0.
o Tl

t—0+

The Lipschitz condition holds since

lg(t,z) —g(t,y)| = |sinz —siny| < |z —y|.

fe’e) 1 fe’e)
1 1
/ |g(t,0)|dt=/ tq‘ldt+/ t972dt = =~ + —— < o0.
0 0 1 q I—gq

Now,
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Finally, for small ¢,
t tq
[ lots.opjas =
0 q

Hence

t
lim/ lg(s,0)|ds = 0.
0

t—0t

Therefore, if there exists a solution z* of (4.15) that can be extended to (0, c0), Theorem
4.2 guarantees that =™ is absolutely integrable on (0, 00).
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