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Abstract

In this paper, by using the Schauder fixed point theorem and the Banach fixed
point theorem, we obtain the existence of positive solutions for the following
higher order discrete fractional boundary value problem

~Vha(t) = g(t,a(t — (N - 1)), teNg
azr(a—i)—pVzr(a—(i—1)) =0, i=1,2,3,..,N—1
yx(b) + 0Vz(b) =0

where > 1, N := [u], a,7,6,5>0suchthat% >N —1, g:Nerl1 — R

and z are defined on N,_ 1. First, establishing some useful inequalities satisfied
by the Green’s function associated with the above boundary value problem, we
will give the sufficient conditions to ensure the existence of positive solutions for
this problem. Also, we establish Lyapunov-type inequalities for this problem. Our
results extend some recent works in the literature.

AMS Subject Classifications: 39A10, 39A12, 39A70.
Keywords: Discrete fractional calculus, Caputo nabla fractional difference, positive
solutions, fixed point theorem.

1 Introduction

Fractional calculus is a generalization of the ordinary differentiation and integration.
Basic backgrounds in fractional calculus can be found in [12]. In recent years, frac-
tional differential equations have been receiving of great interest. It is caused both by
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the intensive development of the theory of fractional calculus itself and by the applica-
tions of such constructions in various sciences such as physics, mechanics, chemistry
and engineering. Discrete fractional calculus consists of studying fractional derivatives
of functions defined on a discrete domain. Very recently, there appeared a number of
papers on the discrete fractional calculus, which has helped to build up some of the basic
theory of this area. In particular, several recent papers by Atici and Eloe [9] as well as
other recent papers by the present authors have addressed some basic theory of both dis-
crete fractional initial value problems and discrete fractional boundary value problems
(DFBVPs). More specifically, Atici and Eloe [9] have already analyzed a transform
method in discrete fractional calculus. Goodrich [10] considered a discrete right-focal
fractional boundary value problem. All of the fundamental background in discrete frac-
tional calculus can be found in [11] which is written by Goodrich and Peterson. Also
Baoguo, Erbe and Peterson have studied on nabla and delta fractional differences in
[18, 19] and they have a lot of works on this field. Other recent works have considered
DFBVPs with a variety of boundary conditions, see [13,14] and the references therein.

Our aim is, using the fixed point theorems, to obtain the existence of positive solu-
tions for the following (N — 1, 1)-conjugate DFBVP (1.1)—(1.2), as shown

—Via(t) =gt x(t — (N = 1)), teN (1.
ar(a—1i)—pVr(a—(1—1))=0, =1,2,3,.,.N—1

v (b) + 6V (b) = 0 (1.2)

in the context of discrete nabla fractional calculus, where > 1, N := [u], o, 7, 5,0 >
0 such that% >N —1.

We organize the rest of this paper as follows. In the preliminaries, we will present
some definitions and background results. For sake of convenience, we will also state
the fixed point theorems. Considering the Green’s function for this conjugate DFBVP,
we will give some properties and bounds of this Green’s function in Section 3. Also in
this section, using these bounds, we will establish Lyapunov-type inequalities and give
existence results for (N — 1, 1)-conjugate DFBVP (1.1)—(1.2).

2 Preliminaries

In this section, we collect some basic definitions and lemmas for manipulating discrete
fractional operators.
r D(t+k)
For any real number 3, let N3 = {3, 5+ 1, 5 + 2, ...} and we define t* = W
forany t,k € R. If n € Nthent” :=t(t + 1)...(t + n — 1).
Remark 2.1 (See [12]). Let n and N be nonnegative integers. Then
NI
— (=1 N-n-"" .
['(—=N) (=1) n!
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Also, if t is a nonpositive integer and ¢ + r is not a nonpositive integer, then

= D+

"= () = 0.

Theorem 2.2. The following equality hold

Vit+a)"=n(t+a)" ', teR
forvalues of n € Nand a € R.

Definition 2.3. We define the nabla Taylor monomials, H,(t,a), n € Ny by
Hy(t,a) =1, t € N, and
(t—a)

Hn(ta a’) = nl , L e Na—n+1

forn € Nj.

Definition 2.4. Let  # —1, —2, ... we define u-th order nabla fractional Taylor mono-
mial, H,(t,a), by

(t—a)”
I'(p+1)

whenever the right hand side of the equation (2.1) makes sense.

H,(t,a) = 2.1)

Definition 2.5. Let f : N,;; — R be given and i € RY, then

V() = / H, 1t p(3))f(5)V s

for t € N,, where by convention V*(a) = 0.

Definition 2.6. Let f : N,_y,; — R, p € Rt and N — 1 < 4 < N. Then we define
p-th nabla fractional difference V% f () by

Vaf(t) = Vv TR f(t).

Definition 2.7. Assume f : N,_y,1 — R, g € RTand N — 1 < pn < N. Then we
define u-th Caputo nabla fractional difference of f is defined by

VE () =V, NN f(t), t € Noyy
where N := [p].

Definition 2.8. p : N,,; — N, for the Nabla transformation defined as p(t) =t — 1
the operator is called the backward jump operator.
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The following propositions will be used in the theorem that follows stating the
bounds of the Green’s function.

Proposition 2.9 (See [15]). Let f, g be real-valued functions on a set S, such that
f(t),g(t) > 0forallt € S. Moreover, assume there exists so, s; € S where max f(s) =
s€
f(so) and max 9(s) = g(s1), i.e. f and g attain their maximum in S. Then for each
se
fixedt € S,

£ (&) — g(t)] < max{f(t),g(t)}
<
< max{r?ga}gx f(t),lgle%x g(t)}
Proposition 2.10. Let g(7, s) := (7 — p(s))” wherea >0, s € N2, and 7 € N}_.
(i) g(7,5) = 0,
(ii) g is decreasing function of s,
(iii) g is increasing function of T.

Proof. Using [11, Theorem 3.5], we get

Vig(7,5) = V(T = p(s))* = Vi[(T + 1) = 8] = —a(T + 1 = p(s))*"".
So,

V.g(r,8) = —a(t +1— p(s))**. (2.2)
Since a > 0, we know that —a < 0. Now
— I(t+1—p(s)+a—-1) TI'(r—s+1+a)

T+l = o) = = ey T —s+2)

SinceTGNgfl,T—s+120,andhence7—s+2>0. Also,7T—s+1+a >0

since a > 0. Thus I'(7r —s+1+a) > 0and I'(7r — s + 2) > 0 and it follows that

(74+1—p(s))** > 0. Thus we have (2.2) that V,g(7, s) < 0, and it follows that g is a
decreasing function of s. This shows (7).
Now since g is a decreasing function of s, to show (i), it will suffice to show that
g(1,b) > 0foreach 7 € N’ | wehaveeither =b—lor7 =0b.If 7 =b— 1, we get
I'(a)

b—1,)=0b—-1-b+1)0"=0"= —~ =
glb—1,8) = ( FIF =07 = f =0,

~—

by Remark 2.1 for @ > 0. If 7 = b, we have
g(b,b) = (b—p())" = (b—b+1)" =1"=T(1 +a),

b

where the last inequality follows since 1 +a > 0. Hence g(7,s) > O foreach 7 € N ;.

Next, consider

V.g(1,8) = V(1 — p(s))" = a(r — p(s))* " = ot ;(f(i)p—i(_Sc)L)_ =
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First consider the case 7 € N’ . Then7—p(s)+a—1 = 7—s+a > 0and 7—p(s) > 0.
Since I'(7 — p(s) +a — 1) > 0 and I'(7 — p(s)) > 0, then V.g(7,s) > 0, so g is an
increasing function of 7. Nextif 7 = s — 1, we get

(a1
Veg(r,s) = alr = ()T = a0 = T
0, a—1¢1{0,—1,-2,.}
= |
(—1)0-0-a) o , otherwise,

by Remark 2.1, since I'(z2) — oo as z — 0. Using @ > 0, we have a — 1 > —1, so
: o . )
the only case to consider for (—1)0’(1’“)ﬁ is a — 1 = 0. In this case,
—a)!
|

(—ay O 0!
(- )(1—a)!:( D=0

Hence in this case we also have V,¢(7,s) > 0, so g is an increasing function of 7 for
7 € N’ |, which shows (iii). O

Theorem 2.11. Leta,ppn € R, p > 1, N := [u]| and g : Noy1 —> R. Then a general
solution to the nabla Caputo fractional equation

—Va-z(t) = g(t), t€Nan (2.3)
is given by
N-— IA
x(t) = —f<t—a) — V. g(t) (2.4)
k=0

fort € Na_N+1.

Proof. First, we will show that z(¢) given by (2.4), is a solution to (2.3) on N,_ ;. For
t € Ny_n41, we consider

—Viz(t) = =V, [cht—a V“()]
k=0

N-1
=3 v [(t - aﬂ + VEV 1g(t)
k=0

where we have made use of the linearity of —V"*.. Now,
v [(t - aﬂ = Vo VOYN (o), ke {0,1,..,N —1}
_ V—(N—u)vN—k‘—lvk’-l—l(t o Q)E
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=V, NV=IgNFL Bk —1)..2] V2(t — a)
= v, NIy NF1Ey (1)
= Vv, NIy NFlEng
pr— 0’
fort € N,,,. Hence

N-1

> Vi |t = a)f] + ViV () = (1),

k=0

which shows that x(¢) is a solution to (2.3). Next, we will show that any solution, (%),
of (2.3) is of the form (2.4). We will show that we can express y in the form (2.4) for
fixed given constants ¢ € R.

First, define Ay := V*y(a), for k € N¥~!. Then note that y(¢) is a solution to the
IVP

—Vf;*y(t) =g(t), t€ Ny

2.5
Using [2, Theorem 3.12], the unique solution y(¢) to the IVP (2.5) is
N-1 N— 1 g
t) =Y Hi(t,a)Ap — V,"g( — Vi Hg(2).
k=0 k=0
. Ay, .
Then, taking c; := R we shown that y is of the form (2.4). O

The following fixed point theorems are fundamental and important to the proof of
our main results.

Theorem 2.12 (Schauder—Tychonov Fixed Point Theorem). Let X be a Banach space.
Assume that K is a closed, bounded, convex subset of X. If T : K — K is compact,
then 'T" has a fixed point in K.

Theorem 2.13 (Banach Fixed Point Theorem). Let T be a contraction mapping from a

closed subset K of a Banach space X into K. Then there exists a unique fixed point x
in K such that T'(z) =

3 Main Results

In this section, we prove the existence of positive solutions of the (N — 1, 1)-conjugate
DFBVP (1.1)—(1.2) by using Theorem 2.3 and Theorem 2.4. To prove the main results,
we will employ following theorems.
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Theorem 3.1. Consider the (N —1,1)-conjugate DFBVP (1.1)~(1.2) with iy > 1, N :=
[u] and g : Nyoy — R. Then x : N,_n11 — R is a solution of the (N — 1,1)-
conjugate DFBVP (1.1)—(1.2) if and only if x(t) satisfies the integral equation

b
x(t) = / GL(t,s)g(s)Vs, (3.1)
fort e Nb_ .1, where G,(t, s) is the Green’s function for the homogeneous equation
—Vga:(t) =0, te I\Ia-i—l

with the boundary conditions (1.2) and is given by

Jults),  t<p(s)
Gu(t,s) = {v(t,s), o(s) <1 (3.2)

where
A (s (00006) + 571,20, 005) )
u(t, s) = = : — -
N-1 (b—a)k N-2 (b_a)k
T R z:% Bi{a— (k+ 1))
and _
(t —p(s)!

v(t,s) = ul(t,s) — =u(t,s)+ H,1(t, p(s)).

Note that G, : N'_ ., — R.

Proof. Assume x(t) is a solution of the (N — 1, 1)-conjugate DFBVP (1.1)—(1.2). By
Theorem 2.11, we have

w(t) =D ot —a)f — V' g(t). (3.3)

N-1
az(a—i)+ BVz(a—(i—1)=ay cla—i—a)*—aV,* gla—i)
= N-1 B
A ( et —a)* V;“N))
k=0 t=a—(i—1)
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N-1

- Z k(1 — i) 1 4 BVV*g(a — i + 1).

For t € NIZ., we know that —V4.z(t) = g(t). So we have aV, " g(a — i) —
BVV tgla —i+1) = ax(a —i) — fVa(a —i+ 1) fori = 1,2,.... N — 1. Us-
ing the first boundary value condition we get aV_*g(a —i) — fVV *gla—i+1) = 0.
So

N-1
az(a — 1)+ Vz(a— (i —1)) =a Y c(— Bchk (1 —q4)k?
k=0
N-1 . N-1
F Lk —
=« Cr Z Cr o=
k=0
N-1 .
F I'(k+1—1)
=x Ch -8y (k+ 1)k —=——-
S vt
By Remark 2.1, we have
. i—(i—k) i! .
(=) 0, k>1
and so we get
N-1
azx(a—1)+ pVz(a— (1 — 1)) azock k;)!
N—2 il
(k+1) R
Bz% e (=D )
Then from the boundary value conditions (1.2), we have for each i € NV~ !,
i—1 7:'
(07 Z Ck - | /B kz ]{7 + 1 Ck+1 1)k+lm = 0. (34)
0
— 1
So we claim that from (3.4), we obtain ¢, = (n + 1)%%“ for n €
{0,1,..., N —2}. We will show the claim holds by strong introduction on n for n €
Ny
For the case base, we let 7 = 1 in (3.4) to get
1 L 0 k+1 1)kt 0! 0
ach(— ) (1 — &) (k+ 1ecea(=1) O—k—1

k=0 k=0
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a—f

SO ¢p = c1. Hence the claim holds for n = 0.

«
Next, assume for the inductive hypothesis that the claim holds for 0,1,....,n — 1,
a—(n+1)8

a—np

n € N, First we will note that from the strong inductive hypothesis, we have that
a—p

o
a—20

a—f

for n € N)~2. We will show that it follows that ¢, = (n + 1) Cn41 for

Co = C1,

G = 2 Ca,

a—np
Cho] = N——————Cp.

a—(n-1)p

a—nf o —

Cny, €1 = 2.34---n

From this, we get that ¢ = n! ¢, and in general

n!(a — np)

" k(o — kB)
Now we leti = n + 1 where n + 1 € NV "' in (3.4) to get

o —

¢, forall k € {0,1,...,n}.

Ck

a;ck(_l)k% . BZ k+1 Ck+1( 1)k+1H _0

This means that

k n+ 1)‘ n+1 |
OéZCk: m+acn+l(_1) (n+1)!

(n+1)!
(n—k)!

—B Z(k: + 1)y (—1)F — B(n+ Deap (1) (n+1)! = 0.

n! _
o )cn, this gives

Repl ith ———=
eplacing ¢, wi Fo— kD)
" nl(a —npB (n+1)!

e = iV g Ty (D )

«—  (n+ D a—np) pr (n+1)!
R DR ey v R L M ey

— B+ Venpa (1) n+ 1)1 = 0.

k=0
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Since n+l '—& we get
k) T Rtk

n!(a —np) pfmn+1 nt1
Q;WCW,(—D( N )+acn+1(—1) (n+1)!

n—

~ (n+ Dl(a —np) bt (1
_5; a—(k+ns oFTUED (k+1>

— B+ Ve (1) n+ 1)1 = 0.

o~ (n+1)8

We have now established that ¢,, = (n + 1)
a—np

Cpyrforn=0,1,--- /N —2.
Then it follows that

Next, from the boundary condition (1.2) and (3.3) we get

N—1)!(a— (N - 1)ﬁ>CN71(b —a)f — VY, g(b)

v (b) + 6V (b) =y

— El(a — kp)
+ ; (V- 12:23 - ](j;)_ UB) o k(b — a) T — 5V g (b)

Now from (3.5) we have

’N‘“g(b) + 0V #g(b)
k+1 )(b— a)F
(PYZM 52 (k+ Dl a—(k+1 )ﬁ))

fort =0,1,--- , N — 1. Hence from (3.3), we have

(3.6)

C; =

e WVﬁﬂw+ﬁV1ww»@—aﬁ
=0 ~— k‘+1 a)”
o —if) (721{' 2 (k+ Dl — ( k+1)6))
— V()
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(YV 7 g(b ) + o0V g(b)) (t — a)f

N-2

i—0 k—l—l )(b—a)*
il —25) (7216 52 (k+ Di(a— (k+1 )ﬁ))
- / Hy(t,p(3))9(5)V s

N-1

(v Vrg(b) + 5V g(b Z (t—a)

(o — i)
N-1 N—2

(b—a)* (k+1)(b—a)*
V;WMZ(/@H) l(a — (k +1)B)

— (o —if

& (b—a) = k+Db—a)F
”gkwa—kﬁ)*‘szm Dl(a— (k+1)B)

Thus for s € N}, and ¢ € N, we have

Z— <t‘—>) / (VH,1(b, p(3)) + 6H,us(b, p(5)))g(s)V's

Gu(t,s) =wv(t,s) :==u(t,s) — H,_1(t, p(s))

(t—a) ) )
_ im0 z'(a — 'LB) <7H/¢—1(b, p( )) + 6HM—2(ba p( ))) B (t B p(s))l‘—l
- N B-af )

! — ko — kp) o £ kl(a— (k+1)8)

> % (YH,—1(b, p(s)) + 6H,_o(b, p(5)))

N-1 N—-2

(b—a)k (b—a)k
72 k(o — kB) ;k!(a—(ml)ﬁ)

O

Noting that u(t,s) = v(t,s) when t = p(s), we can also write the Green’s function as
v(t, s) for p(s) < tand u(t,s) fort < p(s) for (t,s) € Ny_n1 x N,
b

Thus, we have z(t) = / Gu(t,s)g(s)Vs, where G, (t,s) is given by (3.2) are

determined by the boundary (i/alue conditions (1.1) and (1.2) is shown by the above
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b
steps, it follows that / G (t,5)g(s)Vsisasolution to the (N —1, 1)-conjugate DFBVP

a

(1.D)—(1.2). ]

The next theorem proves that the Green’s function for the (N — 1,1)- conjugate
boundary value problem is bounded.

Theorem 3.2. Let G, be defined as (3.2). Then

|Gu(t,s)| < DH,_1(b,a), 3.7)
N-1
(b—a)
(v +9) i = if)
where D = = y with
N-1 N-2 -
b—a)k b—a)k
d—fyzk'< ) +9 ( ) for (t,s) e N°_ ., x NI,
k=0

o —kB) — ko= (k+1)B)

Proof. First, consider (t,s) € N? x N’ . Then note that from (3.2), |G (¢, s)| is equal
to

(b — p(s)" T+ (i — 1) (b — p(s))"2
dl'(p)

=

~ (t—a)  (t—p(s) "
ila—if)  T(p) |

I§
o

7

Now by Proposition 2.10, (t — p(s))*~' > 0, (t — p(s))" 2 > 0 fort € N’ and also
(b—p(s))* >0, (b—p(s))* > 0. Note that for each i € NY ™', (t —a) =
I'(t—a+1)
[(t—a)
Since d > 0 and Proposition 2.9, we have

> 0 since (t,s) € N? x N’ | implies ¢ > a + 1.

’Gu(t, s)| < max { ?6113\% v(b = p(s))"~ +d(;§étﬂ)_ 1)(b “ ; ; l—_alﬁ ]
[(t — pls)P T
e | () ] J
Since ( _Mp(_S)l)w > (b— P(S))T we have
|Gu(ta s)|
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N-1

(b—a)
+9)
P LR 2 e
< —F—max , 1
I'(w) d
— H, (b pls)) max {D, 1}
Thus, we get

|G#(t78)| < DH#—l(ba ,0(8)) < DHH—I(bv CL),
since D > 1, using % >N —1.

Next, consider (¢, s) € Ni"}. | x Nmax{a +1,+13- Then from (3.2), we get

= N-1
Y0 —p(s))" ' + 8 = 1)(b = p(s)* =~ _(t—a)
t.s)| =
|G/—L(7S>| dr( ) ;Z'OZ_Z,B
_ gt A B T
< I |v(b—=a)* "t +60b—a)p Z (t —a)
=T a 2 (= if)
_ o)1
SD&
(1)
:DHM_1<b, CL).
Hence we have |G, (t,s)| < DH,_;(b,a) forall (t,s) € N°__ | x NV_,. O

Corollary 3.3. The Green’s function, G,,(t,s) : No_y | x N, — R for the (N —
1,1)-conjugate DFBVP (1.1)—(1.2) satisfies the inequality

b
/ |Gu(t,s)|Vs < DH,_1(b,a)(b—a).
Theorem 3.4. Assume that g is continuous on [a — N + 1,b] x R. If M > 0 and
M
DH,_1(b,a)(b—a) < 1) where () > 0 satisfies
Q > max{|g(t,x)|: t € [a— N+ 1,0], |z] < M},

then the (N — 1, 1)-conjugate DFBVP (1.1)—(1.2) has a solution.

Proof. Define C to be the Banach space of all continuous functions on [a — N + 1, 0]
equipped with the norm ||.|| defined by

lz|| = max |xz(t)] forallx € C.
tela—N+1,b]

Let
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K :={xeC:|z| <M}

It can be shown that K is a closed, bounded and convex subset of C'. Define 7" : K —
C by

Tx(t) = / Gu(t,s)g(s,xz(s — N +1))Vs

fort € [a— N + 1,b]. It can be shown that 7" : ' — (' is continuous. Let 2 € K and
consider

b
|Tx(t)] = / Gu(t,s)g(s,z(s — N +1))Vs

< / |GLu(t,s)g(s,x(s — N +1))| Vs

b
SQ/ G(t,5)| Vs

<Q@DH,_1(b,a)(b—a)
S M?

forallt € [a— N + 1, b]. But this implies that | Tx|| < M. Hence T': K — K. Using
the Arzela—Ascoli theorem (see [16, Theorem 4.44]), it can be shown that T : X — K
is a compact operator. Hence 7" has a fixed point « in K by the Schauder-Tychonov
theorem. This implies that x is a solution of the (N — 1,1) conjugate boundary value
problem (1.1) and (1.2). [

Corollary 3.5. If g is continuous and bounded on [a— N +1,b] X R, then the (N —1, 1)-
conjugate DFBVP (1.1)—(1.2) has a solution.

Theorem 3.6. Assume that g : [a — N + 1,b] x R — R is continuous and satisfies a
uniform Lipschitz condition with respect to the second constant with | > 0; that is

lg(t,x) — g(t,y)] < 1]z —y|

forall (t,x),(t,y) € la— N+ 1,0 x R. If
DH, (b, a)(b— a) < % (3.8)

then the DFBVP (1.1)—(1.2) has a unique solution.

Proof. Letx,y € K. Then

b
[ Ta(t) = Ty(t)| < / |Gu(t, )| lg(s, (1)) — g(s,y(1))| Vs
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b
< z/ Gt 8)| (s — N +1) —y(s — N +1)| Vs

b
< / Gt $)] |1z — yl| Vs
< IDH,1(b,a)(b— a)| |l — ]|,

which on taking the norm for [a — N + 1, b] yields
[Tz = Ty|| <IDH,-1(b,a)(b = a) ||z —y].

In view of the assumption (3.8) that the operator 7' is a contraction on K. Thus, by the
contraction mapping principle (Banach fixed point theorem), we conclude that (N —
1, 1)-conjugate DFBVP (1.1)—(1.2) has a unique solution on [a + 1, b]. O

In this part, we will give Lyapunov inequalities for an (/N —1, 1) conjugate boundary
value problem. The following theorem gives a necessary condition for a boundary value
problem with (N — 1, 1) conjugate boundary conditions to have a nontrivial solution.
This means that from contrapositive statement of the theorem, we obtain a sufficient
condition for the DFBVP to have only the trivial solution.

Theorem 3.7. Let n > 1, N := [u], ¢ : N2 — Rand f : R — R be a continuous
Sfunction such that | f(z)| < x. Consider the conjugate boundary value problem

—Vha(t)+qt) f(z(t—N+1) =0, t e N°Z} ., (3.9)

ar(a—1i)—pVr(a—(1—1)) =0, i=1,--- ,N —1,

vz (b) + 0V (b) = 0. (3.10)

If DFBVP (3.9) and (3.10) has a nontrivial solution x : NZ?NH — R, then

b
1
t t> —m8M8M—.
[ e s

Proof. From Theorem 3.1, we have that a solution = : N® 4+1 — R for the DFBVP
(3.9)-(3.10) satisfies the integral equation

b
(1) :/ Golt, )a(s)f(e(s — N+ 1)Vs, teN_y.,. 3.11)
Assume that z is nontrivial and let L := max |z(t)|. Then,
teEND Ny

b
()] S/ Gu(ts)lla(s)l lo(s = N +1)| Vs, t € Ng_yy.
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Then in particular of ¢t = ¢, such that |z(¢y)| = L, we have

|z (to)] S/ |Guto, )] lg(s)| [x(s = N +1)[ Vs.

Since [#(s — N +1)| < L fors — N+1€N._,.,, we have

olta)| < [ 1Gulta, o) la(s)| L.

Hence we have

b
L< / 1G(to, )| la(s)| LVs,

i.e., by Theorem 3.2

1</ |G (o, s)||q(s) \Vs</D 1(b,a) |q(s)| Vs.

Thus we have

/'q IVS—DH 1(ba)

]

The following examples illustrates an application of Theorem 3.7 and Theorem 3.4.

27 1
Example 3.8. Let i = o N =3, qt) = n for ¢ : N — Rand f(z) = sin?(z) for
f : R — R. We consider the following boundary value problem

21 1
v§§x(t) + zsz’nQ(x(t —2))=0, t € N, (3.12)

2 ‘ 1 . .
§$(2—z) - 6V:B(2— (1—1)=0, i=1,2
8x(6) + 7Vz(6) = 0.

(3.13)

‘We must show that

6
1
)|Vt > ——.

r

We can easily calculate

1 57
S|Vt = == 2 0.95,
t‘ 60
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818
and D = =31 = 1.53, so we get

1 1
=~ (0L
DH, 1(6,2) 102

b
1
Since really 0.95 > 0.01, we have the condition / lq(t)| Vit > DI, 1 (ha)

Then by Theorem 3.7, we see that the bound;ry value problem (3.12)-(3.13) has a
nontrivial solution z : Nj — R.

30 1
Example 3.9. Let y = n N =4and g(t,z) =2+ 110% arctan z. We consider the
following boundary value problem '
30

Viz(t) +2+ 1107 arctanz(t —3) = 0, t € Nj, (3.14)

1 1_

—x(l—i)— =Vz(l—-(—-1)) =0, 1:=1,2,3

4:6( Z) 20 ‘T( (?’ )) Y G = (3.15)

92(10) + 10Vz(10) = 0.
We must show that there exist a constant [ such that

lg(t,z) — g(t,y)| < |z —y

satisfying

1
DH,_1(b,a)(b—a) < 7

We can see that the function g(t,z) = 2 +

110 arctan x is satisfy a uniform Lipschitz

diti ith[ = .
condition wi 110

Also we can easily calculate d = 23141, D = 8,7 and H%(l(), 1) =2 45, so we get
the condition
8,7.45.9 < 4.10%.

Then by Theorem 3.4, we see that the boundary value problem (3.14)-(3.15) has a
unique solution z : N*%, — R,
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