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Abstract

In this article, we establish the existence of solutions for a class of problems
for Caputo type modification of the Erdélyi—Kober fractional differential inclusions
with retarded and advanced arguments. We illustrate our results by an example in
the last section.
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1 Introduction

Fractional differential equations and inclusions are valuable tools in the modeling of
many phenomena in various fields of science and engineering. Indeed, numerous appli-
cations have been addressed in viscoelasticity, electrochemistry, control, porous media,
electromagnetism, etc. For examples and details on the progress of fractional calculus,
we refer the reader to the monographs [1-3,17,20,25,27,30], and the references therein.

In [4,6,10, 12, 15], the authors studied the existence and uniqueness of solutions for
boundary value problems of Hadamard-type fractional functional differential equations
and inclusions involving both retarded and advanced arguments. In [24] the authors
provide some properties of Caputo-type modification of the Erdélyi—Kober fractional
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derivative. More details on the Erdélyi—Kober fractional integral and fractional deriva-
tive are given in [7,20-22,28].

In the present work, we investigate the existence of solutions for a class of prob-
lem for nonlinear Caputo type modification of the Erdélyi—Kober fractional differential
inclusions involving both retarded and advanced arguments given by

D% y(t) € F(t,y'), for t € I :=1a,T], 1 < a <2, (1.1)
y(t)=o(t), t€la—ra], r>0 (1.2)
y(t) =9¢(@), te [T.T+ 5], B>0, (1.3)

where 2 D7, is the Caputo type modification of the Erdélyi—Kober fractional derivative,
F:IxC(]-r 8,R) — P(R) is a given function, ¢ € C([a — r, a], R) with ¢(a) = 0
and ¢ € C([T,T + B],R) with ¢)(T) = 0. We denote by ' the element of C([—r, 3])
defined by

y'(s) =y(t+s):se[-r7.

This paper initiates the study of differential inclusions involving the Erdélyi—Kober
fractional derivative, which include the Hadamard fractional derivative as special case.

2 Preliminaries

In this part, we present notations and definitions we will use throughout this paper. By
C([—r, B],R) we denote the Banach space of all continuous functions from [—r, /3] into
R equipped with the norm

[Yll-rs = sup{ly(®)] : —r <t < B},
and C([a, T], R) is the Banach space endowed with the norm
[Ylla,r) = sup{ly(t)| 1 a <t < T},

By L'(I,R) we denote the Banach space of functions 5 : I — R which are Lebesgue
integrable with norm

T
ol = [ loto)le
Also, let By = C([a — r,a],R), E; = C([T, T + 5],R), and
ACHD) :={w: I — R:w' € AC(I)},

where
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AC(I,R) is the space of absolutely continuous functions on I,
C={y:la—rT+p—R:yluragc Cla—7,a]),y |on€ AC'([a, T)),

and
Yy lrr+p€ O, T + B)}

are the spaces endowed, respectively, with the norms
[Yllfa—ra) = sup{ly(t)| - a —r <t < a},

Iyllir,res = sup{ly(t)| : T <t < T+ B},
lvlle = sup{|y(t)| : a —r <t < T + B}

Consider the space X”(a,b), (c € R, 1 < p < o) of those complex-valued Lebesgue
measurable functions f on [a, b] for which || f|| x» < oo, where the norm is defined by

/]

K dt\ ”
w=([urord) n<p<mcen

1
In particular, where ¢ = — the space X?(a, b) coincides L”(a, b) space, i.e.,
p

X% (a,b) = LP(a,b).
Definition 2.1 (Erdélyi—Kober fractional integral [19, 21, 22]). Let « € R, ¢ € R and

g € X?(a,b), the Erdélyi—Kober fractional integral of order « is defined by

11—«

¢
(PI% g)(t) = 16(0[) / sP7L (1P — 57)* " g(s)ds, t>a,p>0 (2.1)

where I is the Euler gamma function defined by
INa) = / t*te7tdt, a > 0.
0

Definition 2.2 (See [18]). The generalized fractional derivative, corresponding to the
fractional integral (2.1), is defined, for 0 < a < ¢, by

oD pl—n-l-a 1 d no et Sp—l p

« t — t R g—

a-‘rg( ) F(TL—O{) ( dt) /a (tp_sp)1,n+ag(s) S
= ("L 9)(),

d n
here 7 = (#'77 ) .
whnere p < di )




66 M. Boumaaza and M. Benchohra

Definition 2.3 (See [18, 24]). The Caputo-type generalized fractional derivative £ D¢,
is defined via the above generalized fractional derivative as follows

n—1 k)CL k
<Da+g><>—( [ gk,( (s—a D 2.2)

Lemma 2.4 (See [18]). Let a, p € RY, then

1D )0 = 1) - S e (“ ) 23)

for some c;, € R, n = [a] + 1.
Let (E, || - ||) be a Banach space. We define the following subsets of P(E):
P,(E)={Y € P(E): Y isclosed},
Py(E)={Y € P(E):Y isbounded},
P.,(E)={Y € P(E):Y iscompact},
P.,(E)={Y € P(E) :Y isconvex},
Popow(E) = Pp(E) N Pay(E).

Definition 2.5. A multivalued map G : E — P(FE) is said to be convex (closed) valued

if G(z) is convex (closed) for all x € E. A multivalued map G is bounded on bounded

sets if G(B) = U,epG(x) is bounded in £ for all B € P,(E) (i.e., sup{sup{|y| : y €
zeB

G(z)} exists).

Definition 2.6. A multivalued map G : E — P(FE) is called upper semi-continuous
(u.s.c.) on F if for each zy € E, the set G(z) is a nonempty closed subset of £, and
for each open set NV of E containing G (), there exists an open neighborhood N of
xo such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € P,(R).

Definition 2.7. Let G : X — P(FE) be completely continuous with nonempty compact
values. Then G is u.s.c. if and only if G has a closed graph (i.e., v, — ., y, —
Ys, Yn € G(x,,) imply y. € G(x,)). G has a fixed point if there is x € E such that
r € G(z).

We denote by FizG the fixed point set of the multivalued operator G.

Definition 2.8. A multivalued map G : J — P,(E) is said to be measurable if for every
y € FE, the function

t —d(y,G(t)) =inf{ly — 2| : z € G(t)}

1s measurable.
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Lemma 2.9 (See [26]). Let G be a completely continuous multivalued map with non-
empty compact values, then G is u.s.c. if and only if G has a closed graph.
Definition 2.10. A multivalued map F: [ x R — P(R) is said to be Carathéodory if
(1) t — F(t,u) is measurable for each u € R
(2) u — F(t,u) is upper semicontinuous for almost all ¢ € .
F is said to be L'-Carathéodory if (1), (2) and the following condition holds:

(3) For each q > 0, there exists ¢, € L'(I,R") such that

|F'(t,u)||p = sup{|v| : v € F(t,u)} < ¢, forall |u| <q and forae. t € I.

For each y € C(1), define the set of selections of F' by
Srey = {v € L'(I) : v(t) € F(t,y(t)) ae. t € I}.

Let (R, d) be a metric space induced from the normed space (| - |). The function H, :
P(R) x P(R) — R4 U {oo} given by

Hy(A, B) = max{supd(a, B),supd(A,b)}

acA beB

is known as the Hausdorff~Pompeiu metric. For more details on multivalued maps see
the books of Hu and Papageorgiou [26].

Lemma 2.11 (See [23]). Let I be a compact real interval. Let F' be a Carathéodory
multivalued map and let © be a linear continuous map from L'(I) — C(I). Then the
operator

O o Spoy : C(I) — Pcv’cp(C(I)), U —r (@ o SFOU)(’LL) = @(SFou)
is a closed graph operatorin C'(I) x C(I).

Lemma 2.12 (Nonlinear alternative for Kakutani maps [16]). Let E be a Banach space,
Ca closed convex subset of El, U an open subset of C' and 0 € U. Suppose that N :
U — P (C) is a upper semicontinuous compact map. Then either

(i) N has a fixed point in U, or
(ii) there is au € OU and X € (0, 1) withu € AN (u).

Lemma 2.13 (Covitz and Nadler [13]). Let (X, d) be a complete metric space. If N :
X — P4(X) is a contraction, then FixzN # ().
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3 Existence of Solutions

Lemma3.1. Let 1 < a < 2,¢ € C([a—r,a],R) with ¢(a) =0,v¢ € C([T, T + 5], R)
with (T') = 0and h : I — R be a integrable function. Then the linear problem

PDSy(t) = h(t), forae tel :=[a,T], 1 <a<2, 3.1
y(t) =o(t), t €la—ra], r>0 (3.2)
y(t) = (), t e [T.T + 5], 5> 0, (33)

has a unique solution, which is given by

;

Qb(t)v lf te [a—r,a],

T
y(t) = 4 - / G(t, s)h(s)ds, if tel (3.4)

| v(), if te[l,T+7]
where G(t, s) is given by

(t” _ ap)(T” _ Sp)a—lsp—l
11—« (T,O - ap)

3.5)
(tp _ ap)<Tp _ Sp)a—lsp—l
(17~ ) |

Here G(t, s) is called the Green function of the boundary value problem (3.1)—(3.3).

Proof. From (2.3), we have

tP — af

y(t) = Cp + (&1 ( ) _|_,0 §+h($), Cp, C1 € Rv (36)
therefore
y(a) =C = 07
1) =a (B2 22 [ -
Y =c — s s s)ds,
! p I'(a) Ja
and

€ = T —paP)F(a) / (TP — sP)* 15" h(s)ds.
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Substitute the value of ¢ and ¢; into equation (3.6), we get (3.4).

(gzﬁ(t), if tea—ral,

y(t) = —/T G(t,s)h(s)ds, if tel

(v(t), if te[T.T+p]
where G is defined by (3.5), the proof is complete. [

Lemma 3.2. Let I : [ x C|—r, ] x R — P(R) be a Carathéodory multivalued map.
A function y € C is a solution for the inclusion problem (1.1)—(1.3) if and only if y
satisfies the integral equation

'(b(t), if tela—ral,

y(t) =4 / LGt s h(s)ds, if el

U(t), if telT, T+ 4],

\

where h € L'(I) with
h(t) = F(t,y") ae. tel,

B T
G:sup{/ |G(t, s)|ds,t € [}.

The following hypotheses will be used in the sequel:
(H1) The multivalued map F' : I x C([—r, B]) = Pep(R) is Carathéodory.

(Hy) There exist p € L*(I,R;), and §2 : [0,00) — (0, 00) continuous and nonde-
creasing such that

I1F @, u)llp = sup{|lvflc : v(t) € F(t,u)} < p@)Q|vll-rg),
fora.e.t € I,and each u € C([—r, 3]).
(Hs) there exists [ € L*(I,R), such that
Hy(F(t,u"), F(t,ut)) < Ut)]lu — ll—rg
for every u,u € C([—r, 8]), and
d(0, F(0,u")) <I(t) ae. tel.
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(H4) There exists a number /; > 0 such that

_B 3.7)
Gp*Q(Ky)

Set
p* = esssup p(t).
tel

Now, we state and prove our existence result for problem (1.1)—(1.3) based on a nonlin-
ear alternative for Kakutani maps.

Theorem 3.3. Assume that (H,),(Hy) and (Hy) hold. Then the problem (1.1)—(1.3)
has at least one solution.

Proof. Let the operator N : C — P(C) defined by
( h:I—C: )

4

o(t), if t €la—r,al,

(Ny)(t) = T (3.8)
ht) = _/ G(t, s)o(s)ds, if €1

\w(t), if te[T,T+8),

where
v € Spoy = {v:Q— LY(I) :v(t) € F(t,y") ae. t € I}.

By Lemma 3.2 it is clear that the fixed points of N are solutions (1.1)—(1.3).
Step 1. N(u) is convex for each v € C(I). Indeed, if hy, hy belong to N(u), then
there exist vy, vo € Spo, such that for each t € I we have

T
halt) = / G(t, s)os(s)ds; i = 1,2.
Let 0 < A < 1. Then, for each t € I, we have
T
(A1 4+ (1 = AN)ho)(t) = / G(t, s)(Avi(s) + (1 — N)wa(s))ds.

Since Sroy, is convex (because F' has convex values), we have Ay + (1 — A)hy € N(u).
Let the constant R be such that:

R > max {p ARG, 16 ura [l | (3.9)
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and define
Dr={ueC:|ulc < R}.

It is clear that Dy is a bounded, closed and convex subset of C.
Step 2. N(Dg) C Dg. Letu € Dg. Then for each h € N(u), there exists v € Spoy
such that

h(t) = /T G(t,s)v(s)ds; i =1,2.

Ift € [a —r,al, then
[hO] < [10llfa—ra) < R,

and if t € [T, T + ], then

L] < ¥llizres < R

For each t € I, we have

By (H:), we have

| (t)

IN

/ G (t, 9)p()ull_r.p)ds

IN

QR / G(t, 5)|ds

P QUR)G
R,

IN N

from which it follows that for each t € [a—r, T+ 3], we have |h(t)| < R, which implies
that ||h|lc < R, and so N(Dg) C Dg.

Step 3. N maps bounded sets in C into equicontinuous sets. By Step 2 we have
N(DR) C Dpg. Now let t1,t9 € I = [a,T},tl < 19, and let u € DR, h € N(u) Then,
there exists v € Spo, such that

|h(t2) = h(t1)] < / |G(ta, s) = G(ty, s)|[v(s) ds
< p*Q(R)/ |G(t2, s) — G(t1, s)|ds.

As t; — t, the right hand side of the above inequality tends to zero. As consequence
of Step 1 to Step 3, together withe the Arzela—Ascoli theorem, we can conclude that NV
is completely continuous multi-valued operator.
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Step 4. The graph of N is closed. Let (u,,h,) € graph(N), n > 1, with
(llwn, — ull, || — R||) — (0,0), as n — oco. We have to show that (u, h) € graph(N).
(Un, hy) € graph(N) means that h, € N(u,), which implies that there exists v,, €
SFou, , such that for each ¢t € I,

hn(t):/ G(t, s)v,(s)ds.

Consider the continuous linear operator © : L'(I) — C,

O)(t) = h,(t) = / G(t, s)vp(s)ds.

Clearly, ||hn(t) — h(t)|| — 0 as n — oo. From Lemma 2.11 it follows that © o Sg is
a closed graph operator. Moreover, h,(t) € O(Srou,). Since u,, — u, Lemma 2.11
implies

h(t) = / Gt s)o(s)ds,

for some v € Sroy.
Step 5. A priori bounds on solutions. Let u € C be such that u € AN (u) for all
A € (0,1). Then, there exists v € Spo, such that for each ¢ € I, we have

u(t) = —)\/ G(t, s)v(s)ds, (3.10)

This implies, by (3.10) that for each ¢ € I we have

Ju(t)]

IN

/ G (t, 9) p() 2l 5)ds

ép*Q(”uH[—a,ﬁ])'

IN

Thus

e
GrQ(ulc)

By (H,), we have |jul|c # K. Set
U={uel:|ulec< K+ 1}.

From the choice of U there is no v € U such that u € AN (u) for some A € (0,1). As
a consequence of Lemma 2.12, we deduce that N has a fixed point v in U which is a
solution of (1.1)—(1.3). ]
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We now prove an existence result for (1.1)—(1.3) with non-convex valued right hand
side. Our considerations are based on the fixed point theorem for contraction multival-
ued maps given by Covitz and Nadler.

Theorem 3.4. Assume (H3) and

(Hs) F:la,T) x C(]—r,f],R) — Pp(R) is such that F(-,u) : [a,T] — Pep(R) is
measurable for each w € C([—r, ], R).

lf ~
Gl < 1, (3.11)

then problem (1.1)—(1.3) has at least one solution.

Proof. We shall show that N, as defined in the proof of Theorem 3.3, satisfies the as-
sumptions of Lemma 2.13. The proof will be given in two steps.

Step 1. N(-) is closed valued.
N(u) € Puy(Dg) for each u € Dg. Let {u,}n>0 € N(u) such that u,, — @ in C.
Then, u € Dg and there exists g, € Sgo, be such that, for each ¢t € I, we have

un(t) = / G(t, 5)gn(s)ds.

Using (H;) together with the fact that ' has compact values, we may pass to a subse-
quence to see that g,, converges to g in L'(I), and hence g € Sr.,,. Then, foreacht € I,
we get

un(t) —> (t) = / G(t, 5)g(s)ds.
So, @ € N(u).

Step 2. There exist v < 1 such that H;(N(u), N(u)) < v|[[u—u]|c foreach u,u € C.
Let u, % € C and hy € N(u). Then, there exists v; € F(t,u") such that for each t € [

U = /T G(t, s)vi(s)ds.
From (H3) it follows that
Hy(F(t,u'), Ft,ut)) < U(t)]Ju’ —ut].
Hence, there exists w € F(t, u!) such that
vy — w| < I(t)||u’ —ut]|, tel
Consider U : I — P(R) given by

Ut) = {weR: v —w| <I(#)]|ut — ||}
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Since the multivalued operator V' (t) = U(t) N F(t,a") is measurable, there exists a
function v,(t) which is measurable selection for V. So, v, € F(t,u'), and foreacht € I

o1 — vo| < I()]Ju" —wt]).

Let us define foreach ¢t € [

Uy = / ' G(t, s)va(s)ds.

Fort € I, we have

T

[l (t) = ho(t)] < |G (2, 8)[[v1(s) = va(s)]ds

/a‘T
|16l - wlas
/

<

T
< | 1G9 ]u — llr sds
< Glllloryllu — e

Thus B
A1 — halle < G|z llu — e

Analogously, interchanging the roles of v and u, we obtain
Hy(N(u), N(u)) < G|!|amllu —ullc.

Since N is a contraction, it follows by Lemma 2.13 that N has a fixed point v which is
a solution of (1.1)—(1.3). This completes the proof. ]

4 An Example

Consider the boundary value problem of Caputo type modification of the Erdélyi—Kober
fractional differential inclusion:

(y(t) =21, te[1,2],

13
D2 y(t) e F(t,u'), tel=][24] (4.1)

y(t) =t —4, tel4,6].

Set

F(t,ut) = {?J eR:0<v < H_%(”“H[r,ﬁ] + 1)}7 le [274]7 u € C([_Tv 6])7
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and

3 1
=— p=—1r=1 =2
o 5 P 2,r , B

For each u € C([—r, 3]), t € [2,4], we have

1
IEE O < 77 (lullirg +1).

1
Therefore, (H-) is verified with p* = 3 For each ¢ € I we have

T 1 P —af /e — s\t
G(t.s)|ds < p1
/a'(’s)'s < r<a>(Tp—aﬂ)/a ( p ) ’
1 [t — s\
p—1
- r<a>/a< ; > ’

/aT .1 < gy (7 )

~ 2 TP — aP\ ¢
G < .
_F(a+1)< p )

The condition (3.7) is satisfied. Indeed, we have

ds

ds.

Then

Therefore

[\
[SIE

N——
wlw

_ ) 43
Gp* <
b= 3F(3+1)<

3
~ 0.6359551731
< 1,

NI |

withT =4, =2and a = § Hence all conditions of Theorem 3.3 are satisfied, and

F' is compact, convex valued, and upper semi-continuous. It follows that the problem
(4.1) admit a least one solution.
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